
2600m, 
 
 
 
 
 
 

DYNAMIC MOTION CONTROL FOR COMPLIANT FRAMED 

WHEELED MODULAR MOBILE ROBOTS 

 
 

by 
 

Xiaorui Zhu 
 
 
 
 
 

A dissertation submitted to the faculty of 
The University of Utah 

in partial fulfillment of the requirements for the degree of 
 
 
 
 
 

Doctor of Philosophy 
 
 
 

 

 

 

Department of Mechanical Engineering 

The University of Utah 

December 2006 



 

 

 

 

 
 

Copyright © Xiaorui Zhu 2006 

All Rights Reserved 



 
 
 
 
 
 
 

THE UNIVERSITY OF UTAH GRADUATE SCHOOL 
 
 

SUPERVISORY COMMITTEE APPROVAL  
 
 
 
 

of a dissertation submitted by 
 
 

Xiaorui Zhu 
 
 
 

 
This dissertation has been read by each member of the following supervisory committee 
and by majority vote has been found to be satisfactory.  

 
 
 
                                     _________________________________________ 
     Chair: Mark A. Minor 
  
_____________  _________________________________________ 
     Marc Bodson  
 
_______________  _________________________________________ 
     Mikhail Skliar 
 
_______________  _________________________________________ 
     Sanford G. Meek 
 
_______________  _________________________________________ 
     Stacy Morris Bamberg 



 
 
 
 

THE UNIVERSITY OF UTAH GRADUATE SCHOOL 
 
 

FINAL READING APPROVAL 
 
 
 

To the Graduate Council of the University of Utah: 
 
I have read the dissertation of               Xiaorui Zhu___________ in its final form and 
have found that (1) its format, citations and bibliographic style are consistent and 
acceptable; (2) its illustrative materials including figures, tables and charts are in place; 
and (3) the final manuscript is satisfactory to the supervisory committee and is ready for 
submission to The Graduate School.  

 
 

________________________     _______________________________________ 
Date     Mark A. Minor 
                                                      Chair, Supervisory Committee 

 
 
 
 

Approved for the Major Department 
 
 

___________________________________________ 
Kent S. Udell 

Department Chair 
 
 
 
 
 

Approved for the Graduate Council 
 

___________________________________________ 
David S. Chapman 

Dean of The Graduate School



ABSTRACT 

In this dissertation, a distributed robust controller, a motion control and sensing 

architecture, and a terrain feature localization are studied to solve general navigation 

problems for Compliant Framed wheeled Modular Mobile Robots (CFMMR). This type 

of wheeled mobile robot uses rigid axles coupled by compliant frame modules to provide 

both full suspension and enhanced steering capability without additional hardware. 

First, a distributed nonlinear damping controller is developed for single-axle 

unicycle type robots. The controller is then extended to multiple-axle CFMMR 

configurations and is robust to disturbances created by modeling errors, especially highly 

nonlinear frame forces caused by axle interaction. In particular, the controller considers 

time-varying reference velocities and allows the robot to perform posture regulation, path 

following, or general trajectory tracking.  

In order to achieve improved motion control of CFMMR, a distributed 

cooperative motion control and sensing architecture is developed by combining a 

kinematic controller for motion coordination and providing reference commands, 

dynamic motion controllers to follow these commands and reject disturbances, and a 

sensor fusion system to provide accurate posture estimates. Requirements for each 

subsystem and their respective interconnections are defined to optimize system 

performance.  



 

v 

Simulations and experiments on a two-axle CFMMR verify robust dynamic 

motion control of path following and improved motion control of posture regulation 

under the developed control and sensing architecture.  

The largest source of error in the above work is due to localization. Thus, a novel 

terrain feature localization technique is proposed to allow the robot to identify its location 

relative to measurable terrain characteristics. A terrain inclination map is extracted from a 

given topographical map along a specific path. An EKF is used to fuse the measurement 

data with the robot motion based on the extracted terrain map. Simulations validate the 

proposed terrain localization technique.  

In this dissertation, three major aspects of robot motion control are studied. The 

control architecture provides a frame work for implementing motion control. The robust 

controller is a key part of this architecture and improves accuracy while the localization 

algorithm improves precision. While the target platform is CFMMR, these strategies 

represent fundamental advancements in robot motion control.  
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CHAPTER 1 

INTRODUCTION 

Motion control of Compliant Framed Modular Mobile Robots (CFMMR), shown 

in Figure 1.1, is the subject of this research. The CFMMR has uniqueness in modularity, 

simple structure and adaptability because it uses compliant frame coupling to provide 

suspension and steering based on the rigid axle modules with independently controlled 

wheels.  Despite these attributes, the compliant frames provide new challenges in 

accurate motion control and general navigation issues. First, the compliant frame 

coupling provides more physical constraints in the robot kinematics. Second, the 

nonlinear interaction forces created by the compliant frame are considerable in the 

dynamics of the robot.  Third, the compliant coupling also requires the sensory system to 

provide more accurate estimates to reduce interaction forces. In order to address these 

 
 

Figure 1.1. Two-axle CFMMR. 
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challenges, two journal papers are introduced in Chapter 2 and Chapter 3. The general 

motivations and contributions are discussed in the following paragraphs while the 

detailed background of the individual work will be provided in each chapter.  

Chapter 2 is a journal paper published in the ASME Journal of Dynamic Systems, 

Measurement, and Control. In this paper, a distributed nonlinear damping robust dynamic 

controller is first proposed to deal with highly nonlinear compliant frame forces in the 

presence of unmodeled disturbances. Using backstepping techniques, the wheel-torque 

controller is developed for single-axle module and then extended to multiaxle 

configurations.  The compliant frame forces are estimated based on the Finite Element 

Method and the postbuckled frame element. These estimates are included in the control 

design to reduce tracking error and aggressiveness of the controller. Time-varying 

reference trajectories are also considered in the control design such that the dynamic 

controller can be combined with a kinematic motion controller for overall cooperative 

control of the CFMMR. Simulation and experiments were conducted on carpet for a two-

axle CFMMR to perform path following.  The corresponding results verify robustness of 

the proposed dynamic controller.  

The major contribution of this chapter is development of model-based distributed 

robust control for the CFMMR, which is generally applicable to any cooperative mobile 

robotic system with uncertain compliant interaction forces. Two significant issues 

considered in the development of the controller are modeling and control of highly 

nonlinear interaction forces, and dynamic tracking control of time-varying reference 

trajectories (velocity and posture specified as a function of time by a kinematic motion 

controller). As part of the major contribution, the distributed robust controller 
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performance is experimentally validated with and without interaction force models and 

its capability to track time varying trajectories is illustrate. 

In order to improve robot motion control based upon the robust dynamic motion 

controller, another focus of this research is a cooperative motion control and sensing 

architecture, Figure 1.2, of the two-axle CFMMR. The architecture consists of kinematic 

motion control, dynamic motion control and sensor fusion system components for solving 

all the kinematics, dynamics and sensing problems of overall robotic motion control. The 

detailed work will be discussed in Chapter 3. This chapter is a journal paper conditionally 

accepted by the IEEE Transactions on Robotics. In this paper, based on ideal kinematics, 

a centralized kinematic motion controller is used to manage axle cooperation in lieu of 

physical constraints imposed by the wheels and the compliant frames, and provides 

bounded reference posture and velocities. The distributed dynamic controller then tracks 

these references such that physical constraints are satisfied during movement of the robot 

in lieu of disturbances. A distributed sensory system includes a relative position sensor 

 
Figure 1.2. Motion control and sensing architecture. 
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within a tiered fusion algorithm to provide accurate posture and velocity estimates, which 

reduces interaction forces due to off-tracking between neighboring axles. Algorithms and 

controllers for each component that satisfy these requirements are then implemented and 

evaluated on a two-axle CFMMR. In particular, the distributed nonlinear damping robust 

dynamic controller mentioned above is used to implement the dynamic motion control 

component. The system performance was conducted on surfaces with increasing 

roughness, such as carpet, sand, and sand with scattered rocks for posture regulation. 

Several other suboptimal configurations were also evaluated to compare with the 

proposed architecture. Based upon 35 individual tests, the results validate superiority of 

the proposed architecture. 

The main contributions of this chapter involve a distributed cooperative motion 

control and sensing architecture.  The architecture and requirements for the kinematic 

controller, dynamic controller, and sensor system components are specified in order to 

reduce tracking error in lieu of robot interaction forces and unmodeled disturbances.  

Algorithms and controllers for each component that satisfy these requirements are then 

implemented and the architecture is evaluated experimentally.  While the target 

application is the CFMMR, this architecture is easily extended to any cooperative mobile 

robotic system. Further, given the modular structure of the architecture, it is easy to 

customize specific components to satisfy navigation requirements of the robot and to 

allow a team to design the components in parallel for faster implementation. 

Since localization is always challenging to mobile robots operating on rough 

terrain, the third part of the research provides a terrain feature based localization 

technique to allow the robots to localize themselves relative to measurable terrain 
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characteristics such as terrain inclination and surface roughness. It is assumed that a 

specified path is preselected on a topographical map according to the operator’s judgment, 

and that obstacles and borders are identified in the map. An elevation map is then 

obtained along a vertical plane crossing the chosen path. Based on this elevation map, a 

terrain inclination map is extracted along that path. Unlike traditional techniques where 

physical landmarks define features in the map, terrain inclination is treated as the 

localization feature of the environment. A tilt sensor is used to measure the terrain 

inclination, and an Extended Kalman Filter (EKF) is used to incorporate the data to 

estimate the position of the robot given the extracted terrain map. Simulation results 

indicate that the proposed technique has the capability to reject bias and system noise to 

improve localization.  

The main contribution of this part involves a terrain feature based localization 

technique to allow the robot to identify its position relative to a terrain characteristic map. 

A terrain map extraction algorithm is derived to extract terrain inclination information 

from a topographical map. An EKF algorithm is specially applied to achieve terrain 

feature localization based on the extracted terrain map. Thus, this research contributes a 

new method of localizing robot position. This terrain feature localization technique is 

generally applicable to other two-axle mobile robots even though the intended platform is 

the CFMMR. 

In this dissertation, the three topics of robust motion control, control and sensing 

architecture and terrain localization are investigated. The motion control and sensing 

architecture provides a frame work to integrate the kinematic controller, dynamic 

controller, and sensor fusion system to achieve better mobile robot performance. The 
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distributed robust dynamic controller rejects modeling disturbances with unknown 

bounds and improves the tracking accuracy as a key part of the motion control and 

sensing architecture. The terrain feature localization technique improves the position 

precision of the mobile robot on uneven terrain. Although the algorithms are applied to 

CFMMR, they can be easily extended to other mobile robotic systems. As a result, the 

three aspects of this dissertation represent fundamental advancements in robot motion 

control. 

The structure of the proposal follows.  In Chapter 2, a distributed robust dynamic 

motion controller is derived, and performance evaluation is presented and discussed.  In 

Chapter 3, a cooperative motion control and sensing architecture is proposed and 

evaluated. A terrain feature localization technique is proposed and simulated in Chapter 4. 

Conclusions are made in Chapter 5. 

 



 

 

CHAPTER 2 

DISTRIBUTED ROBUST DYNAMIC MOTION CONTROLLER 

This chapter is a journal paper published in the ASME Journal of Dynamic 

Systems, Measurement, and Control, Vol. 128, pp. 489-498. Authors are Xiaorui Zhu, 

Sungyong Park, and Mark A. Minor.  
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Distributed Robust Control of
Compliant Framed Wheeled
Modular Mobile Robots
A distributed robust controller for Compliant Framed wheeled Modular Mobile Robots
(CFMMR) is studied in this paper. This type of wheeled mobile robot uses rigid axles
coupled by compliant frame modules to provide both full suspension and enhanced steer-
ing capability without additional hardware. In this research, a distributed nonlinear
damping controller using backstepping techniques for wheel-torque control is first devel-
oped for single-axle unicycle type robots. The controller is then extended to multiple-axle
CFMMR configurations and is robust to disturbances created by modeling errors; espe-
cially highly nonlinear frame forces caused by axle interaction. In particular, the con-
troller considers time-varying reference velocities and allows the robot to perform pos-
ture regulation, path following, or general trajectory tracking. A two-axle scout CFMMR
configuration is used to evaluate the controller. Simulation and experimental results
verify robust dynamic motion control of path following. �DOI: 10.1115/1.2229254�

1 Introduction
A distributed robust dynamic control algorithm for multi-axle

Compliant Framed wheeled Modular Mobile Robots �CFMMR� is
developed in this paper. A two-axle CFMMR, Fig. 1, is used for
testing in the experiments. The CFMMR concept is unique in two
ways. First, it uses a novel yet simple structure to provide suspen-
sion and highly controllable steering capability without any addi-
tional hardware. This is accomplished by compliant frame ele-
ments that couple rigid differentially steered axles. In this study, a
partially compliant frame provides roll and yaw Degrees of Free-
dom �DOF� for suspension and steering capability, respectively.
The CFMMR also improves the modularity of wheeled mobile
robotics by allowing frame and axle modules to be assembled in
configurations customized for specific tasks. It is argued that ho-
mogeneity reduces maintenance, offers increased robustness
through redundancy, provides compact and ordered storage, and
increases adaptability �1,2�. Despite these attributes, the CFMMR
provides new challenges in motion control �3–5�, sensor instru-
mentation �6�, and data fusion �6�.

A limited number of compliant vehicles have been investigated
in the last few decades, and none possess a similar highly com-
pliant frame whose deflection is controlled by coordinated actua-
tion of the wheels. The earliest platform is a system proposed for
planetary exploration using compliant members to provide roll
and pitch DOF for suspension of the axles �7� to adapt to the
terrain. More recent research has introduced compliance to ac-
commodate measurement error and prevent wheel slip from oc-
curring between independently controlled axle units on a service
robot �8�. This robot is similar in spirit to the CFMMR in that it
allows relative rotation between the axles, but this compliance is
provided by rotary joints connected to the ends of a frame with
limited prismatic compliance. Some snake-like robots also use
wheeled body modules, but they are usually connected in series
by articulated joints. Some have active joints and passive wheels
�9� while others have active wheels and either partially active
�10,11� or entirely passive joints �12�. Active wheels provide di-
rect control over forward velocity and are better for traveling over
terrain. Active joints allow direct control over robot shape, but

they are too slow for high-speed movement. Active-wheel
passive-joint snake-like robots, which are most similar to the
CFMMR, are thus desirable for natural terrain adaptation and
faster travel over rugged terrain �12�. Compared to the complex
and expensive mechanical joints in all of these robots, the
CFMMR is much simpler, and is thus less expensive and has less
potential for mechanical failure.

The control of compliance in robotic systems has been pre-
dominant among flexible manipulators, where oscillations are a
primary concern �13,14�. Compliance control in the CFMMR dif-
fers in two very substantial ways. First, the modeling structure
presented here is unique because the compliant frames encounter
large deflections and may operate within post-buckled configura-
tions during steering maneuvers. Therefore, it is difficult to model
the compliant frame forces with great accuracy, although an ap-
proximate model of the compliant frame is developed based on
the Finite Element Method �FEM� and the post-buckled frame
element �5�. Second, flexible manipulators do not posses nonholo-
nomic constraints, which are one of the typical characteristics of
the CFMMR. Hence, the dynamic controllers developed for the
CFMMR must consider nonlinear compliance effects and non-
holonomic constraints typical of mobile robots, which prevent the
application of traditional dynamic controllers for flexible manipu-
lators. Compliance among mobile robots cooperatively manipulat-
ing an object has also received attention �15,16�, but these efforts
have focused on motion planning and coordination issues rather
than robust dynamic motion control subject to nonholonomic con-
straints, which is the subject of this paper. The controller derived
here could certainly benefit cooperative mobile robots, though.

In recent years, much attention has been paid to the motion
control of mobile robots. Some research focuses only on the ki-
nematic model �e.g. steering system� of a mobile robot where the
input is velocity �3,17�, and these can be called kinematic motion
controllers. However, practically they need to take into account
the specific dynamics that can produce the input velocity using
wheel torque provided by the mobile robot. Thus, some research
has been oriented toward torque-based control of dynamical mod-
els combined with kinematic models subject to nonholomomic
constraints in order to improve tracking performance �18,19�,
which can be regarded as dynamic motion control. These efforts
have focused only on rigid mobile robots not interacting coopera-
tively with other robots.

Control of the CFMMR requires that we consider compliant
coupling �e.g., cooperation� between multiple axle modules. Thus,

Contributed by the Dynamic Systems, Measurement, and Control Division of
ASME for publication in the JOURNAL OF DYNAMIC SYSTEMS, MEASUREMENT, AND CON-

TROL. Manuscript received December 14, 2004; final manuscript received January 13,
2006. Assoc. Editor: Sunil K. Agrawal.

Journal of Dynamic Systems, Measurement, and Control SEPTEMBER 2006, Vol. 128 / 489
Copyright © 2006 by ASME  
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we use a curvature-based kinematic motion controller �3,4� to
specify individual axle motion such that the CFMMR executes the
desired net motion. These individual axle motions then provide
real-time reference inputs to a dynamic motion controller. In our
previous work, a perfect model of the CFMMR was assumed in
the dynamic controller, which ultimately led to tracking error and
necessary controller tuning for specific types of paths �5�.

In reality, many kinds of disturbances always exist. Therefore, a
few nonlinear, robust, and adaptive dynamic motion control tech-
niques have been developed in the presence of the uncertainties of
mobile robots �20–25� to confront the negative effects caused by
approximation. Other researchers proposed discontinuous robust
and/or adaptive controllers that complicate the adjustment of con-
trol gains to deal with instability caused by discontinuity, where
the bounds of the uncertainties must be known �21–23�. Fierro
proposed robust adaptive controllers using online neural networks.
But a time-consuming computation is required, and it is difficult
to guarantee the convergence of neural network controllers in real
time �24,25�. Lin developed a robust damping control technique
that does not require any knowledge of the bounds of the distur-
bances and had a fairly simple structure. Because of the complex-
ity of the CFMMR dynamic model and the potentially large frame
forces, the disturbances are unpredictable �20�. Hence, our robust
controller is based on extension of �20�. Note that the reference
velocities provided by our curvature-based kinematic motion con-
trol algorithms for posture regulation �3� and path following
�4,26� are time varying, however, while constant reference veloci-
ties are assumed for simplicity in �20�.

The major contribution of this work is development of model-
based distributed robust control for the CFMMR, which is gener-
ally applicable to any cooperative mobile robotic system with un-
certain compliant interaction forces. Two significant issues
considered in the development of the controller are modeling and
control of highly nonlinear interaction forces, which is novel, and
dynamic tracking control of time-varying reference trajectories
�velocity and posture specified as a function of time by a kine-
matic motion controller�, which is an extension of previous work.
As part of the major contribution, we experimentally validate the
distributed robust controller performance with and without inter-
action force models and illustrate its capability to track time vary-
ing trajectories.

The structure of the paper follows. Modular kinematic and dy-
namic models of the CFMMR are derived in Sec. 2. A nonlinear
damping controller for unicycle type robots with time varying
reference velocities is proposed in Sec. 3. A distributed controller
for general multi-module CFMMR configurations is proposed in
Sec. 4. The distributed control algorithm is then applied to a two-
axle CFMMR in simulation and experiment to evaluate their per-
formance in Sec. 5. Concluding remarks and future work are de-
scribed in Sec. 6.

2 Kinematic and Dynamic Models

2.1 Generic Modeling Structure. Consider the ith axle of an
n-axle CFMMR, Fig. 2. Let us define a fixed global reference

frame F�X ,Y� and moving frames f i�xi ,yi� attached to the points
Ci at the midpoint of the ith axle, where i=1. . .n. At any instant,
the ith axle module is rotating about the IC �Instantaneous Cen-
ter�, Fig. 3, such that the ICR’s projections onto the xi axes define
point Ci at the midpoint of each axle. A module configuration
vector qi= �Xi Yi �i� is then attached to this point and oriented
with the axle. In order to describe this configuration within the
context of the entire system, we assemble each of these module
configuration vectors into a system configuration vector Q
= �q1 , . . . ,qn�T where Q�R3n�1. It is then possible to assemble a
system description of the form,

M�Q�Q̈ + V�Q,Q̇�Q̇ + F�Q̇� + G�Q� + �d + FK�Q�

= E�Q�� − AT�Q�� , �1�

where M�Q��R3n�3n is a symmetric, positive definite inertia ma-
trix assembled from the individual axle module inertia matrices.
Assembling individual axle module dynamic characteristics into

the system model, V�Q , Q̇��R3n�3n is the centripetal and coriolis

forces, F�Q̇��R3n�1 denotes the friction, G�Q��R3n�1 is the
gravitational vector, �d denotes bounded unknown disturbances
including unstructured unmodeled dynamics, E�Q��R3n�2n is the
input transformation matrix, ��R2n�1 is the input torques, and
��Rn�1 is the vector of constraint forces. A�Q��Rn�3n is the
global matrix associated with the nonholonomic constraints. Com-
pliant frame forces are described by globally defined stiffness
equations that are assembled into FK�Q��R3n�1.

2.2 Modular Dynamic Models. First, the dynamic model of
single-axle module is presented �18�. The generic matrices are
then assembled assuming a serial configuration. Considering the
ith axle module, we let Vi�qi , q̇i�=0 since centripetal and coriolis

Fig. 1 Two-axle CFMMR experimental configuration
Fig. 2 The ith axle module kinematics

Fig. 3 General configuration of a two-axle CFMMR

490 / Vol. 128, SEPTEMBER 2006 Transactions of the ASME
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forces of each axle are relatively small due to the velocity and
curvature constraints of our robot. Also, Gi�qi�=0 since motion of
robot system is assumed to be in the horizontal plane. The mass
matrix and the input transformation matrix of this axle module
are:

Mi�qi� = �mi 0 0

0 mi 0

0 0 Ji
�, Ei�qi� =

1

rw�
cos �i cos �i

sin �i sin �i

− d d
� �2�

where mi and Ji are mass and mass moment of the ith axle indi-
vidually. The wheel torques applied to the ith axle module are
denoted as �i= ��L,i �R,i�T, where �L,i and �R,i are motor torques
acting on the left and right wheel, respectively. The corresponding
frame reaction forces are then expressed as:

FK,i�qi,qj� = �FX,i FY,i Mi�T �3�

where j denotes the numbers of all the axles connected with the
ith axle, and the Lagrange multipliers are determined by,

�i = − mi�̇i�Ẋi cos �i + Ẏi sin �i� + FX,i sin �i − FY,i cos �i �4�

Therefore the ith axle dynamic equation is expressed as:

Mi�qi�q̈i + F�q̇i� + �d,i + FK,i�qi,qj� = Ei�qi��i − Ai
T�qi��i �5�

Hence, the whole dynamic system is assembled by the above axle
module matrices as:

M�Q� = �
M1�q1� 0 . . . 0

0 M2�q2� 0 . . .

. . . 0 . . . 0

0 . . . 0 Mn�qn�
� �6�

E�Q� = �
E1�q1� 0 . . . 0

0 E2�q2� 0 . . .

. . . 0 . . . 0

0 . . . 0 En�qn�
� �7�

FK�Q� = �FK,1 FK,2 . . . FK,n�T �8�

� = ��1 �2 . . . �n�T �9�

2.3 Modular Kinematic Models. The kinematic model of the
ith axle module is presented subject to nonholonomic constraints
�18�. The generic kinematic matrices are then assembled similar to
the dynamic matrices. Assuming pure rolling without slipping, the
nonholonomic constraints of the ith axle module can be expressed
in matrix form as

Ai�qi�q̇i = 0 �10�

where Ai�qi��R1�3 is the matrix associated with the ith axle
nonholonomic constraints:

Ai�qi� = �− sin �i cos �i 0� �11�

Let Si�qi��R3�2 then be a full rank matrix formed by a set of
smooth and linearly independent vector fields spanning the null
space of Ai�qi� such that

Ai�qi�Si�qi� = 0 �12�
Equations �10� and �12� imply the existence of a two dimensional
velocity vector vi�t��R2�1 such that, for all time, t,

q̇i = Si�qi�vi�t� �13�

where

Si�qi� = �cos �i 0

sin �i 0

0 1
� �14�

vi�t� = �vi �i�T �15�

and vi and �i represent the linear and angular velocities of the ith
axle at point Ci.

Likewise, the n-axle matrix associated with the nonholonomic
for the serial configuration can be assembled as:

A�Q� = �
A1�q1� 0 . . . 0

0 A2�q2� . . . ]
0 0 . . . 0

0 . . . 0 An�qn�
� �16�

There is also the existence of a 2n dimensional velocity vector
v�t��R2n�1 such that, for all time, t,

Q̇ = S�Q�v�t� �17�

where S�Q��R3n�2n is a full rank matrix formed by a set of
smooth and linearly independent vector fields spanning the null
space of A�Q� such that

A�Q�S�Q� = 0 �18�

and S�Q� and v�t� can be assembled as

S�Q� = �
S1�q1� 0 . . . 0

0 S2�q2� . . . ]
0 0 . . . 0

0 . . . 0 Sn�qn�
� �19�

v�t� = �v1 v2 . . . vn�T �20�

2.4 Compliant Frame Model. As we mentioned in Sec. 1, it
is difficult to model the compliant frame forces with great accu-
racy. However, we can approximate the forces to improve control-
ler performance. The behavior of the compliant frame element is
complicated because of the interaction of the axle modules and the
nonlinear frame behavior. To simplify matters, an approximate
model of the compliant frame module is developed based on the
Finite Element Method �FEM� and the post-buckled frame ele-
ment �5,27�. The model includes the transverse and bending forces
of a compliant beam, which will be used to develop the controller
in the following sections.

Given L, E, and I as the free length, Young’s Modulus, and area
moment of inertia of the compliant frame, respectively, the frame
model is expressed in the global coordinate frame with the local
coordinate definition wi=wj �0, Fig. 4, as �28�

FK = RTK�L. �21�

Here, R is a rotation transformation matrix with � defined as in
Fig. 3 such that,

Fig. 4 The general configuration of single-finite-element of the
compliant frame module

Journal of Dynamic Systems, Measurement, and Control SEPTEMBER 2006, Vol. 128 / 491
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R = �R� 0

0 R�
	 and R� = � cos � sin � 0

− sin � cos � 0

0 0 1
� . �22�

For convenience, �L is measured relative to the ith node and de-
scribed as a function of the axle configuration vectors to provide,

�L = �0 0 �i − 	u 0 � j� , �23�

where the axial deflection caused by post-buckling, 	u, is defined
as Lf − �q̂j�1�− q̂i�1�� and the displacements q̂c�1�, c= i , j, can be
calculated from the node locations Ci and Cj by using the axle
configuration vectors, qi and qj, expressed in the local coordinate
frame as,

�q̂c�1� q̂c�2� �c� = R�qc, c = i, j �24�

The foreshortened length Lf caused by bending moments is cal-
culated as, �29�

Lf = L − 	L = L −
2�i

2-�i� j + 2� j
2

30
L . �25�

Note that for most cases, the compliant frame of the CFMMR is
not straight due to steering maneuvers �3,29�, and is essentially in
a post-buckled shape. So the compliant frame is deflected by axial
forces as well as bending moments. Therefore the relationship
between the final frame length q̂j�1�− q̂i�1� and the undeformed
length L is expressed as q̂j�1�− q̂i�1�=L−	L−	u, Fig. 4.

For simplicity, we use a post-buckled axial stiffness that is lin-
ear and allows for a simple solution. The axial stiffness in post-
buckling is modeled as EI
2 /2L3 �5�, which is much more com-
pliant than the traditional rigid bar model used in frame elements.
Therefore, K is obtained as the modified post-buckling stiffness
matrix where,

K = �K11 K12

K21 K22
	

K11 =
EI

L3�
2/2 0 0

0 12 6L

0 6L 4L2 �, K12 =
EI

L3�− 
2/2 0 0

0 − 12 6L

0 − 6L 4L2 �
K21 = K12

T , K22 =
EI

L3�
2/2 0 0

0 12 − 6L

0 − 6L 4L2 � . �26�

3 Single Axle Nonlinear Damping Control Design
Due to the increased complexity of the system equations, the

system is separated into two parts: �1� curvature-based kinematic
motion control; and �2� robust dynamic motion control. Robust
dynamic motion control is the main focus in this paper since the
previously developed curvature-based kinematic motion control
algorithms provide time-varying reference trajectories based on
path state, s, and robot configuration �3,4,29�. These algorithms
specify velocity trajectories for each axle to provide drift free
curvature based steering algorithms for a two-axle CFMMR that
minimize traction forces and account for frame foreshortening due
to steering angles. Kinematic motion controllers for different con-
figurations will be investigated in the future. The control system
structure is presented in Fig. 5, which will be explained in the
following subsections.

3.1 Structural Transformation of Single Axle Module.
Considering the ith axle module, we rewrite the ith corresponding
dynamic equation for the control design. Differentiating Eq. �13�
with respect to time, substituting this result into Eq. �5�, and then

multiplying by Si
T�qi�, the constraint matrix Ai

T�qi��i can be elimi-
nated. The ith axle dynamic equation of the CFMMR is then given
by,

Si
TMiSv̇i + Si

TMiṠvi + Si
TFi + Si

T�d,i + Si
TFK,i�qi,qj� = Si

TEi�i,

�27�
where Lagrange multipliers are no longer required and applied
wheel torque is now an input to the system as a function of system
states. Here we assume Fi=Biq̇i, where Bi consists of constant
friction coefficients. The nonlinear part of the friction forces is
included in �d,i. Then rewrite Eq. �27� into the simplified form,

M̄iv̇i + B̄ivi + �̄d,i = �̄i, �28�

where M̄i=Si
TMiSi, B̄i=Si

T�MiṠi+BiSi�, �̄d,i=Si
T��d,i+FK,i�qi ,qj��,

�̄i=Si
TEi�i.

The next step is to specify the dynamic extension of the veloc-
ity input, vi�R2�1, such that the regular backstepping form can
be obtained:

q̇i = S�qi�vi �29�

M̄iv̇i + B̄ivi + �̄d,i = �̄i. �30�

These equations allow the two steering commands vi�t� to be con-
verted to desired wheel torques, �i�t��R2�1. The control objec-
tive is to derive a suitable �i�t� such that the CFMMR will track a
specific smooth steering velocity vc,i where,

vc,i�t� = ��c,i �c,i�T. �31�
This steering velocity as control input for the steering system �29�
is chosen to achieve stable tracking of the reference trajectories,
qr,i. Then the CFMMR can achieve trajectory tracking given the
derived wheel torques �i�t�.

Since the reference velocity vr,i is given by the previously men-
tioned motion controller, the reference trajectories qr,i can be
solved from:

q̇r,i = S�qr,i�vr,i �32�
Then the error state model for tracking is defined as,

ei = R�,i�qr,i − qi� , �33�

where qr,i is the reference vector for the ith axle, ei�R3�1 is the
error position vector for the ith axle and,

ei = �eX,i eY,i e�,i�T. �34�

As �30� shows, an alternative vc,i is chosen as,

vc,i = � �r,i cos e�,i + kX,ieX,i

�r,i + kY,i�r,ieY,i + k�,i�r,i sin e�,i
	 , �35�

where kX,i ,kY,i ,k�,i are positive constants and vr,i are positive for
the ith axle. The velocity control law vc,i is thus proven �30�
to make ei=0 a stable equilibrium point using the Lyapunov
function,

Fig. 5 A motion and dynamic control structure of the CFMMR
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V1,i�ei� =
1

2
eX,i

2 +
1

2
eY,i

2 + �1 − cos e�,i�/kY,i, �36�

and V1,i�ei� is used in the subsequent controller development.

3.2 Properties and Assumptions of Single Axle Controller.
There are several properties and assumptions that will be used in
the following control design:

• Assumption 1: �d,i and FK,i�qi ,qj� are bounded.

• Property 1: 
B̄i�qi , q̇i�
�bi
q̇i
+ci, where bi ,ci are non-
negative constants.

• Property 2: M̄i is a constant matrix.
• Property 3: v̇c,i=A1,ivc,i+A2,ivr,i+A3,iv̇r,i, where 
A1,i
, 
A2,i


and 
A3,i
 are bounded.

Proof: Properties 1 and 2 can be proven by a simple calculation,
assuming the same mass of each module. Thus, we focus on the
proof of Property 3.

Differentiating Eq. �35� yields,

v̇c,i = � kX,iėX,i − �r,i�sin e�,i�ė�,i + �̇r,i cos e�,i

�̇r,i + kY,ieY,i�̇r,i + kY,i�r,iėY,i + k�,i�r,i�cos e�,i�ė�,i + k�,i�̇r,i sin e�,i
	 = �kX,i 0 − �r,i�sin e�,i�

0 kY,i�r,i k�,i�r,i�cos e�,i�
	�ėX,i

ėY,i

ė�,i
�

+ � cos e�,i 0

kY,ieY,i + k�,i sin e�,i 1
	� �̇r,i

�̇r,i
	 . �37�

Substituting Eqs. �33� and �34� into Eq. �37� and applying Eq.
�35�, we can obtain,

v̇c,i = �kX,i 0 − �r,i�sin e�,i�
0 kY,i�r,i k�,i�r,i�cos e�,i�

	��ieY,i − �i + �r,i cos e�,i

− �ieX,i + �r,i sin e�,i

�r,i − �i
�

+ � cos e�,i 0

kY,ieY,i + k�,i sin e�,i 1
	v̇r,i

= �− kX,i kX,ieY,i + �r,i sin e�,i

0 − kY,i�r,ieX,i − k�,i�r,i cos e�,i
	vc,i

+ � kX,i cos e�,i − �r,i sin e�,i

kY,i�r,i sin e�,i k�,i�r,i cos e�,i
	vr,i

+ � cos e�,i 0

kY,ieY,i + k�,i sin e�,i 1
	v̇r,i. �38�

Finally, v̇c,i is simplified as,

v̇c,i = A1,ivc,i + A2,ivr,i + A3,iv̇r,i, �39�

where A1,i, A2,i, and A3,i are individually the coefficient matrix of
vc,i, vr,i, and v̇r,i.

Since 
A1,i
, 
A2,i
, and 
A3,i
 are checked to be bounded by
inspection, Property 4 is proven. �

3.3 Nonlinear Damping Control Design of Single-Axle
Module. We will now extend the nonlinear damping control
scheme specified in �20� to a single-axle CFMMR configuration
with time varying reference velocities.

Define the velocity error vector for each axle as,

ec,i = �e�,i

e�,i
	 = vi − vc,i = � �i − �r,i cos e�,i − kX,ieX,i

�i − �r,i − kY,i�r,ieY,i − k�,i�r,i sin e�,i
	 .

�40�
Differentiating Eq. �40� and substituting Eq. �30� yields,

M̄iėc,i = �̄i − B̄ivi − �̄d,i − M̄iv̇c,i. �41�
Then choose the Lyapunov candidate for the dynamic model,

Eq. �30�, as

V2,i�ec,i� =
1

2
ec,i

T M̄iec,i. �42�

Differentiating Eq. �42� yields:

V̇2,i�ec,i� = ec,i
T M̄iėc,i +

1

2
ec,i

T M̄
˙

iec,i. �43�

By substituting Eq. �41� into Eq. �43�, we obtain,

V̇2,i�ec,i� = ec,i
T ��̄i − �B̄ivi + M̄iv̇c,i + �̄d,i�� +

1

2
ec,i

T M̄
˙

iec,i. �44�

Applying Property 2 yields,

V̇2,i�ec,i� = ec,i
T ��̄i − �B̄ivi + M̄iv̇c,i + �̄d,i�� . �45�

Then applying Property 3 yields,

V̇2,i�ec,i� = ec,i
T ��̄i − �B̄ivi + M̄iA1,ivc,i + M̄iA2,ivr,i + M̄iA3,iv̇r,i

+ �̄d,i�� . �46�

According to Properties 1, 3, and Assumption 1, we obtain,

V̇2,i�ec,i� � ec,i
T �̄i + 
ec,i
�
B̄i
 
vi
 + 
M̄i
 
A1,i
 
vc,i


+ 
M̄i
 
A2,i
 
vr,i
+ 
M̄i
 
A3,i
 
v̇r,i
 + 
�̄d,i
� � ec,i
T �̄i

+ 
ec,i
�bi
vi
 
vi
 + ci
vi
 + 
M̄i
 
A1,i
 
vc,i


+ 
M̄i
 
A2,i
 
vr,i
 + 
M̄i
 
A3,i
 
v̇r,i
 + 
�d,i


+ 
FK�qi,qj�
� = ec,i
T �̄i + 
ec,i
�i

Ti �47�

where,

�i
T = �bi,ci,
M̄i
 
A1,i
,
M̄i
 
A2,i
,
M̄i
 
A3,i
,
�d,i
,1�

i
T = �
vi
 
vi
,
vi
,
vc,i
,
vr,i
,
v̇r,i
,1,
FK,i�qi,qj�
� �48�

Here �i is bounded by the above properties and assumptions, and
i is a known, positive definite vector. Hence, in order to make Eq.
�47� negative definite, choose,

�̄i = − Kiec,i
i
2, �49�

where
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Ki = �K1,i 0

0 K2,i
	

is the matrix control gain and K1,i, K2,i are positive constants. The
control input is then,

�i = �Si
TEi�−1�̄i = − �Si

TEi�−1Kiec,i
i
2. �50�
Substitute Eq. �49� into Eq. �47�,

V̇2,i�ec,i� = − ec,i
T Kiec,i
i
2 + 
ec,i
�i

Ti

� − 
Ki
 
ec,i
2
i
2 + 
ec,i
 
�i
 
i


= − 
Ki

ec,i
 
i
 −

�i


2
Ki

�2

+

�i
2

4
Ki

�51�

By using the Lyapunov function Vi=V1,i+V2,i �20,31�, Ci
= �ei ec,i�T is globally uniformly bounded and the velocity tracking
error becomes arbitrarily small by increasing the control gain Ki.

Note that the reference velocity vector is included in the control
input since the motion controller could provide time varying ref-
erence velocities. The compliant frame force FK,i�qi ,qj� is also
taken consideration in the controller, which is the topic of the next
subsection.

3.4 Compliant Frame Effect on Control Design. There are
two cases to consider for the CFMMR in terms of the compliant
frame effect on control design. On one hand, the approximate
model of the compliant frame force, FK,i�qi ,qj�, may be used and
the inaccurate part of this model will become part of the distur-
bance,�d,i, and �i and i are chosen per Eq. �48�. On the other
hand, FK,i�qi ,qj� may be considered to be totally unknown and �i

and i will be redefined as

�i
T = �bi,ci,
M̄i
 
A1,i
,
M̄i
 
A2,i
,
M̄i
 
A3,i
,
�d,i + FK,i�qi,qj�
�

i
T = �
vi
 
vi
,
vi
,
vc,i
,
vr,i
,
v̇r,i
,1� �52�

which helps to decrease computational requirements since
FK,i�qi ,qj� is not calculated between time steps.

We will apply both control inputs determined by Eqs. �48� and
�52� to the experimental platform and compare them in Sec. 5 in
order to determine the characteristics of performance, tracking
errors, and computations.

4 Multi-axle Distributed Control Design
The distributed controller is designed for a multiaxle CFMMR

based on the above single-axle controller. That is to say, the dis-
tributed controller is composed of n independent controllers � j , j
=1�n as:

� j = − �S j
TE j�−1Kjec,j
 j
2. �53�

Proposition: The multiaxle CFMMR can achieve stable trajec-
tory tracking with the distributed controller �53� if the response of
each module is globally uniformly bounded by its corresponding
single-axle controller.

Proof: Choose the composite Lyapunov function candidate,

V = V1 + . . . + Vi + . . . + Vn = V1,1 + V2,1 + . . . + V1,i + V2,i + . . .

+ V1,n + V2,n. �54�
Substituting Eqs. �36� and �42� into Eq. �54� produces,

V =
1

2
eX,1

2 +
1

2
eY,1

2 + �1 − cos e�,1�/kY,1 +
1

2
ec,1

T M̄1ec,1 + . . . +
1

2
eX,i

2

+
1

2
eY,i

2 + �1 − cos e�,i�/kY,i +
1

2
ec,i

T M̄iec,i + . . . +
1

2
eX,n

2 +
1

2
eY,n

2

+ �1 − cos e�,n�/kY,n +
1

2
ec,n

T M̄nec,n. �55�

Differentiating Eq. �55� and applying Eqs. �33� and �51� yields,

V̇ � − kX,1eX,1
2 −

k�,1

kY,1
�r,1 sin2 e�,1 − 
K1

ec,1
 
1
 −


�1

2
K1
�2

+

�1
2

4
K1

− . . . − kX,ieX,i

2 −
k�,i

kY,i
�r,i sin2 e�,i − 
Ki

ec,i
 
i


−

�i


2
Ki

�2

+

�i
2

4
Ki

− . . . − kX,neX,n

2 −
k�,n

kY,n
�r,n sin2 e�,n − 
Kn


�
ec,n
 
n
 −

�n


2
Kn
�2

+

�n
2

4
Kn

, �56�

where K1 , . . . ,Kn are positive definite matrices,
kX,1 , . . . ,kX,n ,kY,1 , . . . ,kY,n ,k�,1 , . . . ,k�,n are positive constants,
and 
�1
 , . . . , 
�n
 are bounded. Therefore,

V̇ � − kX,1eX,1
2 −

k�,1

kY,1
�r,1 sin2 e�,1 − . . . − kX,ieX,i

2 −
k�,i

kY,i
�r,i sin2 e�,i

− . . . − kX,neX,n
2 −

k�,n

kY,n
�r,n sin2 e�,n

= − W�e� , �57�
when,


ec,1
 �
1


K1


�1


1


, . . . ,
ec,n
 �
1


Kn


�n


n


, �58�

where e= �C1 . . . Cn�T, C j = �e j ec,j�T, j=1�n, and W�e� is a con-
tinuous positive definite function.

Hence we conclude that e is globally uniformly bounded �31�.
According to Eq. �58�, the tracking error bounds of each module
becomes smaller as the norm of the corresponding control gain
matrix, Ki, is increased. However, tracking error bound for the
multiaxle CFMMR becomes more complicated. The modules are
interconnected by compliant frames, so the behavior of each mod-
ule can affect the others. Increasing the control gain for one axle
may increase the tracking error of another. Second, the tracking
error bounds are increased as the term �i increases, which may be
caused by increased disturbances or model uncertainty. Therefore
it is proper to minimize the tracking errors for the entire system by
experimentally tuning the set of control gains, K1 , . . . ,Kn. 	

5 Controller Evaluation

5.1 Methods and Procedures. The distributed nonlinear
damping controller for the two-axle CFMMR was simulated in
MATLAB® and SIMULINK®. The reference velocities vr of both
axles are generated by a drift-free curvature-based kinematic mo-
tion control algorithm guiding midpoint, O, of the robot to follow
the desired path �4,26�. The velocity trajectories are specified for
each axle such that the distance between points C1 and C2 remains
consistent with the ideal foreshortened length, Lf, of the frame
given the current axle headings �29�. As we mentioned in Sec. 4,
the control gains need to be tuned to minimize the tracking error
bounds. The gains were first tuned in simulation until the tracking
errors were within 10−3 with a similar time step size, 10−3. These
gains were then verified in experiment.

Several experiments were conducted on a two-module CFMMR

Table 1 Prototype of a two-module CFMMR

Parameter Value Units Description

rw
0.073 Meters Wheel radius

d 0.162 Meters Axle width �half�
mi

4.76 Kg Mass of each axle
Ji

0.0186 Kg/m2 Mass moment of inertia of each
axle
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experimental platform, Fig. 1, at the University of Utah. The robot
is controlled via tether by a dSpace™ 1103 DSP board and an
external power supply. Each wheel is actuated by a geared dc
motor with voltage input Vm, Fig. 5. The real-time position of
each wheel is detected by an encoder and odometry is used for
predicting the axle posture. Video is used to illustrate the robot
performance. Here we apply controllers with and without beam
force compensation to consider their effect on performance.

The prototype parameters, Table 1, and the parameters of the
compliant frame, Table 2, are used for both simulations and ex-
periments. Three different path shapes, a straight line, a circle, and
a sine wave were used with nonzero initial positions of midpoint
O, Table 3. The straight line is the simplest path, where the refer-

ence is only a constant linear velocity. The circle is more compli-
cated since the reference is ultimately constant linear and angular
velocities. The sine wave is the most complicated, since the path
consists of time varying linear and angular velocities. Therefore,
the tracking performance of the robot can be evaluated
comprehensively.

5.2 Results. Using the tuned gains

K1 = K2 = �30 0

0 5
	 ,

the simulation results predict that the robot follows the corre-
sponding desired paths perfectly. Experimental odometry results
corroborate the simulated results well, except for some chattering
and apparent wheel slippage.

Figure 6 shows the experimental posture data �according to

Table 2 Parameters of compliant frame

Parameter Value Units Descriptions

L 0.37 meters Length
w 0.05 meters Width
t 0.7 mm Thickness
E 2.0�1011 Pa Young’s modulus
A 3.5�10−5 m2 Cross-sectional area
� 7.8�103 Kg/m3 Density
I 1.4292�10−12 m4 Area moment of inertia

Table 3 Initial positions of three different shapes.

Path x y �

Line −0.1 0.1 0
Circle 1.05 −0.2 
 /2

Sine wave −0.09 −0.04 
 /4

Fig. 6 Experimental posture data for path following, where solid lines represent the desired position and dashed
lines represent the experimentally determined position
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odometry� of the path following both with and without beam force
compensation. The desired position is represented by the solid
lines and the experimentally determined position is represented by
the dashed lines. Figure 7 shows the position errors of each axle
and the reference velocity, ṡ, of the midpoint O, where the posi-
tion error of the rear axle is represented by the solid line and the
position error of the front axle is represented by the dashed line.
Figure 8 shows the experimental path following results without
beam force compensation, where the desired trajectory of the mid-
point, O, of the robot is represented by the solid line, the experi-
mental trajectory of the midpoint, O, is represented by the dashed
line, and the trajectory of the wheels are represented by dotted
lines. Figure 9 shows the snapshots of the video for the line path
following. The dotted lines are from simulation results, which
represent the path of the midpoint O and each wheel, respectively.
The white line illustrates the actual path that the robot converges
to, which is parallel to the desired path �along the x axis�, but
offset by −0.06 m. Note that according to odometry, however, the
robot converges to the specified paths quite well, Fig. 6. All of
these results were conducted with the robot on a smooth, flat, high
traction carpet surface.

5.3 Discussion. As Fig. 6 indicates, the system performed
well while following the paths; even with nonzero initial error
states and uncertain disturbance due to model inaccuracy. Note
that compared with the pure model-based backstepping controller
presented in �5�, the nonlinear damping controller derived here
compensates model uncertainty and does not need to adjust the
control gains during the experiments. Thus, once the control gains
are tuned properly in simulation, they can be used in experiment
directly without off-tracking, as witnessed in previous results.
This critical characteristic demonstrates the robustness of the con-
troller applied to groups of axle modules bound by uncertain in-
teraction forces.

As Figs. 6�a� and 6�b� indicate, while the line path following
the controller with beam force compensation can achieve tighter
performance and less tracking error, but more computation is re-
quired to predict those forces. The controller without beam force
compensation is less aggressive at the cost of increasing the track-
ing error slightly. Both of them work well with the two-axle
CFMMR. However, as the configuration and the environment be-
come more and more complicated, the compliant frame forces will
play more important roles in the robot performance. The control-
ler with beam force compensation will be preferable, even though
more computation will be required. Therefore, in the near future,
the controller with beam force compensation will be used for the
two-axle CFMMR on the rough terrain, such as on sand or with

scattered rocks. Additional relative position sensors will then be
introduced to help measure the relative position between the ad-
jacent modules and predict the compliant frame forces more
accurately.

As Fig. 7 indicates, the actual X position lags the reference
position and oscillates. The Y position errors converge to a small
value close to zero. The � errors converge well except for a small
chattering. Note that the reference velocity, ṡ, of the middle point
O has oscillations that causes the oscillation of X position errors.
These oscillations also cause, in part, the saturation of the wheel
torques, Fig. 10, which will be discussed later. In the design of
curvature-based kinematic motion controller, a positive constant �
was introduced to make this controller smooth. This introduction
of � causes the lagged X position, however. Improving the kine-
matic motion control to solve the lag problem is a subject of
future work.

The 0.06 m-odometry error is observed in Fig. 9, which is
mainly caused by wheel slippage. The apparent wheel slippage
occurred in the first second because of the fast maneuvering turn
of the robot. The torque saturation was also observed in the ex-
periments, see Figs. 10�d�. First, the saturation is caused by phase
lag in the odometry measurement system. In the odometry system,
second-order filters are used to decrease measurement noise. The
filter also increases phase lag and makes the system closer to
marginal stability. In this case, the filter was chosen to reduce the

Fig. 7 Experimental position errors of each axle and reference
velocity of middle point O while line path following according
to odometric data

Fig. 8 Experimental path following results without beam force
compensation according to odometric data
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noise, but introduced the corresponding oscillations and aggra-
vated saturation. Additional sensor fusion algorithms will be used
to reduce the odometry problems in the near future.

As Fig. 10 indicates, unmodeled uncertainties of the robot also
contribute to torque saturation. In order to evaluate this problem, a
series of line path following experiments were performed on sur-
faces with increasing traction characteristics, such as no ground
contact, on sand, and on carpet. In the case of no ground contact,
the robot was put on a box so that all the wheels are free to rotate
without any surface interaction. It was used to narrow down the
possible causes of torque saturation. Figure 10�a� shows the simu-
lation results of the wheel torques. Figures 10�b�–10�d� show the
experimental results in the three mentioned conditions. The aver-
age percent saturation for all the wheels in each case is investi-
gated as well, Table 4. As Fig. 10 and Table 4 show, �b�–�d� have
saturation that does not appear in simulation, which predicts that
the unmodeled plant characteristics �such as backlash, unmodeled
frame forces, friction, etc.� cause the saturation. Comparing �c�
and �d� with �b�, note that �b� has the least uncertainties caused by

the flexible frame and friction, and, therefore, has the least satu-
ration. Comparing �b� and �c� with �d�, note that �d� has the high-
est traction on carpet, and therefore has the most saturation.
Hence, the torque saturation increases as the number of uncertain-
ties of the robot increases. Hence, it is concluded that torque satu-
ration is caused, in part, by model uncertainty.

6 Conclusions
In this paper we introduce a distributed nonlinear damping con-

troller for dynamic motion control of wheeled Compliant Framed
Modular Mobile Robots to compensate for model uncertainty with
unknown bounds. Simulation and experimental results for a two-
axle CFMMR configuration demonstrate the robustness of the
proposed controller. This control algorithm is generally applicable
to other mobile robots, which have unknown or partially known
uncertainties. Future work will focus on improving the kinematic
motion control, additional sensor algorithms incorporating relative
position sensors, and the behavior of the CFMMR on the rough
terrain.
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3.1 Abstract 

A novel motion control and sensing architecture for a two-axle Compliant Framed 

wheeled Modular Mobile Robot (CFMMR) is proposed in this paper. The CFMMR is 

essentially a cooperative mobile robotic system with complex physical constraints and 

highly nonlinear interaction forces.  The architecture combines a kinematic controller for 

coordinating motion and providing reference commands, robust dynamic controllers for 

following these commands and rejecting disturbances, and a sensor fusion system 

designed to provide accurate relative posture estimates.  Requirements for each of these 

subsystems and their respective interconnections are defined in this paper in order to 

optimize system performance.  Experimental results compare performance of the 

proposed architecture to suboptimal configurations.  Results derived from seven groups 

of experiments based upon 35 individual tests validate superiority of the architecture.  

Index Terms: Motion control, Robot sensing systems, Cooperative systems, 

Distributed control, Tracking. 

3.2 Introduction 

Cooperative motion control and sensing for Compliant Framed wheeled Modular 

Mobile Robots (CFMMR), Figure 3.1, is the focus of this research.  The CFMMR uses 

compliant frame members to couple rigid axle modules with independently controlled 

wheels [1].  Wheel commands are used to deform the frame for advanced steering 

capability.   Frame compliance also allows the robot to twist its shape and adapt to 

rugged terrain.  Simplicity and modularity of the system emphasize its cost effectiveness, 

durability in adverse climates, and capability to be reconfigured for a multitude of 

applications.  
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A number of cooperative wheeled mobile robots have been investigated in recent 

decades. A detailed comparison is described in [1, 2]. Most similar of these is the snake-

like robot Genbu [3], which uses entirely passive joints to allow cooperation amongst 

wheel axles for adaptation to uneven terrain. However, motion control of [3] focused on 

the simple posture alignment and functional ability [3, 4] while this paper deals with 

general navigation issues and accurate motion control. 

In this paper, we propose a new sensing and control architecture in order for the 

system to be scalable, distributed, and cooperative. The architecture, Figure 3.2, consists 

 
Figure 3.2.  Distributed sensing and control configurations where K represents 

kinematic motion control, D represents dynamic motion control, S represents sensory 
system, and M represents each module of the robot. 

 
Figure 3.1.  Two-axle CFMMR experimental configuration.  
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of kinematic (K) control, dynamic (D) control, and sensing (S) systems components.  In 

this architecture, each axle module is treated individually as an autonomous mobile robot 

unit.  Thus, identical algorithms can be applied to each unit of the system, which provides 

naturally distributed computational burden. Compliant coupling complicates this task, 

however, since each axle imposes boundary conditions on its neighboring compliant 

frame elements and resulting interaction forces are created.  

In order to reduce interaction forces in lieu of nonholonomic constraints, axle 

cooperation is managed via centralized kinematic control. Based on ideal kinematics, the 

kinematic controller considers frame boundary conditions and provides bounded posture 

and velocity commands such that the system follows a reference trajectory or regulates to 

a final posture asymptotically.  The distributed dynamic controllers then track these 

reference commands such that physical constraints are satisfied during movement of the 

robot in lieu of disturbances. Since off-tracking between neighboring axles can increase 

interaction forces, the distributed sensing system includes a relative position sensor 

within a tiered fusion algorithm to provide accurate posture and velocity estimates.  

Motion control of wheeled mobile robots has received appreciable attention in 

recent years, where rigid axle wheeled mobile robots are predominant platforms. In 

earlier stages, most research was based on the kinematic model of a wheeled mobile 

robot where the input is velocity [5, 6]. However, tracking the velocity commands with 

an actual robot and rejecting the resulting drift is not trivial. Thus, the uniform dynamic 

controllers derived in [7, 8] were based on the kinematic and dynamic model of the robot 

such that the robot can be controlled using wheel torque commands. Motion control of 

the CFMMR, however, is different in two aspects. First, the physical constraints, 
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especially the axle velocity and curvature constraints imposed by the frame, are not 

typical in rigid body wheeled mobile robots that are the focus of the uniform dynamic 

controllers. Second, the interaction forces between the axles are highly nonlinear 

functions of relative axle postures.  Thus, coordinating relative axle postures is a critical 

concern that is not considered by the uniform dynamic controllers mentioned above.  In 

contrast, the motion control architecture proposed here is ideal for coordinating motion of 

the axles in lieu of interaction constraints.  

Coordination is a common issue in cooperative mobile robotics, and has been 

considered with a variety of techniques [9-14].  Some of them only focus on motion 

planning and coordination issues without sensor architecture involved [11, 14]. Some 

only consider motion planning and sensor architecture ignoring robot dynamics [9, 13]. 

Others only focus on dynamic motion control and coordinated force control without 

considering motion planning and sensor issues [10, 12, 15].  None of them consider the 

combination of motion planning, dynamic motion control and complex sensor fusion. 

There is no general solution to resolve all three aspects. In reality, motion planning, 

dynamic control and sensor architecture issue, however, all affect efficiency of 

cooperative motion control.  

Burdick and his students proposed controllability and motion planning issues for 

multimodel systems including over-constrained wheeled vehicles where conventional 

nonholonomic motion planning and control theories do not apply [16]. They developed a 

power dissipation method (PDM) and talked about the conditions of kinematic 

reducibility for such systems. Then the solutions of PDM were shown actually as the 

solutions of kinematic reducibility. The PDM technique was provided to simplify motion 
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control analysis from the full Lagrangian mechanical framework. As they stated, however, 

the full Lagrangian still plays an important role in analyzing mechanical systems in 

general. While the CFMMR has similarities to over-constrained wheeled vehicles, this 

paper provides a motion control and sensing architecture based on the general full 

Lagrangian analysis to accommodate the conventional nonholonomic control theories 

onto the cooperative nonholonomic system.  

The main contributions of this paper involve a distributed cooperative motion 

control and sensing architecture.  The architecture and requirements for the kinematic 

controller, dynamic controller, and sensor system components are specified in order to 

reduce tracking error in lieu of robot interaction forces and unmodeled disturbances. The 

architecture provides a framework optimized for allowing previous research on the 

aforementioned topics to be combined to form a robust cooperative motion control 

system [2, 17, 18]. Therefore, algorithms and controllers previously developed for each 

component are implemented and the architecture is evaluated experimentally.  While the 

target application is the CFMMR, this architecture is easily extended to any cooperative 

mobile robotic system, but the specific algorithms in the modules may need to be 

customized for a particular application. Further, given the modular structure of the 

architecture, it is easy to customize specific components to satisfy navigation 

requirements of the robot and to allow a team to design the components in parallel for 

faster implementation.   

The structure of the paper follows. The generic modeling structure is presented in 

Section 3.3 as a foundation for sensing and control.  Our overall motion control and 

sensing strategy is discussed for a two-axle CFMMR in Section 3.4. The requirements 
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and implementation of the kinematic motion controller, the dynamic motion controller 

and the sensory system are presented in Sections 3.5-3.7. The experimental evaluation is 

discussed in Section 3.8. Concluding remarks and future works are described in Section 

3.9.  

3.3 Generic Modeling Structure 

Consider the CFMMR model shown in Figure 3.3, which shows two axles 

connected by a compliant frame member.  Based on a one-axle unicycle-type wheeled 

 
Figure 3.3. The two-axle CFMMR.  
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robot, Figure 3.4, let us define a fixed global reference frame ( , )G X Y  and moving frames 

( ),i i if x y  attached to the points Ci at the midpoint of the ith axle, where 1,2i = , Figure 3.3. 

At any instant, the ith axle module is rotating about the IC (Instantaneous Center), such 

that the IC’s projections onto the ix  axes define point Ci at the midpoint of each axle.  A 

module configuration vector [ ]i i i iq x y φ=  is then attached to this point for each axle. 

We then have the dynamic model: 

 ,

, 1

( ) ( , ) ( ) ( )

( , ) ( ) ( )
i i i i i i i i i i i d i

T
K i i i i i i i i i

q q q q q q q

q q q q

τ

τ λ±

+ + + +

+ = −

M V F G

F E A
 (3.1) 

where 3 3( )i iq R ×∈M is a symmetric, positive definite inertia matrix for the thi  axle module. 

3 3( , )i i iq q R ×∈V  is the centripetal and Coriolis forces, 3 1( )i iq R ×∈F  denotes the friction, 

3 1( )i iq R ×∈G  is the gravitational vector, ,d iτ  denotes bounded unknown disturbances 

including unstructured unmodeled dynamics, 3 2( )i iq R ×∈E is the input transformation 

matrix, 2 1
i Rτ ×∈  is the input torques, and 1 1

i Rλ ×∈  is the vector of nonholonomic constraint 

 
Figure 3.4. The ith axle module.  
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forces. 1 3( )i iq R ×∈A  is the global matrix associated with the nonholonomic constraints. 

( ) 3 1
, 1,K i i iq q R ×

± ∈F  represents the compliant frame forces, which impose additional physical 

constraints dependent upon flexible beam interaction.  

Physical constraints, then, include nonholonomic constraints, ( )i i iq q =A 0 , imposed 

by the wheels and curvature and velocity constraints imposed by the compliant frame [1]. 

The kinematic controller acts to coordinate axle commands such that all physical 

constraints are satisfied a priori. The axle level dynamic controller is then based upon 

Equation (3.1) in order to consider all forces acting upon the axle.   

3.4 Motion Control and Sensing Strategy  

Given the two-axle CFMMR, the control objective is to solve multiple navigation 

problems using a general approach. These include posture regulation, path following and 

trajectory tracking.  

Let us analyze the target system first. Compared to the traditional unicycle-type 

wheeled mobile robot, the CFMMR also has physical constraints imposed by the frame in 

addition to nonholonomic constraints. The frame also complicates the dynamics by 

introducing highly nonlinear compliance.  Resulting forces are quite dependent on the 

ability of the measurement system to predict relative axle posture, and thus the data 

fusion and instrumentation systems must be modified to improve relative position sensing.  

According to the control objective and characteristics of the CFMMR, the motion 

control and sensing architecture is proposed, Figure 3.2. In order to characterize the 

performance of this architecture, the tracking errors due to the kinematic motion 

controller, dynamic motion controller, and sensing algorithms are defined as, 
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r d k

s r d

s s

q q e
q q e
q q e

− =
− =

− =
 (3.2) 

where dq  is the desired trajectory according to the virtual desired frame D, Figure 3.3, rq  

is the reference trajectory created by the kinematic controller that the dynamic motion 

controller refers to, sq  is the trajectory estimates from the sensory system, and q  is the 

actual trajectory of the axles. Components of qd and qr are shown in Figure 3.3. We then 

desire to minimize the total tracking error, etot, which is expressed as, 

 tot d k d se q q e e e= − = + + . (3.3) 

The norm of the total tracking error, tote , is then, 

 tot k d s k d se e e e e e e= + + ≤ + + . (3.4) 

Thus, to minimize the total tracking error, each component error should be 

minimized, 

 min( ) min( ) min( ) min( )k d s k d se e e e e e+ + = + + . (3.5) 

In the following sections, the kinematic motion controller, dynamic motion 

controller, and sensory system are designed to minimize ke , de  and se , respectively in 

lieu of physical constraints due to the cooperative configuration, i.e. the compliant frame 

on CFMMR. 
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3.5 Kinematic Motion Controller 

According to the proposed control architecture, the kinematic motion controller 

considers physical constraints and provides the reference velocity inputs to the dynamic 

motion controllers. As shown in Figure 3.3, suppose that a desired trajectory, 

[ ], ,d d d dq x y φ= , is produced by the desired linear and angular velocities, dv  and dω  such 

that the path has curvature dκ . The kinematic motion controller is designed such that,  

1. The robot is asymptotically driven to the desired trajectory using the reference velocity 

inputs rv and rω  such that 0ke = . 

2. The path of the robot produced by the reference velocity inputs rv  and rω  will not 

violate physical constraints at any point of the path. Then, the compliant frame curvature 

is limited to a certain value related to the physically feasible configurations. Since the 

compliant frame forces, ,K iF , are a function of the two axle postures ( )1,i iq q ± , they are 

bounded for all the robot configurations during the navigation given the kinematic motion 

controller.  

3. The kinematic motion controller should be based on ideal kinematics, e.g., no feedback 

signal should be introduced from the actual robot since this perturbs convergence of the 

kinematic controller. 

4. The compliant frame should be subjected to pure bending (ψ  = ψ1 = −ψ2), Figure 3.3.  

This minimizes disturbance forces acting on the dynamic controller [1] and improves 

performance of the sensory system [18]. 

Polar coordinates (e, θ, α), Figure 3.3, are used to describe the reference 

configuration, qr, and the reference velocity inputs are designed according to 

requirements <1> and <2> as, 



 

 

29

 1

2

( , , )
( , , )

r

r

v u e
u e

θ α
ω θ α

=
=

. (3.6) 

The controlled system then becomes,  

 
1 1

2 2

3 3

( , , , , ) ( , , )

( , , , , ) ( , , )
( , , , , ) ( , , )

r r

r r

r r

e f e v f e

f e v f e
f e v f e

θ α ω θ α

θ θ α ω θ α
α θ α ω θ α

′= =

′= =
′= =

 (3.7) 

where the polar configuration of the robot goes to the equilibrium point ( 0e θ α= = = ) as 

time goes to infinity, i.e., 0ke = . 

If the velocity inputs have small perturbations, ˆr r rv v vδ= +  and ˆr r rω ω δω= +  where 

0rvδ ≠  and 0rδω ≠ , which happens if <3> is violated, then requirement <1> cannot be 

guaranteed. Under the perturbed velocity input the controlled system becomes  

 
1 1

2 2

3 3

( , , ) ( , , , , )

( , , ) ( , , , , )

( , , ) ( , , , , )

r r

r r

r r

e f e g e v

f e g e v

f e g e v

θ α θ α δ δω

θ θ α θ α δ δω

α θ α θ α δ δω

′= +

′= +

′= +

 (3.8) 

where 

 
1

2

3

( , , ,0,0) 0

( , , ,0,0) 0

( , , ,0,0) 0

g e

g e

g e

θ α

θ α

θ α

=

=

=

. (3.9) 

Then for 0rvδ ≠  and 0rδω ≠ , the new equilibrium point is nonzero, which violates 

requirement <1>.  The requirement <3> is therefore proven. 

In order to satisfy the above requirements, a centralized kinematic motion 

controller is presented as [17], 
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( )

( )

1

2

cos 2 tanh( 2 cos 2 )

cos cos 2 2 sin 2 sin

cos 2 2 sin 2 sin  

2= tanh( ) sin sin

d d d
r

r r d d d

k e e r

v e v r e

e r
v

k v v v
e

ζ θ ζ θ

θ ζ θ θ θ κ

ζ θ θ α

ω θ α α θ κ

− − −

+ − + +

− +

⎧ ⎫⎪ ⎪
⎨ ⎬
⎪ ⎪⎩ ⎭=

+ + − −

 (3.10) 

where r is the radius of a circular path manifold. ζ=1+ε and ε is a sufficiently small 

perturbation. Refer to [17] for detailed derivation of this controller.  

Since the above kinematic motion controller is centralized, the cascade 

connection was developed to provide commands to each axle [1]. To satisfy the pure 

bending requirement <4>, ψ may be solved numerically using the expression for the path 

radius of point R,  

 1 2 ,
cosr L
ψ

ψ
=  (3.11) 

where L is the frame length. Hence the linear and angular velocities of each axle, ,r iv  and 

,r iω  are obtained by 

 ,

1
,

( 1)  1 for front axle
cos 6

2 for rear axle
( 1)  .

i
r

r i

i
r i r

vv L i
i

ψψ
ψ

ω ω ψ−

−
= + =⎧

⎨ =⎩= + −
 (3.12) 

which satisfies physical constraints imposed by the frame. 

In the centralized kinematic controller, the velocity ( rv , rω ) of the middle point of 

the front and rear axle units, R, was introduced as the auxiliary centralized states, Figure 

3.3. These centralized states were then passed between the axle units using the cascade 

connection mentioned above. The limitation of the centralized kinematic controller is that 
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scalability of the aforementioned controller to multiaxle configurations is not trivial, 

which is the subject of future work [19]. 

3.6 Dynamic Motion Controller  

Using the proposed architecture, the dynamic motion controller provides wheel 

torque commands to the robot based upon the reference trajectory from the kinematic 

motion controller ( , , ,, ,r i r i r iq v ω ).  The dynamic motion controller is designed such that, 

1. Dynamic motion control is distributed for scalability and reduced axle level 

computational burden. 

2. Model based frame interaction force estimates are included in the controller such that 

frame force disturbances on ed are reduced.   

3. Each axle follows the individual reference trajectories from the kinematic motion 

controller robustly using wheel torque commands. When the CFMMR works on rough 

terrain or even more complicated environments, the compliant frame forces might not be 

estimated accurately enough. So the dynamic motion controller should be robust and 

adaptive to the uncertainties caused by the complex interaction forces and the other 

dynamic disturbances. The trajectory tracking error should be uniformly bounded based 

on the bounded compliant frame forces, i.e., , 0d d de ε ε≤ > .  

In order to satisfy all the three requirements, a distributed motion controller is 

given by [2, 17] 

 21
,( )T

i i i i c i iKτ ξ−= − S E e . (3.13) 

Here 



 

 

32

 { }, , , , , 1, , , ,1, ( , )T
i i i i r i r i K i s i s iq qξ ±= v v v v v F  (3.14) 

 , ,c i i c i= −e v v  (3.15) 
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sin

r i i X i X i
c i

r i Y i r i Y i i r i i

v e k e
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φ

φ φω
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T
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where iξ  is a known, positive definite vector. 1,

2,

0
0

i
i

i

K
K

K
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 is the matrix control gain 

and 1,iK , 2,iK ,X ik , ,Y ik  and ,ikφ  are positive constants.  , ,

T

i s i s iv ω= ⎡ ⎤⎣ ⎦v  is the estimated axle 

velocity vector obtained from the sensory system. The wr  and d are wheel radius and half 

axle length respectively, Figure 3.3. ,K iF  is the estimated frame force vector [2]. For the 

detailed derivation of these equations, refer to [2]. 
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3.7 Sensory System 

The sensor system provides posture and velocity feedback to the dynamic motion 

controllers according to the proposed architecture, Figure 3.5. The sensor system is 

designed such that, 

1. Independent sensors are distributed on each axle. 

2. Cooperative sensors provide relative posture estimates between neighboring axles. 

3. Sensor data (either independent or cooperative) is fused to minimize posture estimate 

error, Figure 3.5, i.e., , 0s s se ε ε≤ > .  

4. Sensor fusion is distributed for scalability and reduced axle level computational burden. 

Traditional independent sensors (odometry, inertial measurements, and even GPS) 

fused with common model based Extended Kalman Filters (EKF) provide axle posture 

estimates that are prone to drift and uncertainty.  Such estimates are insufficient for 

managing cooperation amongst robots where interaction forces may occur.  This is the 

case of the CFMMR, where frame compliance can cause large interaction forces due to 

drift in relative axle posture estimates.  Thus, requirement <2> specifies that cooperative 

 
Figure 3.5. Sensor fusion algorithm block diagram 
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sensors be provided to bound relative posture estimate error.   

A sensory system incorporating Relative Position Sensors (RPS) is presented to 

satisfy the above requirements [18, 20]. The cooperative RPS consists of a series of strain 

gauges placed at known locations along the length of the compliant frame in order to 

provide a strain polynomial. The relative posture (xRPS, yRPS, φRPS) of one axle to the other 

is calculated by piecewise integration of dx, dy and dφ. Assuming sufficiently small step 

size, dL, the dx, dy and dφ can be calculated as: 

 
/

sin( )
(1 cos( ))

d dL
dx d
dy d

φ ρ
ρ φ
ρ φ

=
=
= −

 (3.21) 

where the frame radius of curvature,  ρ, is obtained directly from the strain polynomial. 

The EKF is used as the first tier of the sensor fusion algorithm in order to provide 

axle level posture estimates based upon independent sensors.  Since these estimates will 

drift and provide poor relative axle posture estimates, the Covariance Intersection (CI) 

filter is used for second tier data fusion to combine EKF and RPS data to bound relative 

posture estimates.  Identical implementations of these fusion algorithms operate on each 

axle module. 

3.8 Experimental Evaluations 

3.8.1 Methods and Procedures 

The distributed cooperative motion control architecture for the two-axle CFMMR 

was simulated in Matlab® and Simulink® to adjust control gains, but the results are not 

shown here.  Experiments were conducted on a two-module CFMMR experimental 
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platform, Figure 3.1, at the University of Utah.  The robot is controlled via tether by a 

dSpace™ 1103 DSP and power is supplied externally. Geared DC motors actuate each 

wheel and encoders provide position and velocity. Odometry and the relative position 

sensor are used in the sensing system. Two 7.2v RC car batteries are mounted on the rear 

axle to power the RPS amplifying circuit. The sampling frequency of the experiments 

was 100 Hz in order to arrive at a compromise between the computational limits of the 

DSP, velocity sensor noise attributed to higher sampling rates, and robust controller 

chatter at lower sampling rates.   

The architecture is evaluated using the algorithms presented in Sections 3.5 to 3.7 

while performing posture regulation.  The evaluations were conducted on surfaces with 

increasing difficulty and realism: flat carpet (C), sand (S), and sand with scattered rocks 

(SR). Carpet provides high traction and emphasizes the capability of the kinematic and 

dynamic motion controllers under ideal circumstances. Sand provides lower traction and 

emphasizes the importance of the sensory system. Sand-and-rock introduces difficulty 

and demonstrates robustness to disturbances. 

Nonideal algorithms were also evaluated to justify the proposed architecture.  

These include a nonideal kinematic motion controller [17], a traditional backstepping 

dynamic motion controller [21], and a traditional odometry based sensor system. 

Comparison experiments were operated on sand or carpet depending on whether 

controller or sensory system performance was being evaluated.  The nonideal kinematic 

motion controller (FB) in [17] had the actual velocity fed into the kinematic controller, 

which does not satisfy <3> in Section 3.5. The dynamic motion controller (NR) in [21] 
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was not robust, which violates <3> in Section 3.6. The odometry sensor system (OD) did 

not have any cooperative sensors, which does not satisfy <2> in Section 3.7.  

Overall, seven experimental tests are reported with each test consisting of five 

trials. The initial posture of the middle point R for each test is [x y φ] = [-1.342m -1.342m 

0°]. At the end of each trial, the final robot posture is manually measured relative to a 

string-grid system suspended just above the robot to determine actual final position error, 

E, and off-tracking, γ φ∆ = − .  Under ideal circumstances when pure bending is 

maintained, the orientation of the line 1 2C C , represented by γ equals the actual heading 

angle, φ, of the velocity at point R, Figure 3.3.  Off-tracking, ∆, indicates the ability of 

the dynamic controller and sensor system to maintain pure bending. Standard deviations, 

σE and σ∆, are reported for manual measurements to indicate consistency. For each test, 

we also report position error magnitude and orientation provided by the kinematic 

controller ,k kE eφ⎡ ⎤⎣ ⎦ , dynamic controller ,d dE eφ⎡ ⎤⎣ ⎦ , and sensory system ,s sE eφ⎡ ⎤⎣ ⎦ . A successful 

trial is defined only if the robot can complete the posture regulation task in this trial. The 

success rate is defined as the number of all successful trials over the total number of trials.  

3.8.2 Experimental Results and Discussion 

Table 3.1 shows the final posture errors for all the tests according to odometry 

and manual measurements.  The proposed control architecture (Tests 1, 5, 7) performs as 

expected.  In all of these tests, the kinematic controller produces zero position error, kE , 

and zero orientation error, keφ . Error produced by the dynamic motion controller ( dE , deφ ) 

and the sensor system ( sE , seφ ) both contribute to the actual error measured at the final 

posture. The system performance is relatively consistent with expectations. Relative to 
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carpet (Test 1) E  is increased by 80% on sand (Test 5) and 78% on sand-rock (Test 7). 

Increased disturbance is expected on these surfaces, although larger error is expected on 

sand-rock.  Consistent with expectations, though, off-tracking is the least on sand.  The 

sand allows the wheels to slip and reduce traction forces attributed to off-tracking.  

Overall, it can be observed from Ek, Ed, and Es that the major source of error is produced 

by the sensing system, while a small amount of error results from the dynamic controller. 

The nonideal kinematic motion controller with velocity feedback was used in Test 

2. Compared to Test 1, E is increased by 121% and off-tracking, ∆, is increased by 

1440% in Test 2. Velocity feedback also perturbed the kinematic motion controller and 

increased kinematic controller error ( kE , keφ ) significantly. Since the kinematic controller 

provides the reference trajectories to the dynamic controller, the dynamic control errors 

also became larger ( dE , deφ ). The posture errors were therefore increased significantly.   

Table 3.1. Experimental final posture error. 
Kinematic. 
Contr. Err. 

Dyn. Contr. 
Err. 

Sensor 
Error 

Actual Error No Surf System 
kin 

+dyn 
+sens 

kE  
(cm) 

keφ  
(deg)

dE  
(cm)

deφ  
(deg)

sE  
(cm)

seφ  
(deg)

E  
±σΕ 
(cm)

∆ 
±σ∆

 

(deg) 

Incr. 
err. 
(%) 

Succ. 
Rate 
(%) 

1 C I+I+I 0 0 1.4 9.2 9.8 0.6 9.9 
±1.0

-2.0 
±3.5 

 100 

2 C FB+I+I 17.3 -2.0 4.6 27.9 4.0 -36.6 21.9
±0.8

30.8 
±8.8 

121 100 

3 C I+NR+I 0 0 34.5 12.0 24.8 -5.2 17.5 0.6 76 40 
4 C I+I+OD 0 0 4.4 6.6 9.2 7.1 10.6

±3.4
-8.3 
±4.4 

7 100 

5 S I+I+I 0 0 0.6 13.2 18.2 -15.6 17.9
±1.6

0.9 
±2.0 

80 100 

6 S I+I+OD 0 0 0.5 11.0 21.3 -8.0 21.6
±8.5

-8.3 
±18.4 

21(wrt 
No.5) 

100 

7 SR I+I+I 0 0 0.8 15.8 18.0 -16.2 17.6
±8.3

6.1 
±2.2 

78 100 
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The nonrobust dynamic motion controller used in Test 3 also increased error and 

most of the trials failed.  Position error, E, is 76% larger than Test 1.  More importantly 

though, 60% of the trials failed to complete because the wheels collided during the 

maneuver due to off-tracking caused by nonrobustness of the controller.  In the trials that 

did complete, the off-tracking is actually quite small, but this is NOT representative of 

this controller’s performance.  It is thus concluded that the system performance with 

nonrobust control is unreliable.  

The sensor system is evaluated with just odometry feedback in Tests 4 and 6 on 

carpet and sand, respectively.  Given the high traction provided by the carpet (Test 1), 

error E  is only increased by 7% while off-tracking, ∆, is increased by 315%. This large 

increase in ∆ illustrates the importance of the cooperative sensor.  The sand surface (Test 

6) underscores the importance of the cooperative sensing.  Compared to Test 5, E  is 

increased by 21% and ∆ is increased by 822%, both with significantly increased standard 

deviations. 

Figure 3.6 shows the robot using the proposed architecture during posture 

regulation on carpet (Test 1) and sand with rock (Test 7).  The white lines represent the 

string grids and the black lines represent sensor system data. The solid black line 

represents the predicted position of the middle point R and the dashed black lines 

represent estimated positions of the wheels.  The system performs nearly as well with 

sand-rock as it did with the ideal high traction carpet surface. This is a significant 

improvement over previous results without the proposed architecture where error on sand 

with rock was as large as 66 cm [1].  Overall, all of these results demonstrate the property 
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(a) t=4s (on carpet) 
 

(d) t=6s (on sand-rock) 

 
 

(b) t=12s (on carpet) 
 

(e) t=12s (on sand-rock) 

 
 

(c) t=60s (on carpet) 
 

(f) t=60s (on sand-rock) 

Figure 3.6. Robot paths during posture regulation on carpet and on sand-and-rock.  
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of the proposed distributed cooperative motion control and sensing system has superiority 

to robustly maneuver nonideal terrain with significant disturbances. 

The proposed architecture will be extended to multiaxle configurations (more than  

two axles) in future work.  The architecture itself is quite generic and simply establishes 

the interaction amongst kinematic controllers, dynamic controllers, and sensory system 

components.  Customization and extension of the algorithms within these components is 

currently being examined for this purpose.  

3.9 Conclusions 

This paper proposes a distributed cooperative motion control and sensing 

architecture combining a kinematic motion controller, a dynamic motion controller, and a 

sensor fusion system incorporating a Relative Position Sensor for a two-axle compliant 

framed wheeled modular mobile robot. Experimental results demonstrate the efficiency 

and robustness of the proposed technique. This motion control and sensing strategy is 

generally applicable to other cooperative mobile robots. Future work will focus on 

extending these results to other CFMMR configurations and improving performance of 

the sensing system and dynamic controller.  

 
 



  

 

 

CHAPTER 4 

TERRAIN FEATURE LOCALIZATION 

4.1 Introduction 

The conclusions of Chapter 3 indicate that the position estimate error is the major 

source of tracking error for the CFMMR, especially operating on rough terrain.  In many 

outdoor environments, traditional sensors are used to achieve localization, such as laser 

range sensors, vision sensors and sonar. But they need to detect physical landmarks to 

facilitate their localization, which does not work well for some outdoor situations.  GPS 

is another popular tool for localization, but accuracy is limited and many environments 

block signals and preclude its application. Therefore, the goal of this research is to 

improve localization accuracy when the above traditional sensors are not suitable to use.  

In this chapter, a novel terrain feature based localization technique is developed 

for mobile robots operating on uneven terrain.  The hypothesis is the robots can localize 

themselves relative to a terrain map as they travel over the uneven terrain. Here the 

terrain map is defined to include terrain characteristic, such as terrain inclination, surface 

roughness, traction capability, etc. A topographical map can be used to extract the terrain 

map. While it is believed both terrain inclination and surface roughness can be used for 

identifying the position of the robot, only terrain inclination information is extracted and 

applied here to prove the hypothesis. This new method is similar to how a human hiker or 
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driver would localize themselves along a trail by recognizing the terrain characteristic of 

particular trail segments. Using this technique, localization can physically be performed 

with limited on-board sensors, such as tilt sensors and odometry. Thus the terrain 

characteristic is measured and the measurement data is used to fuse with the terrain map 

extracted from a known topographical map.  

It is assumed that a specific path, such as a topographical map with a series of 

way points (xd) is chosen according to the operator’s judgment, and that obstacles and 

borders are identified in the map, Figure 4.1. Then a cross-section map is obtained along 

a vertical plane crossing the chosen path (xd), Figure 4.2. Based on this cross-section map, 

a terrain inclination or slope map is extracted along that path (xd), Figure 4.3. Unlike 

traditional techniques where physical landmarks define features in the map, the terrain 

inclination is treated directly as the feature of the environment for outdoor mobile robots 

in this research. A tilt sensor is used here to measure the terrain inclination. A standard  

 
Figure 4.1. Overall topographical map. 
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Extended Kalman Filter (EKF) algorithm is used to incorporate the tilt sensor data over 

time to determine the position of the robot given the extracted terrain map, Figure 4.3. 

The main contribution of this research involves a terrain feature based localization 

technique to allow the robot to identify its position relative to a terrain characteristic map. 

A terrain map extraction algorithm is derived, and an EKF algorithm is applied to achieve 

localization based on the extracted terrain map. Simulations then verify the terrain feature 

localization and demonstrate its capability to achieve localization on uneven terrain. This 

 
Figure 4.2. Cross section of elevation along the specified 

path with respect to the x-axis. 

 
Figure 4.3. Inclination along the specified path. 



44 

 

terrain feature localization technique is generally applicable to other two-axle mobile 

robots even though the intended platform is the CFMMR.  

The structure of this chapter follows. Background on the current literature is 

discussed in Section 4.2. The EKF terrain feature based localization technique is 

proposed in Section 4.3. Simulation results and discussion are presented in Section 4.4. 

Conclusions are described in Section 4.5. 

4.2 Background 

Mobile robots have been increasingly used in applications such as space 

exploration [22] and search and rescue [23] where the robots are required to travel over 

uneven terrain. In recent years, many aspects of research on mobile robots operating in 

rough terrain have been studied, such as rough terrain modeling [24, 25], terrain 

characterization [26, 27], and motion planning and control [25]. However, the 

effectiveness of motion control partly depends on the accuracy of mobile robot 

localization. Very few researchers have been found so far to focus on localization for 

rough terrain motion control [28] [29]. In the case of [28] [29], a 3-D laser range scanner 

was combined with a 2-D simultaneous localization and mapping algorithm for 

autonomous navigation in uneven environment.  However, the laser scanners require a 

reliable determination of the landmarks and the ground, which is not practical for many 

outdoor situations.   

In the last decades, significant investigation of mobile robot localization has been 

performed [30] [31]. According to the survey in [31], the traditional work on localization 

requires laser range finders [28, 29, 32], vision systems [33-35], and sonar [36, 37]. 

These sensors are used to measure the relative distance between the robots and some 
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static or dynamic landmarks or features. The assumption for this previous research was 

that landmarks could be found for localization. In many outdoor environments, however, 

the landmarks are not always identifiable, and may be unavailable for some environments. 

GPS is a popular solution to solve such outdoor localization problems [38, 39].  However, 

GPS is capable of at best decimeter accuracy and GPS signals might be unavailable in 

some cases.  It is worth to note that terrain features have been used to achieve terrain 

following for military aircraft [40, 41], and bottom mapping/map matching [42] for 

underwater vehicles when GPS signals are lost. In these applications, terrain elevation 

maps are usually combined with elevation measurements to deduce the position of 

aircrafts or submarines so they can perform terrain contour following.  

Inspired by terrain following and bottom mapping/map matching, this research 

brings a new localization method where the characteristics of the terrain, such as terrain 

inclination and terrain surface condition, are considered as features of the surroundings.  

Thus, this method can be applied to derive more exact localization relative to terrain 

features that the robot must navigate, and provides localization when other traditional 

landmarks are unavailable. This method can eventually be combined with other 

traditional techniques to improve the accuracy of the robot localization in general outdoor 

environments. 

4.3 EKF Terrain Feature Based Localization 

4.3.1 Terrain Map Extraction 

Two-axle mobile robot is simplified as a line connecting the two wheel contact 

points 1C  and 2C , Figure 4.4. The assumption is made that only the slopes at 2C  can be 
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measured. Given a path, xd, on a topographical map, a simple example of a cross-section 

of the topographical map { ( )}Mz z f x=  is shown in Figure 4.5. Then a terrain inclination 

map { ( )}M M M dh xγ γ =  needs to be extracted as a reference for slope measurement at the 

point 2C . The variable dx  represents the location of the robot on the path.  

In this example, the whole map is divided into eight sections. The slope function 

is 0( ) 0M d Mh x γ= =  at 0 1b x b L≤ ≤ −  or 0 0 1 1dd b x b L d= ≤ ≤ − = where 0Mγ  is the slope 

of the first surface, S0. For 1 1b L x b− < <  or 1 1 1 2dd b L x b d= − < < = , the front axle ( 1C ) 

moves to the surface S1 while the rear axle ( 2C ) is still on the surface S0. Therefore the 

slope at 2C  is between the 0Mγ and 1Mγ  during this period. According to the geometric 

relationship in Figure 4.6 (a), the slope function is derived as, 

 
Figure 4.4. Simplified robot-terrain interaction diagram.  

 
Figure 4.5. Elevation map. 
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 1 1tan( ) sin ( )s M
M d

xh x
L

γ−=  (4.1) 

where sx  can be solved from 2 2 2 2
1 1 1(1 tan ( )) 2( ) ( ) 0M s d s dx b x x b x Lγ+ + − + − − = . 

Then when 2C  moves on the surface S2, the slope function is 1( )M d Mh x γ=  at 

1 2b x b L≤ ≤ −  or equivalently 2 1
2 1 1 3

1cos( )d
M

b bd b x b L d
γ
−

= ≤ ≤ + − = .  The slope function 

for 2 2b L x b− < <  or 2 1 2 1
3 1 1 4

1 1cos( ) cos( )d
M M

b b b bd b L x b d
γ γ
− −

= + − < < + =  is obtained from 

the geometric diagram, Figure 4.6 (b), as, 

 

2 1
1 1

1 12 1 1

( )sin( )
( ) tan( ) cos( )( ) sin sin

d M
M M

M d

b b x b
b xh x

L L

γ
γ γ− −

− − +
−

= = . (4.2) 

Likewise, for the following sections, the slope functions are extracted as, 

 

4 5

2 1 2 1
2 1 3 2 1

1 1

{ ( ) 0 - + }
cos( ) cos( )M d M d

M M

d d

b b b bh x b x b b b Lγ
γ γ
− −

= = + ≤ ≤ + − , (4.3) 

 

 
(a) 

 
(b) 

Figure 4.6. Geometric diagram.  
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5 6

1 3
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where sx  can be solved from 2 2 2 22 1
3 2 1 3

1

( ) tan ( ) 0
cos( )d s M s

M

b bb b x b x x Lγ
γ
−

− − + + + + − = . 
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8

4 3 2 1
4 3 2 1

3 1

{ ( ) 0 - + }
cos cos( )M d M d

M M

d

b b b bh x x b b bγ
γ γ
− −

= = ≥ + + . (4.7) 

Therefore, the terrain inclination map is extracted as Figure 4.7 considering the 

simplified robot geometry. Then a polynomial fitted function of this terrain inclination 

map is generated for the following section.  
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4.3.2 Extended Kalman Filter Terrain Feature Localization 

The extended Kalman filter (EKF) is an extension of the Kalman filter for a 

nonlinear system. It consists of state transition probability and the measurement 

probability. The EKF is popular in mobile robotic application since most mobile robotic 

systems are nonlinear. An EKF localization algorithm is used here to determine the 

position of the robot relative to an extracted map { ( )}M M M dh xγ γ =  through slope 

sensing and motion. In this case, we assume that the initial position has an appreciable 

error, and that the probabilistic paradigms of the system state ( )dx  and slope 

measurement ( )Tγ  can be represented by Gaussian distributions.  

Following the notations in [30], the general form of the EKF is shown as, 

 1( , ) (0, )t t t tX g u X N R−= +  (4.8) 

 ( , ) (0, )
tt tZ h X m N Q= +  (4.9) 

 
Figure 4.7. Terrain inclination map considering the robot geometry. 



50 

 

where iX  is the system state, iZ  is the measurement and iu is the control input at the thi  

time interval.  iR  and iQ  are the covariance matrices associated with the uncertainties of 

states and measurement, respectively. Given an appropriate motion and measurement 

model, the EKF localization algorithm requires as its input a Gaussian estimate of the 

robot position at time interval t-1, with mean 1tµ −  and covariance 1t−∑ . It also requires a 

control input tu , and a map m. Then the output of the EKF localization algorithm is a 

new, revised estimate tµ  and t∑ .   

Assume that the robot follows a known path with nonzero inclinations and that 

the robot can measure its inclination. The motion model is expressed as, 

 , , 1

, 1

ˆ

(0, )
t d t d t t

d t t t

X x x v T
x v T N R

−

−

= = +

= + +
 (4.10) 

where ˆtv  is the actual velocity, tv is the control input tu , and T is the sampling period. 

Then we have the nominal function of the system model as,  

 1 , 1( , )t t d t tg u X x v T− −= + . (4.11) 

The measurement model is obtained from the above extracted terrain map as, 

 , ,( ) (0, )T t M d t th x N Qγ = +  (4.12) 

where Mh  is the polyfitted function of the terrain slope map extracted in the last section. 

The variation tQ  represents the slope measurement uncertainty and map inaccuracy.  
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Then the mean, tµ , and covariance, t∑ , of the system state estimate, 1tX − , at the 

time interval t  can be predicted from the state estimate at the previous time interval 

1t − as, 

 1t t tv Tµ µ −= +  (4.13) 

 1
T T

t t t t t t tG G V M V−Σ = Σ +  (4.14)  

In the above equation, tG  is the Jacobian matrix with respect to the state, 1tX − , as, 

 1

1

( , )t t
t t

t

g uG v T
X

µ −

−

∂
= =

∂
. (4.15) 

The actual velocity is assumed to be composed of the nominal velocity plus Gaussian 

noise with zero mean value and the standard deviation vα  where the coefficient α  is 

dependent on the specific robot configuration.  Hence the covariance matrix associated 

with the control input, tM , is expressed as, 

 2( )t tM vα= . (4.16) 

tV  is the Jacobian matrix with respect to the control input as, 

 1( , )t t
t

t

g uV T
u

µ −∂
= =

∂
. (4.17) 
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The next step is to correct the position of the robot according to the measurement 

and map. The new revised mean estimate, tµ , and covariance estimate, t∑ , are derived 

as, 

 1
,( ) ( ( ))T T

t t t t t t t t T t M tH H H Q hµ µ γ µ−= + Σ Σ + −  (4.18) 

 1( ( ) )T T
t t t t t t t t tI H H H Q H−Σ = − Σ Σ + Σ  (4.19) 

where ,T tγ  is the slope measurement at the time interval t. tH  is the Jacobian matrix with 

respect to the states as,  

 '( , ) ( )t
t M t

t

h mH h
X
µ µ∂

= =
∂

. (4.20) 

Therefore, given the estimated mean and uncertainty of the initial position, 0µ and 

0Σ , the robot position can be predicted using Equations (4.13) and (4.14) according to the 

system model, and then be updated using Equations (4.18) and (4.19) based on the 

measurement model. 

4.4 Simulations 

4.4.1 Methods and Procedure 

The proposed EKF terrain localization algorithm was simulated in Matlab® and 

Simulink®. In the simulation, a cross section of a topographical map along a robot 

motion path is given, Figure 4.8, such that a terrain slope map can be extracted 

beforehand. Measurement noise was introduced to simulate the real tilt sensor signals. 
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The measured slope data are then simulated as Figure 4.9.  Given a typical reference 

velocity of 0.2 /v m s= , the actual velocity, v̂ , is simulated as Figure 4.10 to incorporate 

the white noise on the reference velocity.  According to the signal noise estimates, choose 

the velocity variation coefficient of 0.01α = , and the measurement variation of 0.1Q = . 

Three group settings are simulated to validate the proposed technique.  In Case 1 

and 2, a typical sampling period 0.001 T s=  is applied. In Case 1, the mean and variation 

of the initial estimate 0 0.02 mµ = , 0 0.01σ =  are used to represent the initial error based 

on the assumption of an approximately known initial conditions in the last section.  For 

Case 2, the mean and variation of the initial estimate is increased to 0 0.05 mµ = , 

0 0.1σ =  to test how the algorithm responses to the larger initial errors.  In Case 3, the 

initial conditions are the same as the Case 2, but the sampling period is increased to 0.01s 

 
Figure 4.8. The simulated cross-section of a topographical map. 
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Figure 4.9. The measured slope data. 

 
Figure 4.10. The actual linear velocity. 
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to test how the proposed algorithm will be affected by the different sampling periods.  

4.4.2 Results and Discussion 

Using the terrain map extraction algorithms in Section 4.3.1, the terrain 

inclination map is extracted from Figure 4.8, and fitted with a seventh order polynomial 

function to generate the EKF measurement model, Figure 4.11. However, as Figure 4.11 

shows, the polyfitted function produces deviation from the extracted map.   

Simulation results are shown in Figure 4.12 and Figure 4.13 for Case 1 when the 

initial position estimate is represented by 0 0.02 mµ = and 0 0.01σ = . According to 

Figure 4.12, the mean position error settles down to –0.005 m in 2.3 seconds, jumps to 

0.015 m at 4 seconds, and eventually settles down within ±0.005 m.  Figure 4.13 shows 

the variation of the position error converges to zero in 2 seconds.  When the initial 

estimates are changed to 0 0.05 mµ = and 0 0.1σ =  in Case 2, the approximation of the 

initial position is less reliable compared with Case 1.  According to Figure 4.14, the mean 

position error has much higher overshoot at the beginning of the simulation, and then 

settles down to the same range as Case 1. However, it still increases at about 4 seconds. 

The variation of the position error still converges well to zero even though the initial 

error is relatively large, Figure 4.15.  As the sampling time is increased to 0.01 in Case 3, 

the simulation results, Figure 4.16, predict that the settling time becomes longer and the 

steady state error keeps within ±0.01 m which is much larger than Case 2.  Also, the 

convergence of the variation becomes slower, Figure 4.17.   
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Figure 4.11. The terrain inclination map and its polynomial fitted function 

 

Figure 4.12. The mean position error for Case 1 where 0 0.02 mµ =  and 0 0.01σ = . 
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Figure 4.13. The variation of the position error for Case 1. 

 
Figure 4.14. The mean position error for Case 2 where 0 0.05 mµ =  and 0 0.1σ = . 
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Figure 4.15. The variation of the position error for Case 2. 

 
Figure 4.16. The mean position error for Case 3. 
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In order to analyze the source of the position errors, a polynomial function map is 

assumed and simulated. Simulation results indicate that the position error is much 

reduced, Figure 4.18, although small jumps still exist.  Compared with Figure 4.12, it is 

believed that most of the position errors are caused by the deviation between the 

polyfitted function and the extracted map, and those small jumps are caused by the 

system noise. Hence, it is concluded that the proposed technique has capability to reject 

system bias but more sensitive to the sampling rate.   

4.4.3 Future Work 

The proposed terrain feature technique is demonstrated working on short trails. 

However, longer trails introduce additional challenges. The first issue is increased 

computation load for longer trails if a long polynomial map needs to be extracted. In 

order to reduce the computation, a long trail could be divided into a series of short 

 
Figure 4.17. The variation of the position error for Case 3. 
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segments for this localization technique. But the transition between two neighboring 

segments might decrease the efficiency of the localization.  Hence there must be a 

compromise between the long polynomial map and the multisegment map for long trails. 

This will be the future work of this research.  

Future work will also focus on experimental validation. An artificial mock-up will 

be built to simulate the uneven terrain. Experiments will be conducted on a two-axle 

CFMMR platform. A tilt sensor will be mounted on the rear axle of the robot to provide 

the estimated terrain inclination data for localization. 

Another topic in the future work will be the application of terrain feature based 

localization to general robot motion where the robot tilts in two directions, such as pitch 

and roll.  As the robot moves on a surface, the inclination vector needs to be measured 

 

Figure 4.18. The mean position error using a continuous map to 
compare with Case 1. 
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and combined with the inclination vector map to localize the robot position. The two-

dimensional inclinations will increase the precision of the localization. However, the 

inclination map extraction will become more complicated considering the geometry of 

the robot.  Therefore, the balance between the map extraction and the resulting precision 

must be considered.  

4.5 Conclusions 

This research proposes an EKF terrain feature based localization technique for a 

two-axle mobile robot operating in rough terrain. Simulation results validate the proposed 

technique and illustrate that the proposed technique has capability to reject system bias to 

achieve terrain feature localization. This technique can be generally applied to mobile 

robots in other uneven terrain environments. Future work will focus on applying this 

technique to long trails, validate them experimentally and extending it to two-

dimensional analysis. 

 

 

 

 



  

 

CHAPTER 5 

CONCLUSIONS 

In this dissertation, a nonlinear robust dynamic motion controller based on back-

stepping technology is presented to deal with highly nonlinear interaction forces on 

Compliant Framed Modular Mobile Robots. A distributed cooperative motion control and 

sensing architecture is then presented to accommodate a kinematic motion controller, a 

dynamic motion controller and a sensor fusion system to achieve accurate robot motion. 

The dynamic motion controller presented above is used to implement the dynamic motion 

control subsystem in the proposed architecture. Experimental results prove the robustness 

and efficiency of path following and posture regulation performance. The final chapter of 

the dissertation proposes a terrain feature localization technique to future improve the 

position estimates of mobile robot such as the CFMMR operating on uneven terrain 

based upon the terrain characteristics. Simulation results verify the terrain feature 

localization technique and demonstrate its capability to achieve localization on uneven 

terrain. In this dissertation, the strategies, such as robust motion control, control and 

sensing architecture and terrain feature localization, are generally applicable to other 

mobile robotic systems while the target platforms are CFMMRs. The dissertation 

provides fundamental advancements on three major research aspects of robot motion 

control. 
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