
Mof . Recap .

Univariate Division

f- = LT (f) + Tail/f)

g=tcg7 + Tailcg )

Sir :r=f g

f . . :pfdiidewqaotr.at divisor
1-step remainder

.

f→8¥
☒final remainder

.



Multivariate polynomials
→ need term ordering .

Lex
, deglex, degrevlex

Efi f = y3c theyre -32

g-- 2g +x-11 Q Exif]

degbxy >x

F- f- {¥÷g,.g\ c.✗= 1st monomialin f that
can be

cancelled by
LTCG) .

= f- Y÷.g
= -Eyre +Zyx -3K



Poly reduction ✗ i a division

Given
.

: f
,
F- {fi

,
.
. - ifs}

.

fÉ+r
I Take LT(f) .

z Divisible by LTCF,) ? If so,

r -- f - Yf¥, .fi
I continue . r= new$1

.

Is LTC↳ divisible by ↳( fi) ?

If riot; is ttcr) ÷ 4-Cfd ?
↳Cfs > ?

Lf If BATCH not divisible by
↳Cfi) Hi, then Leer,=

remainder
.



Ez here a> y Q[✗if]
f-= myth ,

I=<fyfz>

f.= xy -11 , fz=y -11

1- LT (f) / LT(f)? ✓
F- f- Y¥¥jf1
=cxj+D - f¥g] 1×-9+1

)

= ✗ 5-11 - (g) 1×9+13

= 45+1 -¥-1
⇒ -y -11 =E.



f- - y -11 , finger , -6=-9+1
⇐ new(f)=r = →+1
Is LT(f) ÷ LTG) ?

-y ÷ ✗g2 ? No .

Pick fz now .

Is LT(f) ÷ LT Cfz)

→ ÷ y ? ✓

F- f- Yf¥fz,
• f-2

= -4+1) - c- 1) (9+1)
= -9/-11 +491-1 =2⇒=N



Stapf . F-2 =new(f)
IS LT (f) ÷ LT(f) ? ✗

IS LT(f) ÷ LTCfz) ✗

move 2 into the remainder .

F-2. meof = f -2
= 2-2--02

NO more terms to

cancel
.

E. fÉ+z



Motivate Groebner basis by means of
ideal membership testing :

F- {f , . . . - fs )
.

& another poly fi Given .

Assume 5- C- I

f- = U ,f, +Uzfzt " ' + 0§§fs +
← 0

I. 1-step reduction .

f- r
, = f- uif,

f , EJ
,
f C- J
,
Ulf, C-J So HE J

,

N ,
should have a LT (g)

LT (fi)
,
/some fi ) should divide

LTCM)

v2 -- ri - YI¥, .fi
YET ✓

LT (E) Should
also be cancelled !

-
- - - -

- - - -
-
. ultimately , all

terms

should cancel . . .-



Eixample . f=k . f. = it
,
fz=X- ✗

5- = f , -fz
.

I#fz)
so f- C- I

.

But . LTCF,) ✗ LT (f)
silk

LT (A) t LT (f) set foe .

→ Division , by itself, cannot
decide

ideal membership . Why?

→Because
,
I does not have

" all the requisite Leading terms
"

.



SE
.

How to obtain these missing leading
terms in the ideal ?

Think Gaussian elimination
.

f, : 2×+39=4 3ft : 64+99--12fz : 3kt 2) =L - 2-52 6×-143=2

new leading → 53=10
term .

F- ☒ f , - fz

= 5g -10

Tnew leading
term .

I={ fi ,fz> = Gfc, -12,87



given f and I= Gfzfzfs)
.

Is fin I ?

Compute G-- GBCI)
⇒ g ,

. . . -8+3

f¥%o ?

Ideal membership

test !


