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@ Wish to build a polynomial algebra model for hardware

@ Modulo arithmetic model is versatile: can represent both bit-level and
word-level constraints
@ To build the algebraic/modulo arithmetic model:

Rings, Fields, Modulo arithmetic

Polynomials, Polynomial functions, Polynomial Rings
Ideals, Varieties, Symbolic Computing and Grobner Bases
Decision procedures in verification

¢ € ¢ ¢
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Ideals in Rings

R = ring, Ideal J C R, Ring R
s.t.:
e 0ecJ
o Vx,ycJx+tyel
Ideal J
e VxeJze

RaX'ZEJ
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Ideals in Rings
R = ring, Ideal J C R, Ringj:]
s.t.:

e 0cJ
o Vx,yex+yeld

o VxeJ ze
Rx-zeJ

Ideal J

o Examples of Ideals: R=7,J =27,37%,...,nZ
o ldeals versus Subrings: Z C Q, but Z not an ideal in Q
@ 1 € Ring R, but 1 need not be in ideal J
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Polynomial Ideals

Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

J=(h,fo....f) ={film + HLho+ -+ fhs: h,... hs € R}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v
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Polynomial Ideals

Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

JZ(ﬁ.)fZ)fS>:{ﬁh1+f2h2++fshs hla"'ahseR}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
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Polynomial Ideals

Definition
Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

JZ(ﬁ.)fZ)fS>:{ﬁh1+f2h2++fshs hla"'ahseR}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
Is0 e J?
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Polynomial Ideals

Definition
Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

JZ(ﬁ.)fZ)fS>:{ﬁh1+f2h2++fshs hla"'ahseR}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
Is0e J? Puth;=0
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Polynomial Ideals

Definition
Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

JZ(ﬁ.)fZ)fS>:{ﬁh1+f2h2++fshs hla"'ahseR}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
Is0e J? Puth;=0
Given f;, f; € Jis fi + f; € J?
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Polynomial Ideals

Definition
Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

JZ(ﬁ.)fZ)fS>:{ﬁh1+f2h2++fshs hla"'ahseR}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
Is0e J? Puth;=0
Given f;,fic Jis fi +f € J? Put hj,h; =1
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Polynomial Ideals

Definition
Ideals of Polynomials: Let f1,f,...,fs € R =F[x1,...,xq4]. Let

J=(h,fo....f) ={film + HLho+ -+ fhs: h,... hs € R}

J={(fi,fr...,f) is an ideal generated by fi,...,f; and the polynomials
are called the generators (basis) of J. [Note, h;: arbitrary elements in R]

v

Given the above definition, prove that J is indeed an ideal.
Is0e J? Puth;=0

Given f;,fic Jis fi +f € J? Put hj,h; =1

Given f; € J,hj € Ris f; - hy € J?
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Generators of Ideals

@ An ideal may have many different generators

@ It is possible to have:
J=(h,....f)=(p1,-.p) = = (g1, 8)

@ Where f;, pj, gk € Flx1,...,xq] and J C F[xq, ..., Xq]

@ Does there exist a Canonical representation of an ideal?

@ A Grobner Basis is a canonical representation of the ideal, with many
nice properties that allow to solve many polynomial decision questions

@ Buchberger's Algorithm allows to compute a Grobner Basis

o Given F ={f,...,fs} €R[x,...,xd]
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Generators of Ideals

@ An ideal may have many different generators

@ It is possible to have:
J=(h,....f)=(p1,-.p) = = (g1, 8)

@ Where f;, pj, gk € Flx1,...,xq] and J C F[xq, ..., Xq]

@ Does there exist a Canonical representation of an ideal?

@ A Grobner Basis is a canonical representation of the ideal, with many
nice properties that allow to solve many polynomial decision questions

@ Buchberger's Algorithm allows to compute a Grobner Basis
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Generators of Ideals

@ An ideal may have many different generators

@ It is possible to have:
J=(f,....fs)={p1,....p) =" =(g1,....8)

@ Where f;, pj, gk € Flx1,...,xq] and J C F[xq, ..., Xq]

@ Does there exist a Canonical representation of an ideal?

@ A Grobner Basis is a canonical representation of the ideal, with many
nice properties that allow to solve many polynomial decision questions

@ Buchberger's Algorithm allows to compute a Grobner Basis

o Given F ={f,...,fs} €R[x,...,xd]

o It finds G = {g1,...,8:}, such that

o J=(F)=(G)

@ Why is this important? [We'll see a little later....]
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Example of Ideal Generators

° /1 = <f1’f2> C Q[X?y]
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Example of Ideal Generators

o h = (fi,h) C Qx,y]
o fi=x>—4 fHh=y>-1
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Example of Ideal Generators

o = (f,f) CQxy]
o fi=x>—4 fHh=y>-1
o h=(g1,8) C Qlx,y]
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Example of Ideal Generators

o L = (fi,) C Q[x,y]

o fi=x>—4 fHh=y>-1

° h={(g1,8) C Qx,y]
og1:2x2+3y2—11; g2:x2—y2—3;

P. Kalla (Univ. of Utah) Ideals + Varieties Lectures: Sept 25, 2017 onwards



Example of Ideal Generators

o ) = (f,h) C Qlx,y]

o fi=x>—4 fHh=y>-1

° h=(g1,&) C Qx,y]

° g1:2x2+3y2—11; g2:x2—y2—3;
olsgreh?lsg e l?
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Example of Ideal Generators

h = {f5) C Qlx,]
i=x>—4 Hh=y>-1

h = (g1,82) C Q[x,y]

g1 =2x>+3y? —11; g =x*>—-y?>-3;

Isgi € h? Isg € L7

g1 =2h+3h; go=fH —f; = g1,e2 € h,sohClh.
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Example of Ideal Generators

o h=(f,f)C Qxy]

o i=x>—4 Hh=y>-1

° h=(g1,8) C Qlx,y]

0 g1 =2x2+3y2—11;, g =x2—y?2-3;
olsgreh?lsg e l?

0o g1 =2f+3h m=H—h, = g.@€h,sohCh.
@ Similarly, show that A1, C
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Example of Ideal Generators

° h =(fi,h) C Qx,y]
h=x>—4 h=y"—1
h = (g1,82) C Q[x,y]
g1:2x2+3y2—11; g2:x2—y2—3;

g1 =21 +3h;, gg=f—f;, = gi,e2€h,s0hCh.
Similarly, show that f1,f C b

°
°
°
olsgreh?lsg e l?
°
°
@IfhCh,and b C I then h = b

P. Kalla (Univ. of Utah) Ideals + Varieties Lectures: Sept 25, 2017 onwards



Example of Ideal Generators

° h =(fi,h) C Qx,y]
h=x>—4 h=y"—1
h = (g1,82) C Q[x,y]
g1:2x2+3y2—11; g2:x2—y2—3;

g1 =21 +3h;, gg=f—f;, = gi,e2€h,s0hCh.
Similarly, show that f1,f C b

°
°
°
olsgreh?lsg e l?
°
°
@IfhCh,and b C I then h = b

P. Kalla (Univ. of Utah) Ideals + Varieties Lectures: Sept 25, 2017 onwards



Example of Ideal Generators

o h=(f,f)C Qxy]

o i=x>—4 Hh=y>-1

° h=(g1,8) C Qlx,y]

0 g1 =2x2+3y2—11;, g =x2—y?2-3;
olsgreh?lsg e l?

0o g1 =2f+3h m=H—h, = g.@€h,sohCh.
@ Similarly, show that f1,f, C h

@IfhCh,and b C I then h = b

The Ideal Membership Testing Problem

Given R =F[xq,...,x4],,...,fs, FER, let J=(f,...,fs) CR. Find
out whether f € J?
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Example of Ideal Generators

/1 = <f1’ f2> C Q[X?y]

h=x>—4 h=y"—1

h = (g1,82) C Q[x,y]

g1 :2x2—|—3y2—11; J=p) :xz—y2—3;

g1 =21 +3h;, gg=f—f;, = gi,e2€h,s0hCh.
Similarly, show that f1, C b

°
°
°
°
olsgreh?lsg e l?
°
°
@ IfhCh,and b C Iy then h = b

The Ideal Membership Testing Problem

Given R =F[xq,...,x4],,...,fs, FER, let J=(f,...,fs) CR. Find
out whether f € J?

f = specification, J = implementation, Do an equivalence check: Is
f € J? [Or something like that...]
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Varieties of ldeals

Given R =F[xq,...,x4],f,...,fs, € R, let J=(f1,...,fs) C R. The set
of all solutions to:

is called the variety V/(f,...,f)
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Varieties of ldeals

Given R =F[xq,...,x4],f,...,fs, € R, let J=(f1,...,fs) C R. The set
of all solutions to:

is called the variety V/(f1,...,fs)

Variety depends not just on the given set of polynomials f, ..., fs, but
rather on the ideal J = (f1,...,f;) generated by these polynomials.
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Varieties of ldeals

Given R =F[xq,...,x4],f,...,fs, € R, let J=(f1,...,fs) C R. The set
of all solutions to:

is called the variety V/(f1,...,fs)

Variety depends not just on the given set of polynomials f, ..., fs, but
rather on the ideal J = (f1,...,f;) generated by these polynomials.

J:<ﬁ.a"'af5>:<g17"',gt>vthen V(ﬁ.aafs):\/(glaagt) J
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)

@ Then fi(a)=---=f(a)=0
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Prove that Variety depends on the |deal
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)

@ Then fi(a)=---=f(a)=0

o letfeJ

e Isf(a)=07
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Prove that Variety depends on the |deal

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)

@ Then fi(a)=---=f(a)=0

o LetfelJ

e Isf(a)=07

°

f=fihy+ -+ fih,
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Prove that Variety depends on the |deal

f=fihy + -+ Fihg
f(a): fl(a)h1+---+f5(a)hs:O

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)

@ Then fi(a)=---=f(a)=0

o LetfelJ

e Isf(a)=07

°

°

P. Kalla (Univ. of Utah) Ideals + Varieties Lectures: Sept 25, 2017 onwards 8/9



Prove that Variety depends on the |deal

f=fihy +---+ fshs
f(a) = fl(a)hl + -+ fs(a)hs =0
Extend the argument to all f € J for all a € V(J), and you can show

that Variety depends on the ideal J = (f1,...,f), not just on the set
of polynomials F = {fi,...,f}

e Given J=(f1,...,f) CF[xq,...,xd]
o Let a=(ay,...,aq) be a point in F?
o Letac V(J)

@ Then fi(a)=---=f(a)=0

o LetfelJ

e Isf(a)=07

°

°

°
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Example of Ideal Generators

° h=(fi,) C Qlx,y]

e h=x>—4 hHh=y>-1

o h=(g1,8) C Qlx,y]

0 g1 =2x2+3y2—11;, g =x2—y2-3;
olsgreh?lsg e l?

0 g1 =2f+3h; go=fH—fh; = g1,82 € h.sohCh.
@ Similarly, show that f1,f, C h

olfhCh ,and b C Iy then h =k

Note V(L) = V(h) = {(£2, £1)}
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