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Computational design of twodimensional topological materials
Z. F. Wang,1 Kyung-Hwan Jin2 and Feng Liu2,3*
The progress in science and technology is largely boosted by the continuous discovery of new materials. In recent years, the state-of-art ﬁrst-principles computational approach has emerged as a vital tool to enable materials discovery by
designing a priori unknown materials as well as unknown properties of existing
materials that are subsequently conﬁrmed by experiments. One notable example
is the rapid development of the ﬁeld of topological materials, where new candidates of topological materials are often predicted and/or designed before experimental synthesis and characterization. Topological phases of condensed mater
not only represent a signiﬁcant advance in the fundamental understanding of
material properties but also hold promising applications in quantum computing
and spintronics. In this article, we will give an overview of recent progress in
computational design of two-dimensional topological materials and an outlook
of possible future research directions. © 2017 John Wiley & Sons, Ltd
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INTRODUCTION

C

omputational materials science is a highly interdisciplinary research ﬁeld that encompasses theoretical methods developed in biology, chemistry,
mathematics, physics, and engineering. A variety of
computational methods at different length and time
scales have been developed, ranging from electronic
structure methods based on density functional theory
(DFT),1 molecular dynamics,2 and Monte-Carlo techniques3 to phase-ﬁeld method4 and continuum macroscopic approaches. While the foundations of most
these computational methods are well established,
the development of optimized algorithms is ongoing
to enable the computation of increasingly complex
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materials and systems with improved accuracy and
efﬁciency. Importantly, as the computational
approaches become more and more powerful, the
ﬁeld of computational materials has steadily evolved
from elucidating experimental results to making predictions to guide experiments, especially in predictive
design of new materials with the latest development
of materials discovery by computing and data mining.5 It is highly expected that computational design
will lead to discovery of many more new materials,
as well as signiﬁcant reduction of time and cost in
materials research and industrial production.
In designing electronic/spintronic materials, the
ﬁrst-principles DFT computational methods have led
the way. Given the (crystalline) atomic structures, the
DFT methods are generally capable of predicting reliably the electronic, magnetic, and optoelectronic
properties. One exciting example is the latest discovery of topological materials aided by computational
design from ﬁrst prinicples.6–8 The ﬁrst-principles
computational design approaches have worked out
as a powerful research tool in realizing theoretical
(lattice) models of topological phases in real materials systems, outputting relevant properties that can
be tested and conﬁrmed directly by experiments.
They have also served as valuable benchmarks for
obtaining the parameters in semi-empirical methods,

© 2017 John Wiley & Sons, Ltd

1 of 19

Advanced Review

wires.wiley.com/compmolsci

such as tight-binding methods, which allows one to
reveal deeper physical insights of topological properties and better understand experimental results. It is
worth noting that although exotic, most topological
materials properties lie within the picture of singleparticle band structure without the need of considering many-body effects. For this reason, standard
DFT methods are reliable enough in predicting topological properties, including the ‘gap’ opened by
spin-orbit coupling (SOC) which is usually much
smaller than the conventional charge localization gap
in semiconductors and insulators.
The ﬁeld of topological materials started with
discovery of topological insulators (TIs),9–14 which
have drawn much attention in recent years. To
date, most TIs are ﬁrst theoretically predicted or
computationally designed, followed by experimental
conﬁrmation. Introducing the concept of topology
in solid-state materials provides a new perspective
for understanding the origin of different quantum
phenomena. The two-dimensional (2D) TI, also
called quantum spin Hall (QSH) insulators,10,11 is
closely related to the integer quantum Hall
effect.15,16 It has a bulk energy gap and a pair of
gapless metallic edge states that are protected by
the time reversal symmetry (TRS). Unlike any other
1D electronic systems, the conducting channels of
these topological edge states are protected from
elastic backscattering and localization, and hence
hold potential applications in quantum computing
and spintronics.
In this article, we attempt to give an up-to-date
overview of the research progress in computational
design of 2D TI materials. Some comprehensive
reviews of 2D TI materials are already avaiable,17
here we will focus on the computational design
aspects of discovering new 2D TI materials, highlighting a few interesting systems studied most
recently. We ﬁrst discuss two discrete lattice models
for 2D TIs, in terms of three design parameters of
crystalline lattice symmetry, SOC, and atomic orbital
composition. We then discuss two speciﬁc classes of
2D TI materials, designed based on the discrete lattice models and associated parameters. One is the
organic 2D TI materials, including triphenylbismuth,18 π-conjugated,19 and Cu-dicyanoanthracene20 frameworks. The other is the surface-based
2D TI materials supported on a substrate, including
Au/GaAs(111),22
and
FeSe/
Bi-Cl/Si(111),21
23
SrTiO3(001) ﬁlms. In addition, we brieﬂy review
some 2D TI materials involving d orbitals. Importantly, some of these candidate materials have
already been synthesized in the experiments with
their topological properties conﬁrmed. Finally, we
2 of 19

discuss brieﬂy on possible future research directions
in computational design of topological materials.

DESIGNING MODELS FOR 2D TIs
Topological insulators (TIs) are indexed by topological invariant Z2 number,12 which accounts for the
number of times that electron wavefunctions exchange
phases with their complex conjugates in traversing
half of the Brillouin zone. In the presence of TRS, the
topological invariant takes only two values. An odd
number corresponds to Z2 invariant ν = 1, indicating
a topological nontrivial phase, while an even number
corresponds to ν = 0, indicating a topological trivial
phase. If a system has both TRS and inversion
symmetry,24 the Z2 topological invariant can be computed simply by counting how many times the electron wavefunctions exchange their parity at the time
reversal invariant momenta (TRIM). If the valence
band exchanges parities odd number of times with
the conduction band with opposite parity, it gives a
nontrivial topological phase. The mechanism for parity inversion is not unique, and can vary with a wide
range of tuning parameters. Among them, SOC is
responsible for band inversion in most known
TIs.9–14 Therefore, in a general model, the Z2 invariant servers as the deﬁning parameter to design TI
materials.
Based on the Z2 theory, two prevailing lattice
models have been developed providing the basic
guiding principles to design 2D TI materials. In the
ﬁrst model, originally introduced by Kane and Mele
(KM) in 2005,9 the starting material is a semimetal
of hexagonal lattice such as graphene. The valence
and conduction bands touch with each other to form
a Dirac band (Figure 1(a)), with the Fermi level lying
at the Dirac point. The band order has already been
inverted in this case, with the parity of the valence
and conduction bands exchanged. Thus, any ﬁnite
SOC will lift the band degeneracy and open a nontrivial SOC gap to turn the system into 2D TI. The
band parity does not change during the gap opening
process. This model corresponds to two copies of
Haldane model25 encoded with opposite spins and
Chern number that generate a pair of gapless edge
states within the SOC gap that counter-propagate
along the edge with opposite spins, which are characteristic features of 2D TIs.
In the second model, originally introduced by
Bernevig, Hughes, and Zhang (BHZ) in 2006,10 the
starting material is a narrow-gap semiconductor
whose valence and conduction bands have opposite
parities (Figure 1(b)), which has a trivial topological
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FI GU RE 1 | Schematic band structures of two lattice models for designing two-dimensional topological insulator materials. (a) The ﬁrst model
with a spin-orbit coupling (SOC) induced band gap opening at the Dirac point. (b) The second model with an SOC induced band inversion between
valence and conduction band with opposite parities. + and − labels even and odd parity. The dashed line denotes the Fermi level.
phase. By including SOC, the trivial band gap is ﬁrst
closed and then a nontrivial gap is opened, accompanied with a band inversion between the valence and
conduction bands. This type of topological band
structure is ﬁrst derived from a square lattice in
HgTe/CdTe quantum well system.10 It was shown
that HgTe/CdTe quantum well (a HgTe thin ﬁlm
sandwiched between two layers of conventional insulator of CdTe) will become a 2D TI when the thickness of HgTe is above a critical value.
The seminal works by KM and BHZ laid the
groundwork for TIs. However, experimental realization of 2D TI has been challenging. For the KM
model, graphene has too weak an SOC to behave as
a TI with observable topological properties. Consequently, computational design efforts have been
made to enhance the intrinsic SOC in graphene26 or
to search graphene-like materials with larger
SOC.27–35 However, no experiment has yet conﬁrmed the KM model in a real material of hexagonal
lattice using quantum transport measurement,
although evidence of topological edge states have
been shown by scanning tunneling spectroscopy
(STS) measurement in Bi(111) bilayer grown on a
substrate.36–38 On the other hand, the BHZ model
has been veriﬁed experimentally in two systems of
HgTe/CdTe11 and InAs/GaSb.39 A quantized conductance (2e2/h) in zero magnetic ﬁeld is observed
when the chemical potential of the sample is tuned
into the bulk gap, giving the direct evidence for the
gapless edge states in the nontrivial gap. However,
the extremely low temperature for observing the topological phase greatly inhibits its further development
and future applications. Therefore, there remains an
intensive search for new 2D TIs to ease the experimental realization.
Based on the above two original models, there
are three key ingredients for consideration in computational design of a 2D TI: lattice symmetry, SOC,
and orbital composition around Fermi level. In

choosing lattice symmetry, any 2D lattice that gives
rise to a Dirac band can be a candidate to realize the
KM-like model, to host TI state in presence of a ﬁnite
SOC. For SOC, one simply chooses heavy elements in
the bottom part of the periodic table in order to
increase the gap opened by SOC. The choice of orbital
composition is less apparent sometimes. If the band
edge states are non-degenerate, then the valence and
conduction band edge should be composed of one
orbital each with opposite parity (odd vs even) so that
a two-band inversion can be realized straightforwardly. If the band edge states are degenerate, the
choices become more complex and additional model
analysis is needed. We note that in general, different
lattice models may be adiabatically connected to different classes of effective models of topological quantum ﬁeld theory at the continuum limit, which
requires only two-band inversion.40 In addition, an
intrinsic TI needs to have right number of electrons
for a half-ﬁlled band, or electron or hole doping is
need to move the Fermi energy to inside the SOC gap.

ORGANIC TOPOLOGICAL MATERIALS
To date, many topological materials have been predicted theoretically and conﬁrmed experimentally,
especially for the 3D materials.41–46 However, most
of them are based on inorganic materials. Historically, however, inorganic materials and devices have
always found their organic counterparts, such as
organic semiconductors and superconductors. In general, organic materials have the added advantages of
low cost, easy fabrication, and mechanical ﬂexibility.
Meanwhile, advances on synthetic chemistry and
nanotechnology have shown the potential in producing complex 2D lattices, that is, covalent organic
frameworks (COFs). This has motivated recent computational design of a series of 2D organic topological materials.18–20,47–56
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F I G U R E 2 | (a) Schematic synthesis process from the triphenyl-metal molecules to the two-dimensional (2D) organometallic lattices. (b) Band
structure and Dirac edge states of triphenyl-bismuth lattice with spin-orbit coupling (SOC). (Reprinted with permission from Ref 18. Copyright 2013
Nature Publishing Group) (c) Schematic illustration and chemical structure of monolayer nickel bis(dithiolene) complex nanosheet. (Reprinted with
permission from Ref 61. Copyright 2013 American Chemical Society) (d) Kagome band structure for the ﬂat and Dirac bands, and the quantized
spin Hall conductance within the energy window of two SOC gaps. (Reprinted with permission from Ref 19. Copyright 2013 American Chemical
Society) (e) Scanning tunneling microscope image of the hexagonal network of dicyanoanthracene on Cu(111) and the corresponding atomic
model. (Reprinted with permission from Ref 62. Copyright 2013 Wiley) (f ) Kagome band structure and Dirac edge states within two SOC gaps.
(Reprinted with permission from Ref 20. Copyright 2016 American Chemical Society)

KM Model in Organometallic Framework
The ﬁrst organic TI (OTI) was designed by applying
the KM model to an organometallic framework
made of triphenyl-bismuth molecule Bi(C6H5)3.18 It
was proposed that a 2D ‘organic’ hexagonal lattice
can be formed by assembling molecular building
blocks of triphenyl-metal compounds, such as
triphenyl-bismuth with strong SOC, as shown in
Figure 2(a). There are two Bi atoms and three benzene rings with a chemical formula of Bi2C18H12 in
each unit cell and the neighboring benzene rings are
bridge-bonded through the para-Bi atoms. The hexagonal lattice symmetry guarantees a Dirac band in
such organometallic frameworks; while the heavy
metal atom Bi, which is the most used component in
topological materials, guarantees a large SOC. Firstprinciples band structures shown a nontrivial SOC
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gap of ~43 meV at the Dirac point (Figure 2(b)).
Nontrivial band topology was conﬁrmed by both Z2
invariant and edge state calculations. As for a typical
KM model, a pair of topological edge states within
the energy window of SOC gap is shown to connect
the band edge between K and K0 and forming a 1D
Dirac cone at the boundary of the Brillouin zone
(Figure 2(b)). However, this system is not an intrinsic
2D OTI. To move its Fermi level into the SOC gap,
two electrons per unit cell need to be removed. This
can be achieved by either hole doping or design
another lattice by substituting Bi with Pb with one
less electron per atom.18 Meanwhile, due to a larger
unit cell and weaker SOC, the nontrivial SOC gap is
reduced to ~8.6 meV when replacing Bi with Pb.
This initial work has since fostered a series of
works in designing various 2D organic topological
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materials.47–56 For example, by simply replacing Bi
with a transition metal atoms, such as Mn, a magnetic 2D OTI was designed to realize quantum anomalous Hall effect (QAHE), which can be explained by
a spin-polarized version of KM model with an additional term of exchange ﬁeld.47 While replacing Bi
with In, a topological ﬂat-band material was
designed to realize fractional QSH effect,48 which can
be explained by extending the two-band KM model to
a four-band model.57 If there is only one orbital per
atomic site and nearest neighbor (NN) hopping in a
hexagonal lattice, two Dirac bands arise. If there are
two degenerate orbitals (px and py orbitals of In)
per atomic site and NN hopping in a hexagonal lattice, four bands arise with two ﬂat bands bracketing
two Dirac bands. The SOC will open a nontrivial
gap at the Dirac point as well as the two touching
points between the ﬂat and Dirac bands. Consequently, if the Fermi level lies inside the gap between
the ﬂat and Dirac bands, as the case of triphenylindium lattice, it results in a topological ﬂat-band
material. We refer the readers to a recent review8
for detailed discussions of topological ﬂat-band
physics and materials.

π-Conjugated Framework of Kagome
Lattice
It is very interesting to notice that in a typical organometallic framework made of metal atoms and
phenyl rings as shown in Figure 2(a), the Bi atoms
form a hexagonal lattice while the phenyl rings form
a Kagome lattice. Conversely, if the metal atoms and
phenyl rings switch their positions with each other,
then the Bi atoms form a Kagome lattice while the
benzene rings form a hexagonal lattice. Consequently, there will be two groups of bands arising
from each sub lattice, namely Dirac bands and
Kagome bands, in such π-conjugated frameworks.
Speciﬁcally, the Kagome bands generally consist of
one ﬂat band and two Dirac bands.19 In consideration of magnetism and SOC, it is well known that
associated with its band structures, Kagome lattice is
an ideal platform to study various exotic quantum
phenomena, such as frustrated spin,58 quantum spin
liquid phase,59 and fractional quantum Hall effect.60
Based on a bottom-up gas–liquid interfacial
reaction approach, a single-layer π-conjugated
nanosheet has been synthesized recently,61 comprised
of nickel bis(dithiolene) units with a chemical formula of Ni3C12S12, as shown in Figure 2(c), which
was recognized as a typical example of Kagome lattice made of Ni. There are three Ni atoms and three
C6S6 rings in each unit cell. Its band structure is

shown in Figure 2(d).19 The SOC gap of the Dirac
band is ~13.6 meV, and the SOC gap between the
ﬂat band and the top Dirac band is ~5.8 meV. Both
gaps vanish in the absence of SOC as shown by ﬁrstprinciples calculations. The Chern number, used to
characterize the nontrivial topology, is marked with
different spin bands in Figure 2(d). For both spins,
the ﬂat band and the bottom Dirac band have a nonzero Chern number (1), while the top Dirac band
has a zero Chern number. Thus, within both SOC
gaps, the Chern number is zero but the spin Chern
number is one, indicating that the Ni3C12S12 lattice is
a 2D OTI. The coexistence of two 2D TI states, one
from the Dirac band and the other from a ﬂat band,
at different energies can be manifested in transport
measurement. The spin Hall conductance as a function of energy has a quantized value (−2e/4π) within
the energy window in both SOC gaps (Figure 2(d)).
Similar to the hexagonal lattice made of triphenyl-Bi
molecules, the Fermi level in this Kagome lattice is
not in the SOC gap, and n-doping is needed.
This requires doping two or four electrons,
which corresponds to a doping concentration of
1013–1014 cm−2. One can also replace Ni with Au
atoms to increase the SOC. Overall, the band topology of the Au3C12S12 lattice are the same as those of
the Ni3C12S12 lattice. The two SOC gaps are
enhanced to ~22.7 and ~9.5 meV, respectively.

Intrinsic OTI of Cu-Dicyanoanthracene
Framework
The distinct advantage of OTIs is their high tunability by using different metal atoms and molecular
ligands. However, it is also important to note that as
a coordination polymeric material, organometallic
lattices are usually formed according to the speciﬁc
electron counting rules of coordination chemistry.
Consequently, substitution of the host metal atom
with a foreign metal atom of different valence, which
changes coordination chemistry, is usually difﬁcult
without changing the geometric structure. This is
especially true for heavy doping up to the stoichiometric limit with all the host metal atoms replaced.
Alternatively, doping of organometallic lattices may
be achieved by changing the oxidation states of the
metal ions through redox control.49 However, such a
process is still limited by the amount of doping it can
achieve. Therefore, it is highly desirable to design
intrinsic 2D OTIs without doping.
Recently, a Kagome lattice made of Cudicyanoanthracene (DCA) has been synthesized
experimentally on Cu(111) substrate,62 as shown in
Figure 2(e). Each Cu atom bonds with three CN
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groups from the DCA molecules to form a strong
coordination bond. There are two Cu atoms and
three DCA molecules in each unit cell, which has a
hexagonal lattice formed by Cu atoms and a Kagome
lattice formed by DCA molecules. The calculated
topological band structures and edge states are similar to those of Ni3C12S12 lattice, but the Fermi level
lies inside the Dirac SOC gap (~2.9 meV),20 as
shown in Figure 2(f ). Such intrinsic TI states are
found to originate from a proper number of electrons
ﬁlling the hybridized bands from Cu atomic and
DCA molecular orbitals. Furthermore, substituting
Cu with Au atom will increase the SOC gap to
~11.3 meV, but without changing the Fermi level.

SURFACE-BASED 2D TOPOLOGICAL
MATERIALS
So far, most theoretically designed 2D topological
materials are freestanding ﬁlms. However, the existence of many proposed 2D freestanding ﬁlms could
be in doubt because of their poor thermal or chemical stability. Even if they do exist, the growth and
synthesis of freestanding ﬁlms are usually harder
than growth of thin ﬁlms on a substrate. In addition,
when a topological freestanding ﬁlm is transferred on
a substrate, which is often required for measurements
or building a device, its topological properties may
be altered or lost due to its inevitable interaction with
the substrate. One known example is the freestanding
Bi(111) bilayer ﬁlm, which is a large gap 2D TI.63–66
However, when it is grown on Bi2Se3 and Bi2Te3
substrates,36,67,68 it shows metallic features with a
hybridized band structure resulting from a strong
interfacial interaction, as indicated by angle-resolved
photoemission spectroscopy (ARPES) measurements.
Although topological edge states have been revealed
by STS measurement in real space,36–38 more direct
evidence of quantized conductance would be difﬁcult
to obtain by transport experiments. To overcome this
difﬁculty, a new concept of surface-based 2D topological materials has recently been proposed21
through computational design of growth of a metal
overlayer on a semiconductor substrate that exhibits
topological surface states,21–23,69–80 which are benign
to interfacial interactions.

Substrate Atomic Orbital Filtering Effect
We brieﬂy review the key working mechanism that
underlies the surface-based 2D topological materials,
the substrate atomic orbital ﬁltering effect. It makes
the metal overlayer atomically bonded to but electronically isolated from the underlying substrate.21
6 of 19

To illustrate the importance of three designing ingredients of lattice symmetry, SOC and atomic orbital
composition, a ‘computational experiment’ was conducted21 on two artiﬁcial ‘graphene’ made of Bi and
Au instead of C, which presumably have a much larger SOC than C. Surprisingly, it was found that the
planar Bi lattice has Z2 = 0, while the Au lattice has
Z2 = 1. More generally, one can better understand
the topological phases in a 2D hexagonal lattice by a
multi-orbital tight-binding model beyond the original
KM model. Then the Bi lattice can be described by
the p-orbital six-band model. Owing to the planar
symmetry, px and py oribitals hybridize to be distinguished from the pz orbital, resulting in two branches
of energy bands. The pz branch of π and π * bands is
exactly the same as graphene. The (px, py) branch
has four bands: two ﬂat bands bracketing two Dirac
bands, as described by the four-band model mentioned above.57 It is well known that these two
branches of bands are both topologically nontrivial
separately; however, together they become trivial as
the sum of two odd topological invariant becomes
even. On the other hand, the planar Au lattice can be
described by the s-orbital two-band model, in an
analogy to graphene. Without SOC, the two s orbitals hybridize into linearly dispersive two-fold degenerate σ and σ * bands which touches at K point (Dirac
point); the SOC opens a gap and mixes the σ and σ *
bands into two sets of σ  iσ * bands encoding a
nontrivial topology.
There are two ways to make the planar hexagonal Bi lattice topologically nontrivial. The ﬁrst way is
by the well-known band inversion approach,10 which
in the present case can be achieved by buckling the
lattice into a non-planar structure (Figure 3(a)),
i.e., the single Bi(111) bilayer. Figure 3(b) shows the
band structure and density of states (DOS) of a
Bi(111) bilayer, which is conﬁrmed with nontrivial
topology.21 In such a buckled structure, the Bi Bi
bond angle is around 90 , indicating that three (px,
py, and pz) orbitals are degenerate with each other.
Chemical bonding and crystal ﬁeld splitting lift the
degeneracy and forms one set of doubly degenerate
σ 1,2 and σ 1,2* bands and another set of nondegenerate σ 3 and σ 3* bands, in the order of energy
as shown in Figure 3(c). The SOC opens an energy
gap and further lifts the degeneracy of σ 1,2 and σ 1,2*
bands, as well as causes a band inversion of energy
order between σ 1i2 and σ 3* bands around the Fermi
level. Consequently, the overall band topology
becomes nontrivial.
The second approach is to simply remove one
branch of orbitals [either (px, py) or pz] to reduce the
trivial six-band lattice into a nontrivial two- or four-
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FI GU RE 3 | (a)–(c) Structural model, band structure and atomic-orbital projected density of states (DOS), and the energy diagram (at Γ point),
respectively, of a buckled Bi(111) bilayer. The band inversion is highlighted by a dashed rectangle. (d)–(f ) Same as (a)–(c) for planar Bi hexagonal
lattice with one side saturated by H. (Reprinted with permission from Ref 21. Copyright 2014 National Academy of Sciences)

band lattice. To verify this idea, one may artiﬁcially
saturate the planar hexagonal Bi lattice with H to
remove the pz orbital (Figure 3(d)).21 It was found
that the pz orbital of Bi hybridizes strongly with s
orbital of H, shifting away from the Fermi level, so
that the system reduces to a (px, py)-orbital four-band
model, which supports a nontrivial topological phase
(Figure 3(e) and (f)). Of course, the clean or hydrogenated planar hexagonal Bi lattice is artiﬁcial, does
not exist; but the revealed physical mechanism of ‘H
orbital ﬁltering effect’ can be employed by growth of
Bi overlayer on a substrate through a ‘substrate
orbital ﬁltering effect,’ where the substrate surface
atoms will play the role of H atoms to remove the pz
orbital of Bi, as demonstrated below using the example of growth of Bi on halogenated Si(111) surface.

Bi-Cl/Si(111) Surface
As the basic material used in the semiconductor
industry, the surface of Si has been extensively studied. At low temperatures, the Si(111) surface has a
complex reconstructed structure, as the reconstruction eliminates the dangling bonds and reduces surface energy. However, at high temperature, the
Si(111) surface can retain an unreconstructed

structure with one dangling bond on each surface
atom. Owing to the strong steric repulsion between
the halogen atoms, a superlattice structure can be
formed on Si(111) surface at 1/3 monolayer
(ML) halogen coverage, which was reported in X-ray
standing-wave experiments long time ago.81 Most
importantly, the unsaturated two dangling bonds
provide a natural hexagonal template to guide the
epitaxial growth of metal atoms, hence driving the
metal atoms to form a hexagonal lattice,21 as shown
in Figure 4(a). Moreover, a large energy barrier is
present for metals to diffuse out of the template. For
example, an energy barrier of 4.9 eV must be overcome for Bi to jump from Si to neighboring Bi sites,
indicating high thermodynamic and kinetic stability
of the designed 2D hexagonal metal lattice.
The band structures of Bi-Cl/Si(111) surface
was analyzed by the ﬁrst-principles calculations.21
Without SOC, there are two Dirac band residing
inside the bulk gap of Si with a Dirac point at K
point for Bi-Cl/Si(111), as shown in Figure 4(c). Band
composition analysis further showed that the two
Dirac bands are mainly constructed from px and py
orbitals of Bi, as shown in Figure 4(b). The pz orbital
of Bi hybridized strongly with the dangling bond of
surface Si atom and hence is moved away from the
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lattice made of HM atoms. (b) The projected density of states (DOS) and schematic hexagonal lattice made of px and py two orbitals on each site.
pﬃﬃﬃ pﬃﬃﬃ
(c) and (d) Band structures of Bi on Si(111)- 3 × 3-Cl [Bi-Cl/Si(111)] surface without and with spin-orbit coupling (SOC). Inset shows the Dirac
edge states within the SOC gap of Bi-Cl/Si(111). (Reprinted with permission from Ref 21. Copyright 2014 National Academy of Sciences)
Fermi level to leave only the px and py orbitals. Additionally, there are two weakly dispersive bands, consisting of also px and py orbital of Bi, siting one
below and the other above the Dirac band and
touching the Dirac band at Γ point. Such a band
structure is very similar to the four-band model in a
hexagonal lattice with px and py orbitals at each lattice site,57 as shown in Figure 4(b). By including the
SOC (Figure 4(d)), the two Dirac bands are split
apart and a large energy gap of ~0.78 eV is opened
at K point. Considerable energy gaps are also opened
by SOC between the weakly dispersive band and
Dirac band at Γ point. Owing to the inversion symmetry breaking induced Rashba effect, the spin band
degeneracy is also lifted. The nontrivial topology of
the Bi-Cl/Si(111) is characterized by the topological
edge state calculations, as shown in the inset of
Figure 4(d). A pair of gapless edge states connecting
the upper and lower bulk band edge to form a 1D
Dirac cone at the center of Brillouin zone, demonstrating a 2D TI phase. Here, the Cl/Si(111) substrate
performed as an orbital ﬁlter, to selectively remove
the pz orbitals from the Bi lattice, reducing it from a
trivial six-band lattice to a nontrivial four-band lattice. Therefore, the Bi overlayer is atomically bonded
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but electronically isolated from the underneath semiconductor substrate. The above physics is general, it
is also applicable to different metal atoms. For example, Bi atoms can be substituted with other heavy
metal atoms, such as Pb, Sb, Sn, Ga, In, and Tl on
hydrogenated Si(111) surface.69 Similar topological
states can be observed, but with a tunable size of
SOC gap. Also, using a transition metal atom, such
as W, a surface-based magnetic 2D TI forms leading
to QAHE.70 Similarly, the same approach can be
extended to using different substrates, such as
Ge80and SiC72 substrates.

Minimal-Basis QSH Model in Trigonal
Lattice
To enhance SOC, naturally heavy metal atoms are
preferred. However, usually metal atoms favor a
close-packing geometry forming trigonal lattice in
2D rather than the open hexagonal and square lattice, as employed originally in the KM and BHZ
model, respectively. In fact, many heavy metal
atoms grown on a semiconductor surface have been
found to exhibit a trigonal lattice symmetry.82–84
For this reason, a minimal-basis QSH lattice model
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SOC induced s–p band inversion is needed (Es <
Epλ), i.e., ﬁrst closing of a trivial gap followed by
reopening of a nontrivial gap by including the SOC.
With the increasing SOC strength, one can see that
the band gap between top and middle sub-band ﬁrst
reduces and closes (Figure 5(d)), and then reopens
(Figure 5(e)) at the Γ point. The s–p band inversion
induces a parity exchange in this process, so that the
topological invariant changes from Z2 = 0 (Figure 5
(c)) to Z2 = 1 (Figure 5(e)) for the middle and bottom
two sub-bands.
In the second type, the s-band is below the p-band
(Es < Ep) without SOC, as shown in Figure 5(f ). Different from Figure 5(c), the topological invariant is
already Z2 = 1 for the middle and bottom two subbands, i.e., the band order has already been inverted
even without SOC. Thus, any ﬁnite SOC will open a

consisting of three orbitals (s, px, py) in a trigonal
lattice was introduced recently.22 These three basis
orbitals, as shown in Figure 5(a), can be equivalently transformed into three sp2 hybridized orbitals,
as shown in Figure 5(b). It has been shown that
depending on the order of energy of s versus p
orbital (Es vs Ep), there are two different types of
bands.
In the ﬁrst type, the s-band is above the p-band
(Es > Ep) without SOC, as shown in Figure 5(c). The
red and blue colors indicate the components of s and
p orbital, respectively, and the parities for each subband at TRIM24 (Γ point and three M points) are
labeled with + and − sign. It is found that the topological invariant is Z2 = 0 for middle and bottom
two sub-bands, indicating clearly a normal insulator
(NI) phase. In order to realize the QSH phase, an
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(Reprinted with permission from Ref 22. Copyright 2016 Nature Publishing Group)

nontrivial gap at Dirac point to turn the system into
a QSH phase similar to KM model,9 as shown in
Figure 5(g). This second type of QSH phase in a trigonal lattice has also been recently discussed with
multiple p-bands in a k  p model.75 The parity does
not change by including the SOC in this process.
Based on the above band order analysis, a topological phase diagram can be constructed, as shown in
Figure 5(h). Using Δ = Es − Ep and the SOC parameter λ as two independent parameters, NI and QSH
phase is divided by the band gap closing line [Es =
Ep+λ, dashed line in Figure 5(h)]. The parameters
used for band structure in Figure 5(c)–(g) are labeled
with I–V. We have marked these data points in the
phase diagram (Figure 5(h)), with dashed arrows
10 of 19

indicating the increasing SOC strength to distinguish
these two different QSH phase realization processes.

Au/GaAs(111) Surface
Interestingly, the above minimal-basis QSH model
has been found to be exactly realizable in
Au/GaAs(111) surface. At low coverage of Au on
pﬃﬃﬃ pﬃﬃﬃ
the As-terminated GaAs(111)B surface, a 3 × 3
trigonal
superlattice
structure
is
observed
experimentally,84 as shown in Figure 6(a). Also, a
theoretical model with one Au atom adsorbed on
every third hexagonal close-packed (hcp) threefold
hollow site of the Ga lattice is shown to be the most
energetically stable, with a simulated STM image in
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excellent agreement with the experiment (Figure 6
(a)). Starting from the experimental structure of
Au/GaAs(111), its ﬁrst-principles band structure
without SOC is shown in Figure 6(b).22 There is a
Dirac cone at the Γ point above the Fermi level,
which are well separated from the other bulk bands
(shaded region). The highlighted three bands can be
well reproduced by the Wannier ﬁtting. The ﬁtted
three Wannier orbitals are shown in Figure 6(c),
which are equivalent to each other and have mixed
components from both As-p and Au-s orbitals. Adding them together, the overall orbital shape is an
s-type orbital centered at Au atom, and three tilted
p-type orbitals centered at three surface As atoms
along the As-Au bond direction. This forms effectively a sp2 hybridization, which is comparable to the
un-hybridized surface orbitals of Au and As atoms,
as schematically shown in Figure 6(c) and satisﬁes
perfectly the conditions for the minimum basis model
of three orbitals (s, px, and py) in a trigonal lattice
described above. The band structure of Au/GaAs
(111) with SOC is shown in Figure 6(d), and an SOC
gap of ~73 meV is opened at the Γ point, which facilitates possibly the room-temperature measurement.
In addition, the inversion symmetry is broken in
Au/GaAs(111), so that the band degeneracy is lifted
by Rashba splitting. 1D ribbon band structure of
Au/GaAs(111) is shown in Figure 6(e). A pair of gapless edge states with a Dirac cone at the Γ point,
which are energy-degenerate for opposite edges, are
seen within the SOC gap. The real space distribution
of the edge states, at the energy marked by blue dot
in the band structure, is shown in Figure 6(e).
Clearly, the degenerated edge states are spatially
localized at the opposite edges of the ribbon, directly
conﬁrming Au/GaAs(111) to be a 2D TI. However,
the Fermi level of Au/GaAs(111) is not in the SOC
gap, so n-doping is needed. Alkali-metal atoms have
been widely used for surface n-doping in the experiments, including graphene,85 superconducting FeSe86
and metal ﬁlm.82 At 5/12 monolayer coverage of
alkali-metal atoms, the Fermi level of Au/GaAs(111)
can be tuned into the SOC gap without affecting the
bands of host system.22

FeSe/SrTiO3(001) Film
In the above-mentioned surface-based 2D topological
materials, there exists a strong interfacial interaction
between the metal overlayer and substrate. On the
other hand, if the interfacial interaction is weak such
as of van der Waals type, then the topological properties of the overlayer, if exists, is expected to be
retained on the substrate. In this case, one simply

needs to identify and design the overlayer to be topologically nontrivial. One such example is the recent
discovery of a 2D TI in single-layer FeSe grown on
SrTiO3(001) (STO) substrate.23 Superconducting and
topological states are two most intriguing quantum
phenomena in solid materials. The entanglement of
these two states, the topological superconducting
state, will give rise to even more exotic quantum phenomena. While many materials are found to be either
a superconductor or a TI, this is the ﬁrst time that
these two exotic phases are found to coexist in one
single 2D material.
The single-layer FeSe/STO ﬁlm has drawn much
recent attention as a high-temperature 2D interfacial
superconductor, and the underlying physical mechanism
is still under debate. Interestingly, possible existence of
topological phases in the square lattice of superconductor FeSe has also been suggested.87–90 In the superconducting phase, the Fermi surface of FeSe/STO is
characterized with electron pockets at M point but no
hole pockets at Γ point, and there is also an energy
gap of ~40 meV below the Fermi level at M
point.91–93 However, these key features have not
been well understood theoretically. To solve this
problem, an indirect approach was taken to match
the experimental ARPES with the calculated band
structure of FeSe/STO in non-magnetic and different
possible magnetic conﬁgurations.23 It was found that
the band structure of FeSe/STO with checkerboard
antiferromagnetic (AFM) conﬁguration (Figure 7(a))
can match the ARPES spectra best, not only around
Γ and M point but also within the whole Brillouin
zone. Most remarkably, by including the SOC, an
energy gap of ~33 meV (absence without the SOC) is
opened at the M point below Fermi level, in good
agreement with the ARPES spectra, as shown in
Figure 7(d).
Generally, the band gap opened by SOC is topological nontrivial. To characterize this, 1D edge states
of FeSe/STO ribbon with both ferromagnetic (FM) and
AFM edges were calculated, as shown in Figure 7(e).
For FM edge, there are two asymmetric edge states
inside the SOC gap for both left and right edges, and
the Dirac point is not at high symmetry k point. For
AFM edge, the edge states become symmetric, and the
Dirac points are at high symmetry k point. Inside the
SOC gap, the valence and conduction bulk bands are
connected with a pair of gapless Dirac edge state for
both FM and AFM edges, demonstrating the characteristic feature of AFM topological states, which is consistent with theoretical prediction in HgTe quantum
well with a magnetic stagger potential.94
Furthermore, to conﬁrm the AFM topological
edge states in FeSe/STO, the STS measurement were
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states. (g) Scanning tunneling spectroscopy (STS) spectra of edge and bulk states for FM and AFM edges. The light blue band indicates the spinorbit coupling (SOC) gap. (Reprinted with permission from Ref 23. Copyright 2016 Nature Publishing Group)
taken along both FM and AFM edges of FeSe/STO, as
shown in Figure 7(b) and (c), respectively. By setting
the Fermi level as the reference energy, ARPES and
theoretical bands around the M point (Figure 7(d)),
1D bands for FM and AFM edge (Figure 7(e)), LDOS
for FM edge and AFM edge (Figure 7(f )) are aligned
with the STS spectra for FM edge and AFM edge
(Figure 7(g)), with the region of the SOC gap indicated by the light blue band. Clearly, the STS spectra
of FM and AFM edges have a larger intensity in the
expect energy window of SOC gap. Importantly, the
shape and overall tendency of STS spectra of both
FM and AFM edges versus bulk can be qualitatively
reproduced by theoretical LDOS. For FM and AFM
edges, the maximum difference between the calculated edge and bulk DOS is within and above the
SOC gap, which is also observable in the experimental STS spectra. Thus, the STS spectra provided
strong evidence to conﬁrm the existence of topological edge states in FeSe/STO. This ﬁnding affords an
exciting opportunity to study 2D topological
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superconductors through the proximity effect by
interfacing a superconductor with a TI through a p-n
junction, since n- and p-type FeSe is respectively a
superconductor and TI.

TRANSITION METAL ATOMS-BASED
QSH INSULATOR: d-ORBITAL
INVOLVED BAND INVERSION
As discussed above, the emergence of the nontrivial
phase can be achieved by the band inversion with the
parity exchanged. The conventional band inversion
mechanism typically involves s–p band inversion. In
designing topological materials, other orbital can also
be involved in the band inversion process, particularly the d-orbital involved in the d–p or d–d type of
band inversion. This naturally extend the topological
materials to transition metal elements with d-orbital
valences and to magnetic topological materials, such
as the magnetic 2D OTI with Mn47 and surface-

© 2017 John Wiley & Sons, Ltd

WIREs Computational Molecular Science

(b) 1H’-MX2

(c)

(d)

1.5

X1

1.0

M

p
Energy (eV)

X2

y
x

0.3

0.6

0.5
2δ

Eg

0

d

–0.5

0.3

Energy (eV)

1H-MX2

Energy (eV)

(a)

Two-dimensional topological materials

0

–0.3
–Y

Γ

Y

0

–0.3

–1.0

z
–1.5

Γ

Y

R

X

Γ

–0.6

Γ

X

X

x

(e)

S-MX2

(f)

H’-MX2

(g)

X
M

dx2-y2

X
dz2

M

Ef

SOC

Ef

FI GU RE 8 | Atomistic structures of monolayer transition metal dichalcogenides (TMDCs) for (a) 1H-MX2 and (b) 1T0 -MX2. (c) Band structure of
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from the dz 2 and dx 2 + y 2 orbitals of transition metal. (Reprinted with permission from Refs 100 and 102. Copyright 2015 American Physical Society)

based magnetic 2D TI with W on halogenated Si surface70 for QAHE we brieﬂy mentioned above, as well
as the AFM QSH phase in monolayer FeSe we discussed in detail. In addition, there are at least two
other classes of 2D TIs involving d orbitals which
have been studied extensively.

Transition Metal Dichalcogenides
Recently, among all the predicted and synthesized
2D crystals, transition metal dichalcogenides
(TMDCs) MX2 with M = (Mo, W) and X = (S, Se,
Te), are particularly appealing because of their
unique physical properties and potential applications in various electronic and optical devices.95
Using ﬁrst-principles calculations, Qian et al.96 predict a class of QSH insulator in TMDCs with 1T0
structure, namely, 1T0 -MX2, although most of
TMDCs with 1H structure are not 2D TIs.
Figure 8(a) and (b) shows the structures of MX2
including the 1H and 1T0 phases. A structural distortion to 1T0 phase causes the band inversion and
thereby leads to the topological phase transition

from trivial to nontrivial. Figure 8(c) shows a typical band structure of 1T0 -MoS2. Near Γ point, the
conduction and valence bands display a ‘W’ and
‘M’ shape, suggestive of band inversion with a gap
of 0.08 eV. Analyzing the orbital character, the
valence band mainly consists of metal d orbitals
and the conduction band mainly consists of
chalcogenide-p orbitals. This d–p band inversion is
responsible for the nontrivial band topology.96–98
The QSH insulator in 1T0 -MX2 leads to helical
edge states that are protected from localization and
backscattering by TRS (Figure 8(d)). Monolayer
MX2 may exhibit other structural phases. Interestingly, it was predicted recently that the square
phase (S-MX2)99–101 and the hexagonal phase (H0 MX2)102 are 2D TI based on DFT calculations
(Figure 8(e) and (f )). These phases can be expected
to be prepared experimentally and have relatively
sizeable band gaps. Different form QSH in the 1T0
phase where the inversion bands are mainly from
the p and d orbitals, the inversion orbitals of the
1S phase are dominated by the d orbitals
(Figure 8(g)).
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Transition Metal Oxides/Halide/Carbides
Shitade et al. proposed a way to design TIs in 5d
transition metal oxides based on ﬁrst-principles calculations.103 A newly synthesized compound
Na2IrO3 (Figure 9(a)) is predicted to be a QSH insulator, in which 5d orbital plays crucial roles in the
nontrivial phase. Also, transition metal halide, MX
(M = Zr, Hf; X = Cl, Br, and I) monolayers are proposed as QSH insulator.104 MX monolayer has the
simplest stoichiometric ratio and its interlayer binding energy is comparable to other layered systems
(Figure 9(b)). A novel MX family shows large tunable nontrivial gaps in the range of 0.12–0.4 eV. The
origin for the QSH effect is from the band inversion
between transition metal (dxy, dxz) orbitals and (dxy,
dx2 -y2 ) orbitals. Moreover, the functionalized
14 of 19

transition metal carbides known as MXenes M2CO2
(M = W, Mo, and Cr)105 and Mo2MC2O2 (M = Ti,
Zr, and Hf )106 are predicted as robust QSH insulators. Especially, a new class of MXenes which contain double transition metal elements in a fully
ordered structure, such as Mo2TiC2 and Cr2TiC2,
have been synthesized. First-principle calculations of
band structures, Z2 topological invariants and edge
states as well as a TB model based on the dz2 -, dxy-,
and dx2 -y2 -orbital basis in a triangular lattice are
used to reveal the nontrivial topological properties of
Mo2MC2O2 (Figure 9(c) and (d)). There are three
important advantages for the QSH states discovered
in Mo2MC2O2. First, the topological orders in
MXenes represent a new class of d-band QSH phase
in a triangular lattice (Figure 9(d)), which extends the
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search of QSH insulators from honeycomb and
square lattices to triangular lattices and hence will
greatly broaden the scope of topological materials.
Second, the atomic SOC strength of M totally contributes to the topological gap at the γ point, which
gives rise to sizeable bulk gaps from 0.1 to 0.2 eV
for Mo2MC2O2 depending on the choice of M
atoms. In contrast, the topological gap is much smaller than the atomic SOC strength in those systems
predicted based on the classic KM or BHZ model.
Third, MXenes are usually fabricated by immersing
MAX powers in acidic solutions, so the surfaces of
MXenes are inevitably terminated by primarily O
and/or OH groups, and the latter can be converted
into O termination by high temperature annealing or
by metal adsorption. Thus, the Mo2MC2O2 systems
having fully oxidized surfaces are naturally stable
against surface oxidization and degradation, making
them more promising for practical applications.

SUMMARY AND OUTLOOK
We have presented a concise updated review of computational design of 2D topological materials, based
on discrete lattice models, focusing on two speciﬁc
materials systems of 2D metalorganic frameworks
and metal overlayers grown on semiconductor substrates. While many theoretical designs have been
made in past few years, however, only a limited few
has been conﬁrmed experimentally. Therefore, future
breakthroughs may have to come from experimental
works, which are likely to be guided by computational design of material systems considered with
high feasibility for experimental synthesis and characterization. In this regard, surface-based 2D topological materials appear very promising and deserve
further attention, because many advanced thin ﬁlm
growth techniques and technologies are already in
place. Furthermore, in our perspective, currently

there are two main challenges in the ﬁeld of topological materials, one is to increase the gap to realize
high temperature topological state, and the other is
to separate topological boundary state from bulk
state in a transport measurement. The former challenge could be met by designing systems with high
concentration of heavy metal atoms of large SOC,
while the latter requires more innovative materials
designs. One very interesting latest development is
the proposal of nanostructured topological
materials,107 such as a novel form of 2D TI made of
an array of identical Bi nanotubes. It has been shown
that topological order makes the ‘bulk’ tubes in the
middle of the array insulating, whereas the ‘boundary’ tubes outside conducting.95 This distinction
between the bulk and boundary tubes provides a signiﬁcant advantage in terms of eliminating the bulk
contribution to the quantized boundary transport,
because it is much easier to address individual tubes
than atom rows by placing electrodes only on a few
conducting boundary tubes. This may open a completely new avenue of topological materials by
extending topological phases into a wide range of
unknown nanomaterials to be explored.
Finally, we think one understudied area is the
computational design of topological materials in
strongly correlated systems, which requires development and application of computational methods
beyond standard DFT. In this regard, organic topological materials provide an ideal platform for material
realization of lattice Hamiltonians of topological
states with different forms and degrees of electron–
electron correlation, because the organometallic
framework is highly tunable with different choices of
metals made of p-, d-, or f-orbitals to tune the level of
charge localization, and with different lattice symmetries and ligand molecules to tune the interaction range
and strength. We also note that topological superconductors108,109 have drawn much recent attention.
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