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ABSTRACT: Topological properties of the Lieb lattice, i.e., the edge-centered
square lattice, have been extensively studied and are, however, mostly based on
theoretical models without identifying real material systems. Here, based on
tight-binding and first-principles calculations, we demonstrate the Lieb-lattice
features of the experimentally synthesized phthalocyanine-based metal−
organic framework (MPc-MOF), which holds various intriguing topological
phase transitions through band engineering. First, we show that the MPc-
MOFs indeed have a peculiar Lieb band structure with 1/3 filling, which has
been overlooked because of its unconventional band structure deviating from
the ideal Lieb band. The intrinsic MPc-MOF presents a trivial insulating state,
with its gap size determined by the on-site energy difference (ΔE) between the
corner and edge-center sites. Through either chemical substitution or physical
strain engineering, one can tune ΔE to close the gap and achieve a topological
phase transition. Specifically, upon closing the gap, topological semimetallic/
insulating states emerge from nonmagnetic MPc-MOFs, while magnetic semimetal/Chern insulator states arise from magnetic MPc-
MOFs, respectively. Our discovery greatly enriches our understanding of the Lieb lattice and provides a guideline for experimental
observation of the Lieb-lattice-based topological states.
KEYWORDS: Lieb lattice, electronic topology, metal-phthalocyanine, metal−organic framework, first-principles calculations

■ INTRODUCTION

The Lieb lattice, i.e., two-dimensional (2D) edge-centered
square lattice (Figure 1a), is named after American
mathematical physicist, Elliott H. Lieb, for his discovery of
the itinerant-electron ferromagnetism based on the Hubbard
model in such a lattice decades ago.1 Various intriguing
quantum states have been proposed based on the exotic Dirac
and flat bands in the presence of strongly correlated electrons,
e.g., ground-state ferromagnetism, superconductivity, and
topological states.1−5 Though having been widely studied,
most previous works are based on theoretical models, because
real material systems with the Lieb lattice are very difficult to
find. So far, the Lieb lattice has been mostly realized in artificial
systems, such as using photonic, cold-atom, or surface
patterning techniques.5−8 Very recently, one experimentally
synthesized 2D covalent-organic framework (COF) was
identified theoretically as the distorted Lieb-lattice material
with the coexistence of Lieb-3 and Lieb-5 types.4,9,10 However,
this COF-material is found to be a trivial insulator intrinsically,
and it prohibits the exploration of the topological properties of
the Lieb lattice because an unrealistically high doping
concentration is required to reach the topological state. It is
therefore of practical interest to find a real Lieb-lattice material
with reachable topological states by doping and/or strain
engineering.11,12

Based on theoretical models,3,13−15 the nontrivial flat band
due to the destructive interference in the ideal Lieb lattice
requires stringent lattice symmetry and zero next-nearest-
neighbor (NNN) hopping. This is very hard to be realized in
real materials due to the nonvanishing wave function overlaps.4

So far, this has only been achieved in photonic crystals, where
the NNN hoppings are artificially suppressed to show the
characteristic feature of the flat band by constructing a static
state at the edge-center positions.5,6 On the other hand, the
topological features emerging from the Dirac cone show a
certain degree of “robustness”, which have less strict
requirements about the lattice symmetry or hopping. Though
various topological states have been proposed while modifying
these factors in the Lieb lattice,3,13,15 a clear physical picture
that can guide the search is missing, which has hindered our
materials discovery.
Recently, predictions of a 2D organic topological insulator

and successful experimental syntheses of 2D π-conjugated
metal−organic and covalent-organic frameworks (MOFs/
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COFs) have triggered considerable interests in studying exotic
physics in MOFs/COFs beyond their traditional applica-
tions.16−24 With advances of the modern chemistry synthetic
ability, MOFs/COFs can be grown with a designed geometry
and highly crystalline quality, leading to a very high tunability
and diversity, as their structure can be made with varying
combinations of organic ligands and metal ions. This renders
MOFs/COFs ideal platforms to realize various intriguing
quantum phases, such as quantum spin Hall and fractional
quantum Hall states.22−25 For the same reason, we anticipate
that Lieb-lattice materials with the predicted intrinsic/extrinsic
topological properties can also be realized within this huge
family of organic materials, where chemical and/or physical
engineering become feasible.
In this Letter, we will first comprehensively demonstrate the

Lieb lattice properties using tight-binding (TB) method, based
on which the basic physical principle to realize topological
states is illustrated. Then, we revisit a family of phthalocyanine-
based MOFs (MPc-MOFs) in a square lattice and elaborate on
the finding that the MPc-MOFs actually belong to the Lieb
lattice with a nonideal Lieb band structure in a trivial insulating
phase. More importantly, we show that, by applying the
working physical principle we established, the trivial insulators
could be tailored into topological nontrivial states, e.g.,
topological semimetal, topological insulator, and Chern
semimetal, through chemical decoration and/or strain
engineering. The topological properties are confirmed through
calculations of topological invariant, edge state, and Wannier
charge centers. We suggest the crystalline MPc-MOFs as the
first real material system to realize the rich variants of
topological Lieb lattices.

■ RESULTS AND DISCUSSION
Tight-Binding Model. The Lieb lattice having the D4h

group symmetry essentially contains one corner and two edge-
center sites, which have a coordination number of four and
two, respectively. Before discussing real material systems, we
first illustrate the essential features of the Lieb lattice using a
single orbital TB model. The corner site B and two edge-center
sites A and C are shown in Figure 1a. The Hamiltonian that
includes only the nearest-neighbor (NN) and next-nearest-
neighbor (NNN) hoppings is written as

∑ ∑ ∑= ϵ + + ′ +†

⟨ ⟩

†

⟨⟨ ⟩⟩

†c c tc c t c c H c. .
i

i i i
i j

i j
i j

i j0
, , (1)

where ci
† and ci are the creation and annihilation operators of

an electron on the site i, respectively; t and t′ represent the
hopping amplitudes between the NN ⟨i, j⟩ and the NNN ⟨⟨i,
j⟩⟩ sites, respectively. ϵi is the on-site energy (OSE) on site i,
which is set to be the same for edge-center sites, A and C. The
OSE difference between B and A sites is ΔE = ϵB − ϵA. The
Lieb lattice has been studied for the ideal case by setting both
t′ and ΔE equal to zero, which is however unrealistic in real
materials. This is because of the extensive nature of electron
wave functions and the unavoidable chemical potential
difference between the corner and edge-center states that
lead to a nonvanishing NNN interaction and nonzero ΔE,4
respectively.
To be more generic as in real materials, one must add two

additional terms, i.e., ΔE and NNN hopping t′, in the
Hamiltonian. We note that ΔE and t′ are scaled with t, where t
is set with positive values in our model. By transforming 0

into momentum space using = ∑ Ψ Ψ†H k( )k k k, where Ψk
† =

(cAk
† , cBk

† , cCk
† ), one obtains the matrix Hamiltonian:

Figure 1. Tight binding model of the Lieb lattice. (a) Crystal structure of the Lieb lattice with one corner (B) and two edge-center sites (A and C),
where on-site energies are E0 and E0 + ΔE for A/C and B, respectively. t and t′ represent the NN and NNN hopping, respectively. (b) Band
structure of the nonideal Lieb lattice when ΔE equals zero and t′ equals −0.5t. (c, d) Band structure of the disturbed Lieb lattice with (t′ = −0.5t,
ΔE = −0.3t, and λ = 0.02t) and (t′ = −0.5t, ΔE = 0.3t, and λ = 0.02t), respectively. We note that t is set with positive value. Spin Chern numbers
for each band are labeled nearby. (e, f) Ribbon band structure for parts c and d, respectively, with red and blue colors highlighting contributions
from two edges.
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where →v1 = (1, 0) and ⎯→⎯v2 = (0, 1) are unit vectors that define
the displacement vector. k ⃗ = (kx, ky) is the reciprocal lattice k
vector. For the ideal case with ϵi, ΔE, and t′ all equal to zero,
the analyt ical solut ions of E1 = 0 and E2 , 3 =

± ⃗· + ⃗·
→ ⎯→⎯( ) ( )t k k2 cos cosv v2
2

2
2

1 2 can be obtained, leading to

a perfectly flat band in the middle of Dirac bands. With a
nonzero ΔE, corresponding eigenvalues are E2,3 =
l
moo
noo

Ä

Ç
ÅÅÅÅÅÅÅÅ
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ÑÑÑÑÑÑÑÑ
|
}oo
~oo

ϵ + ϵ

± ϵ − ϵ + ⃗· + ⃗·
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A B

A B
2 2 2

2
2

2
1 2

and E1 = ϵA. It can be seen that an energy gap opens between
the two Dirac bands (|E2 − E3| ≠ 0), with a global gap of
exactly ΔE at the M point (Supporting Information). The flat
band is now only in contact with either top or bottom Dirac
band at the M point, depending on the sign of ΔE.
On the other hand, for the case with a nonzero NNN

interaction t′ and zero ΔE , the HAC term, −4t′
⃗· ⃗·

→ ⎯→⎯( ) ( )k kcos cosv v
2 2

1 2 , equals zero when kx or ky = π/2.

Consequently, the band structure along M − X/Y k-paths
(boundary of the 1st Brillouin zone) is immune to the NNN
interaction and remains the same as the t′ = 0 case, as can be
seen in Figure 1b. For the other k-points, the flat band will
become dispersive, while the two Dirac bands will respond
differently to the NNN hopping; i.e., one band will become

more dispersive while the other becomes less dispersive.
Specially, when t′ = −0.5t, the middle band touches the top
Dirac band at the Γ point, as can be seen in Figure 1b. It is
interesting to mention that the top Dirac band becomes flat
along Γ − X/Y k-paths (Supporting Information). This can be
further confirmed from the analytical solutions along these k-

paths, i.e., E1 = 2t;
i

k
jjjjj

i
k
jjj

y
{
zzz
y

{
zzzzz= − ± + ⃗·

⎯ →⎯⎯⎯
E t k1 1 8 cos

v
2,3

2
2
1,2 .

When considering both parameters, though analytical
solutions across the whole Brillouin zone become complicated,
the results at the M point (E1 = ϵB, E2,3 = ϵA = ϵB + ΔE) and
along the M − X/Y remain unchanged. We find that the
topological features of the Lieb lattice are mainly related to the
peculiar band structure near the M point, where the band
touching happens. This can be confirmed by calculating
topological invariant based on the Kubo formula26,27 and TB
ribbon calculation with the inclusion of the NNN spin−orbit
coupling (SOC) interaction:

∑λ σ= +
⟨⟨ ⟩⟩

†i v c c H C. .
i j

ij i z jsoc
, (2)

where λ describes the SOC strength; σz is the Pauli matrix; vij =
dij
1 × dij

2 with dij
1 and dij

2 represent the two NN bond vectors
connecting i and j sites. Taking the Lieb lattice with 1/3 filling
and t′ = −0.5t (t is positive) as an example, we show that when
ΔE < 0, the lower Dirac band is isolated from other bands, and
the system is a trivial insulator, as confirmed by spin Chern
number and the ribbon band structure in Figure 1c,e,
respectively. When ΔE > 0, the lower Dirac band is in contact

Figure 2. Phthalocyanine-based metal−organic frameworks. (a) Scanning tunneling microscopy image of experimentally synthesized MPc-MOF
crystal. (b) Crystal structure of MPc-MOF, where the corner and edge-center units are highlighted in the enlarged orange and blue rectangles,
respectively. (c) Band structure of ZnPc-MOF, which corresponds to the t′ = −0.5t and ΔE < 0 scenario. The blue and red circles show the
different orbital contribution to the bands around the Fermi level. The inset shows the first Brillouin zone with high-symmetry k-paths highlighted
by red dashed lines. Panel a is reprinted in part with permission from ref 32. Copyright 2011 American Physical Society.
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with the middle band at the M point, which becomes gapped
after considering SOC, and hence, the system changes to a
topological insulator state (Figure 1d,f). Therefore, in
principle, topological states can be achieved by simply
manipulating energy states at the M point, which is mainly
determined by ΔE. In other words, one could tune the on-site
energy difference between the corner and edge-center sites to
achieve topological transitions.
MPc-MOFs with a Hidden Lieb Lattice. To find real

materials with topological properties hosted by a Lieb lattice,
we focus our attention on the MOFs/COFs having square
lattice geometry. Based on the above analyses, materials are not
required to be strictly ideal with a flat band throughout the
Brillouin zone and triple degeneracy at the M point. There are
a few 4-fold-coordinated organic ligands that have been studied
in both the chemistry and physics community. One of the most
widely studied systems is the metal-phthalocyanine (MPc)
family, which is famous for its potential application in
molecular spintronics.28−31 Several MPc-based crystals (MPc-
MOFs) have been experimentally synthesized and theoretically
studied, as shown in Figure 2a, which focused on their
magnetic properties32−34 without realizing their possible
relation to the Lieb lattice and the corresponding topological
properties. Here, we reveal that these experimentally
synthesized MPc-MOFs actually represent an interesting
family of Lieb-lattice materials with nonideal Lieb bands.
First, from the experimental scanning tunneling microscopy

(STM) results in Figure 2a,32 one can see clearly the typical
Lieb-lattice feature with the corner and edge-center states in a
square lattice. By further analyzing the crystalline structure of
MPc-MOF in Figure 2b, the corner sites are occupied by the
MPc ligand while the edge-center sites are occupied by the
benzene ring. There are two “characteristic” electrons in the
system that are critical for understanding its electronic and
magnetic properties, i.e., localized d electrons from transition
metal ions (M) that contribute to the magnetic properties, and
itinerant π electrons from Pc and benzene molecules that
construct the Lieb lattice and its resulting Lieb physics. The
metal ions prefer the valence state of M2+ by donating two
electrons to four coordinated N atoms due to the square-
crystal-field induced d-orbital splitting. Given the crystal field
splitting and exchange coupling effect, the magnetic properties
of the MPc molecule and MPc-MOF crystal are well
understood.33

A Lieb-lattice structure should, in principle, produce Lieb-
lattice electronic structures. Therefore, we performed first-
principles calculations on one representative material, non-
magnetic ZnPc, to confirm this hypothesis. The band structure
is shown in Figure 2c, which contains four bands around the
Fermi level with a noticeable band gap (≈0.35eV). From the
atom- and orbital-resolved projected band structure analysis
(Figure 2c), one can see there are three bands formed by the pz
orbitals of C and N atoms (blue circles) and one band below
the Fermi level formed by the Zn dxy orbital (red circles).
Indeed, the three pz bands look very similar to the distorted
Lieb lattice in our TB model (Figure 1c). The Γ-point
degeneracy and large dispersion of the middle “flat band”
indicate that there is a strong NNN hopping (t′) between the
edge-center sites. This can be further confirmed by plotting the
band-resolved partial charge distribution for these three bands
(Figure 3a−c), which show a strong π-conjugation among the
whole lattice with the corner and edge-center molecular
orbitals highlighted by red and blue rectangles, respectively.

The partial charge density for the band below shows high
localization of the Zn dxy orbital (Figure 3d), which is also
consistent with the d10 electronic configuration of the Zn2+

under the square crystal field effect.
Having identified the hidden Lieb lattice in the MPc-MOF,

next, we look into their topological properties. The Fermi level
locates right in the gap between the bottom Dirac band and
the middle band (Figure 2c), indicating that the Lieb system is
1/3 filled, and the OSE of the corner site is lower than that of
the edge-center site. The system is therefore a topologically
trivial insulator, as demonstrated in Figure 1c,e. It is of both
scientific and technological interest to realize topologically
nontrivial states in topological trivial materials. Our TB model
analysis shows that a topological transition can be achieved by
reversing the OSE difference between the corner and edge-
center sites in the Lieb lattice, i.e., increase the OSE of corner
state and/or decrease the OSE of edge-center states. The OSE
essentially represents the local chemical potential of these
states.4 As the electronic Lieb features are only determined by
the pz electrons of the C and N elements, we can tailor the
local chemical potential of the corner and edge-center states
through either chemical substitution or physical strain
engineering.
Practically, we propose three approaches to realize this

inversion/transition: (i) increase the OSE of the corner site by
replacing the central metal with metals having lower electron
ionization energy; (ii) decrease the OSE of the edge-center site
by decorating the benzene ring with a strong electron
negativity unit, e.g., replacing H with halogen F; and (iii)
vary the OSE difference by applying biaxial strain. The first two
approaches could be possibly applied experimentally by using
different organic ligands as the building unit. The third method
is also possible by either choosing a suitable substrate for self-

Figure 3. Band-resolved partial charge distribution. (a) Partial charge
distribution for the first conduction band (CB1). (b−d) Same as part
a for the first valence band (VB1), second conduction band (CB2),
and second valence band (VB2), respectively. VB1, VB2, and CB1
show full π-conjugation, where the Lieb lattice is formed by the corner
and edge-center site molecular orbitals as highlighted in red and blue
squares, respectively. CB2 shows the localized dxy orbitals of Zn.
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assembly or applying external strain through flexible substrates,
as validated for various 2D materials.35

Next, through first-principles calculations, we demonstrate
the aforementioned three approaches one-by-one. In general,
metal ions with lower electron ionization energy have a higher
tendency to donate valence electrons and, therefore, tend to
increase the local chemical potential of the MPc ligands. To
confirm this conjecture, we selected four elements with
different ionization energies without spin polarization, i.e.,
Mg, Ca, Ni, and Zn. The results are summarized in Table 1,

which indeed show that the lower ionization energy of the
metal ions, the smaller the band gap of the MPc-MOF crystal;
e.g., the Ca with the lowest ionization energy produces the
smallest gap in the CaPc-MOF. The anomalous behavior of the
NiPc-MOF could be possibly due to hybridization of d states
of the conduction bands (Supporting Information). On the
other hand, one can lower the local potential of the edge-
center states by substituting H element with elements that
have higher electronegativity, which have a higher tendency to
attract electrons, such as Br, Cl, and F. To confirm this
hypothesis, we performed calculations based on ZnPc-MOF.
The results in Table 2 show that the gap size is smaller for the
element with higher electron negativity. Similar anomalous
behavior is observed for the Br case due to the same reason as
NiPc-MOF (Supporting Information).
Although the band gap can be tailored through element

substitution, the elements we studied are not enough to reverse
the sign of the OSE difference between these two states. In
order to realize the topological phase transition, we further
apply biaxial strain to the systems, which is known to affect the
band gap size based on deformation-potential theory.35−38 We
use ZnPc-MOF as a representative example to carry out this
computational experiment. The results are summarized in
Figure 4, which show that biaxial tensile/compressive strain
increases/decreases the lower band gap (Δ1) between middle
band and the lower Dirac band. At the critical compressive
strain (3.6%, Figure 4b), the gap Δ1 closes, leading to a triple
degeneracy at the M point. With larger compressive strain, the
system remains semimetallic, and it opens the upper gap (Δ2)
between the top Dirac and the middle band (Figure 4c), which
further confirms the Lieb lattice nature. The evolution of the
gap sizes as a function of external strain is summarized in
Figure 4a. There is always one gap that is closed with the other
gap showing nearly linear dependence on the external strain
before and after the critical strain.
To confirm that the system with closed gap Δ1 upon

compressive strain is indeed in a topological phase, we further
calculated the strained system by turning on the SOC
interaction. The double degeneracy at the M point is lifted

due to the SOC effect, indicating its topological feature. The
SOC gap is approximately 3 meV because of the relatively
small SOC strength of the ZnPc-MOF (Supporting Informa-
tion). We fitted the band structure with the TB Hamiltonian
based on the maximally localized Wannier function using the
Wannier90 package, which agrees very well with our DFT
results. Further calculations of the edge state based on the
fitted TB Hamiltonian with a semi-infinite structure using
Green’s function show clearly the nontrivial topological edge
state similar as in Figure 1d,f. The spin Chern number and spin
Berry curvature results all confirm the system to be a
topological insulator. Usually spin Chern number is not well-
defined in the presence of SOC, so as a cross check, we also
calculated its Z2 number based on Fu-Kane formalism for a
spatial inversion symmetric system,39 which further confirms
its topological insulator phase (Supporting Information).
Beside nonmagnetic systems, we further studied CuPc-MOF

as one example for magnetic systems. The Cu ion (3d104s1)
donates two electrons to the Pc ligand, leading to a 3d9

electronic configuration of Cu2+. Given the local crystal field
splitting, the highest d orbital (dx2−y2) is half-filled with one
localized spin (S = 1/2). It further couples to the itinerant π
electrons, which could possibly lead to more exotic states. To
evaluate this idea, we performed a spin-polarized DFT
calculation with on-site U correction to properly treat the
localized d electrons. Our LDA+U (U = 4 eV, J = 0.9 eV)
calculation shows clearly isolated spin-up and spin-down d
bands separated by the Fermi level, as shown in Figure 5a,
consistent with the physical picture of localized S = 1/2 spins.
Different U values are tested, which merely modifies the gap
size between the spin-up and spin-down d bands and does not
affect the band topology (Supporting Information).
Interestingly, we notice that the Lieb(π)-bands are also spin

polarized with two spins shifting in the same direction as the
Cu local spins, indicating a ferromagnetic interaction between
itinerant π electrons and localized d spins. Given the
topological phase transition in nonmagnetic MPc-MOFs, we
anticipate that more interesting states would evolve when
applying strain to CuPc-MOF. Therefore, we further applied
biaxial strain to the CuPc-MOF without considering the SOC
effect, for which case the two spins can be treated
independently. As summarized in Figure 5b, the evolution of
lower band gap (Δ1) as a function of external strain for two
spins is similar as the one for nonmagnetic systems, confirming
that the Lieb feature remains robust even for magnetic systems.
Because of the spin splitting of the π bands, the critical strain
to close the gap Δ1 becomes different for the two spin
channels, which yields several exotic topological phases.
Without external strain, the system is in an intrinsic magnetic
insulating state (Figure 5a,c). With increasing compressive
strain, the spin up band closes first while the spin down state
remains gapped, leading to a magnetic semimetal state (Figure
5d) that becomes a Chern insulator when the SOC effect is
considered (Supporting Information). While further increasing
the compressive strain, the gap of both spins closes, giving rise
to a “quasi-semimetal” state (Figure 5e) that potentially leads

Table 1. Band Gap for Different MPc-MOFs

materials CaPc-MOF MgPc-MOF ZnPc-MOF NiPc-MOF

ionization energy
(kJ/mol)

1735.28 2188.43 2639.70 2490.17

band gap (eV) 0.047 0.073 0.110 0.216

Table 2. Band Gap for ZnPc-MOFs with H, F, Cl, and Br

materials ZnPc-MOF(H) ZnPc-MOF(F) ZnPc-MOF(Cl) ZnPc-MOF(Br)

electronegativity 2.1 4.0 3.0 2.8
band gap (eV) 0.291 0.111 0.134 0.057
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to a time-reversal symmetry broken quantum spin Hall state
(TQSH)40 when considering the SOC effect. However, we
note that the TQSH usually requires weak interaction and
disorder, which may be difficult to realize in our proposed
system (Supporting Information).
It is important to mention that the MPc-based MOFs have

already been grown on various metal substrates.32 The
corresponding STM results already show implicitly the Lieb-
lattice feature, as we illustrated above in Figure 2a. It is possible
to observe the proposed topological phase transition by
introducing strain to thin films. This can be experimentally

achieved through several approaches, e.g., epitaxial growth,
using deformation of flexible substrate, taking advantage of the
piezoelectric substrate, or chemical doping and adsorption.35

In summary, combining tight-binding simulations and first-
principles calculations, we have identified that the phthalocya-
nine-based MOFs belong to the long-sought-after Lieb-lattice
materials with a nonideal Lieb band structure. More
interestingly, we establish the basic physical principles to
achieve topological states in the Lieb lattice, which has been
further applied in real materials of MPc-MOFs through
experimentally feasible topological band engineering, i.e.,

Figure 4. Band structures of ZnPc-MOF under the biaxial strain effect. (a) Evolution of lower band gaps, Δ1, as a function of external strain. (b−d)
Band structure of ZnPc-MOF under 3.8% compressive strain, 6% compressive strain, and 2% tensile strain, respectively.

Figure 5. Band structures of the CuPc-MOF crystal under the biaxial strain effect. (a) Band structure of intrinsic CuPc-MOF without external
strain. (b) Evolution of topological phases as a function of external strain with the change of lower band gap, Δ1, for both spins. (c−e) Enlarged
band structure around the Fermi level near the M point for the trivial magnetic insulator, Chern insulator, and time-reversal symmetry broken
quantum spin Hall state, respectively. Blue/red lines and dots correspond to spin up/down, respectively.
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chemical substitution and/or physical strain engineering. Our
theoretical discovery substantially enriches the physics of MPc
compounds and could potentially lead to their new
applications. We hope our work will motivate the experimental
search for the Lieb-lattice-based topological materials, which
may also be further extended to MOFs/COFs with different
structures.
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