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ABSTRACT: In addition to crystals, topological phases in
quasicrystals and disorder systems have drawn increasing attention
lately. Here, we propose a generic double band-inversion
mechanism underlying the higher-order topological phase in
quasicrystals, that is.,“higher-order topological quasicrystalline
insulator” (HOTQI), which exploits local atomic orbital and
lattice symmetries. It is generally applicable to both quasicrystals
and crystals with either odd-rotational (OR) or even-rotational
symmetry (ERS), different from previous HOTI mechanisms
whose applicability is limited by symmetry types. The HOTQI is
characterized by topological corner states at the nonordinary
corners of pentagonal (octagonal) samples of five-fold (eight-fold)
quasicrystals, which violate the translational invariance and
ordinary crystalline symmetries. The role of quasicrystalline symmetry, the robustness against symmetry breaking, and possible
experimental realizations are discussed. Our findings not only provide a concrete example of HOTQIs that is incompatible with
classical crystallographic symmetry but also offer useful guidance to the search of higher-order topological materials and
metamaterials.
KEYWORDS: higher-order topological insulator, quasicrystal, five-fold rotation symmetry, double band inversion

Topological insulators, which are characterized by an
insulating bulk and topologically protected metallic

surface or edge states, have attracted considerable interest
and have been comprehensively explored in the last two
decades.1,2 The recent discovery of higher-order topological
insulators (HOTIs) has revived interest in the hidden
electronic topology of the previously mistaken topologically
“trivial” insulators without gapless boundary states in the
reduced dimension.3−7 A HOTI in n-dimension (nD) has a
gapped bulk and (n − 1)-dimensional boundary, but the
gapless states emerge at lower dimensional boundaries, for
example, the 0D corner of a 2D insulator. Specifically, a novel
fractional quantization of a corner charge can be achieved in
2D rotation-symmetric HOTIs due to the mismatch between
the number of electrons required to simultaneously satisfy
charge neutrality and the crystal symmetry (also known as
filling anomaly).8 As a new extension of topological insulators,
a variety of theoretical models have been proposed for HOTIs.
Moreover, the material realization of HOTIs was explored in
crystalline solids9−18 as well as in artificial systems, such as
photonic19,20 or acoustic21−24 metamaterials, ultracold
atoms,25 and even topolectrical circuits.26−28

Inspired by the rapid progress of HOTIs in crystalline
systems, the study of higher-order topology has lately extended
to quasicrystals which lack translation symmetry but contain
crystallographic forbidden symmetries, such as the five-fold

and eight-fold rotation symmetries. One of the prevailing
mechanisms for higher-order topological phases is to gap out
1D lower boundary modes of conventional (first-order)
topological phases in a nontrivial way, so that Dirac-mass
domain walls form at intersections between adjacent
boundaries. However, this mechanism is so far developed
only for crystals or quasicrystals with ERS.29,30 For ORS in
crystals, that is, the C3 symmetry as in a Kagome lattice,
HOTIs can be realized by introducing a “breathing”
structure5,8,19,22,23,31 in which an imbalance between inter-
and intracell hoppings is introduced to create a 2D analog of
the Su−Schriffer−Heeger (SSH) model.32 However, this
model is not extendable to quasicrystals without translational
symmetry. Thus, it remains unknown whether higher-order
topology can exist in quasicrystals with C5 ORS, which is the
characteristic symmetry of the first experimentally discovered
quasicrystal.33 It is worth noting that the first-order topology
does exist in C5 quasicrystals.
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In this work, we propose a general mechanism for the
realization of HOTQIs with topologically protected corner
states, which is compatible with both ER (e.g., C8) and OR
(e.g., C5) quasicrystalline symmetries. On the basis of real
quasicrystals with atomic orbitals, the nontrivial topology of
HOTQIs is shown to stem from a double band inversion
between px ± ipy and ±− id dx y xy2 2 orbital-derived states. We

show that the HOTQI with topological corner states can be
distinguished from trivial states by tracing the quasicrystalline
rotational eigenvalues of occupied states. Moreover, we
demonstrate that the proposed double band-inversion
mechanism for achieving higher-order topology can be
extended to other types of orbitals with different angular
momenta and other lattices with different symmetries. Because
our proposed HOTQIs do not require strong spin−orbit
coupling (SOC), it is expected they can be realized in
molecular crystals where SOC is negligibly weak as well as
photonic and phononic metamaterials which are intrinsic
spinless systems.

■ RESULTS AND DISCUSSION

The calculated results of a particular realization of the HOTQI
in a Penrose-type C5 quasicrystal and an Ammann−Beenker-
type C8 quasicrystal are presented in Figure 1. It is found that
the finite pentagonal sample of the Penrose-type quasicrystal
shows five states at the Fermi level which are separated from all
other states, as displayed in Figure 1a. In Figure 1c, we plotted
the spatial charge distribution of these states. Remarkably,
these states are well localized at five corners of the pentagonal
sample, that is, they correspond to isolated corner states.
Moreover, we found two of the five corner states are occupied
at half-filling of the whole spectrum, thus 2/5 electron charge
localized at each corner is realized, leading to a fractionalized
charge distribution. For the Ammann−Beenker-type quasi-
crystal, eight corner states, as expected, occur around the Fermi
level (see Figure 1b). It is noted that there exists a slight finite-
size-effect-induced energy splitting for these corner states,
which is exponentially suppressed with the increasing sample
size. As shown in Figure 1d, these states mainly distribute at
the corners of the octagonal sample. There is a fractional
charge of 5/8 electron per corner at half-filling of the spectrum.

Figure 1. Higher-order topological quasicrystalline insulators. (a,b) Energy spectrum of a finite symmetric sample of (a) pentagonal and (b)
octagonal quasicrystals. Insets show the zoomed-in plots of the spectrum around the Fermi level where corner states are marked in red. (c,d) The
spatial charge distributions of corner states in (c) pentagonal and (d) octagonal quasicrystals. The color bar is proportional to the local charge
density.
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It is worth noting that the total number (five or eight) of
corner states in the two systems are exactly compatible with
their unique C5 and C8 quasicrystalline symmetry, respectively,
demonstrating the realization of HOTQIs in quasicrystals with
ORS as well as ERS.
Physically, the p−d band inversion has played a key role in

the realization of HOTQIs. However, due to the lack of
translational symmetry, the Bloch theorem does not apply to
quasicrystals, which hinders a direct visualization of the double
band inversion from orbital-resolved band structures. On the
other hand, it is possible to generate a sequence of periodic
lattices with growing unit cells that converge to the infinite
quasicrystal in a systemic way according to the quaiscrystal
tiling approximants (see Supporting Information and Figures
S1 and S2). Taking the simplest approximant of the octagonal
quasicrystal, the square lattice, as an example, it is found that a
double band inversion between the p- and d-orbital dominated
bands takes place around the central Γ-point of the Brillouin
zone (Figure 2a), signifying the nontrivial electronic topology

in this system. Similar p−d band inversion also occurs in all
other periodic approximants with more complicated unit cells
(see Figures S3 and S4). In Figure 2b, we plotted the evolution
of Wannier charge centers (WCCs) for occupied bands and
found that the WCCs switch partners during the evolution,
which is similar to that of the time-reversal (TR) symmetry-
protected quantum spin Hall (QSH) states.37 In fact, the linear
combination of orbitals with positive and negative angular
momentum (magnetic quantum number) can be regarded as
the up and down pseudospin states (see Supporting
Information), respectively, that is

= ± = ±± ± −i ip
1
2

(p p ), d
1
2

(d d )x y x y xy2 2
(1)

On the basis of these pseudospin states, the double band
inversion can be described by an effective k.p Hamiltonian
resembling the Bernevig−Hughes−Zhang (BHZ) model,

which was originally proposed for the QSH state in HgTe/
CdTe quantum wells.38

However, different from the BHZ model, pseudospins
instead of real spins are used, so that SOC, which plays an
important role in the realization of QSH states, is not required
in the present model. Moreover, a pseudo-TR symmetry
with = −12 is satisfied only for the bulk with fine-tuned
parameters (see the Supporting Information). This can also be
seen from the fact that only valence-band states are degenerate
at Γ, while conduction-band states are not (i.e., a pseudo-
Kramers degeneracy does not exist), as shown in Figure 2a.
Therefore, different from the QSH effect that supports gapless
helical edge states protected by TR, the edge states of our
model are generally gapped due to the breakage of the pseudo-
TR symmetry that mixes the two pseudospin channels (see
Figure 2c). Remarkably, by further studying the energy
spectrum of the finite square sample, we found that four
states (marked as red dots) appear within the edge-gap region
(yellow area) and are localized at four corners of the sample, as
shown in Figure 2d. We further calculated the quadrupole
moment Qxy, which is a natural topological invariant to
characterize 2D HOTIs.16,39 The numerical calculation shows
that the corner states appear when Qxy = 1/2, confirming the
nontrivial higher-order topology in these systems. We
emphasize that the same HOTIs exist in a series of periodic
approximants with increasing lattice size as long as p−d band
inversions occur, indicating that the higher-order topological
characteristics should also appear in infinite quasicrystals.
Although the periodic approximant provides a heuristic

picture to illustrate the underlying mechanism of the higher-
order topology, it is more revealing to explicitly analyze the
essential feature of HOTQIs from the symmetry-based
argument. The most unique symmetry of the above
quasicrystals is the n-fold rotation Cn (n = 5, 8) which is
strictly prohibited in crystals. In addition, the quasicrystals also
have vertical mirror symmetries Mv, which are useful in the
analysis of topological corner states, as we show below.
According to the character tables of C5v and C8v point groups

as shown in Tables 1 and 2, the doubly degenerate orbitals p±1

and d±2 belong to the 2D irreducible representation E1 and E2,
respectively, and therefore are properly chosen as bases for the
realization of double band inversion. The nontrivial higher-
order topology is revealed by a corner-induced filling
anomaly,8,40,41 that is, an obstruction to simultaneously
satisfying charge neutrality and preserving the lattice symmetry
in the presence of corners. For trivial states without double
band inversion, the occupied states can be adiabatically
connected to the atomic limit. In contrast, when the double
band inversion occurs in C5/8-symmetric systems, the
electronic Wannier centers of occupied states are no longer
consistent with atomic positions, giving rise to the topological
corner charges.

Figure 2. Higher-order topological state in the simplest approximant,
a square lattice. (a) Orbital-resolved bulk band structure where a p−d
band inversion occurs around Γ. (b) The evolution of Wannier charge
center as a function of ky. (c) Band structure of a nanoribbon where
topological edge states (the red lines) are gapped out. (d) Energy
spectrum of a finite square sample where topological corner states
(red dots) appear within the edge-gap region (yellow area). The inset
shows the spatial charge distribution of corner states.

Table 1. Character Table for the C5v Point Group

C5v E 2C5 2C5
2 5σv bases

A1 1 1 1 1 p0; d0
A2 1 1 1 −1 h5 − h−5
E1 2 2 cos(2π/5) 2 cos(4π/5) 0 p±1; d±1
E2 2 2 cos(4π/5) 2 cos(2π/5) 0 d±2; f±2; f±3
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The HOTQIs can be distinguished from trivial states by
considering the eigenvalues of rotation symmetry. For example,
the C8 operator is

π σ̂ = −i
k
jjj

y
{
zzzC i Rexp

48 (2)

where σ is the rotation matrix in the orbital space, and R is an
orthogonal matrix permuting the sites of the quasicrystal to
rotate the whole system by an angle of π/4. The eigenvalues of

̂C8 are ωp = eiπp/4, (p = 0, ..., 7). Since p±1 and d±2 dominate
states belonging to different ωp, the index χ(8) = (n±1, n±2)
determines the HOTQI arising from the p−d band inversion
for any C8v-symmetric quasicrystals. Here n±p is the number of
states with the rotational eigenvalue ωp or ω8−p in the occupied
subspace. For the C8v-symmetric quasicrystal, a χ(8), different

from χ0
(8) of the trivial atomic limit, signals an obstructed

atomic limit, implying the existence of topological corner
charges. Similarly, a index χ(5) can be proposed to determine
HOTQIs in C5v-symmetric quasicrystals.
The corner states can also be understood as the domain-wall

states from the boundary perspective. Let us first analyze the
manifestation of the HOTQI in eight-fold quasicrystals. As
elucidated above, the band-inversion-induced edge states are
generally gapped due to the “intrinsic” pseudo-TR breaking.
Such a gapped edge state can be captured by a 1D Dirac model
with a mass term

σ σ= − ∂ +H iv l m l( ) ( )l z xedge (3)

where l is the real-space coordinate along the boundary, and σx
and σz are Pauli matrices for pseudospin. A 0D bound state
should arise as the topological domain-wall state at the
intersection between two edges with opposite mass terms.
Crucially, the mass term is odd under Mv (see Supporting
Information Section S2). Hence, adjacent edges related by Mv
would generally have opposite signs of the mass term, ensuring
the existence of corner states at the intersection between
them.6,42−44 In a symmetric octagonal sample of the C8
quasicrystal, corners on Mv-invariant lines are also connected
by C8 symmetry. Therefore, the mass terms of edge states
change signs alternatively across the whole perimeter of the
sample (see Figure 3a). This gives rise to a total of eight
topological corner states around the Fermi level, as shown in
Figure 1b.
The above analysis shows a sufficient condition: a 0D bound

state exists at the corner where twoMv-related edges meet. The
argument relies on an alternating sign of the mass term at the
boundary, so it seemed only applicable to ERS corners but not
ORS corners, that is, the symmetry of pentagonal sample of C5
quasicrystals. However, based on an artificial transformation
process of the boundary, one can validate the existence of
corner states at ORS corners. Hypothetically, let us start with a

decagonal sample, as shown in Figure 3b. Similar to the
aforementioned analysis, 10 ER corners locate on 5 vertical
mirror planes, which separate mirror-related edges and host
topological corner states. Assuming these 10 corner states split
into two groups with different energies due to distinct local
atomic environments (see different colors in Figure 3b). Now,
let us gradually move the boundary to form a pentagonal
sample, that is, smoothly moving alternative 5 of the 10 corners
toward the center without breaking Mv. Then, at the end of
reaching Figure 3c, the edges of the pentagonal sample become
mirror symmetric, so that the mass term is not necessarily
generated along the edge and five bound states merge into bulk
continuum and annihilate, leaving only five corner states that
persist at the Fermi level.42−44 Although there can be different
number and distribution of corner states in the sample, we
emphasize that the corner-induced filling anomaly is still valid,
which guarantees the existence of at least one set of five-fold
degenerate states localized at corners of C5v-symmetric
quaiscrystals.8,40,41

Fundamentally, the HOTQI is attributed to the double band
inversion mechanism, but the number and type of corner states
depend on the properties of boundary (i.e., the lattice
termination). According to the topological classification of
Geier et al.,42 such corner states are considered “extrinsic”, as
they are not merely subjected to the exact quasicrystalline
symmetry of the entire sample and may be removed by
decorating the boundary. However, we found that they are
quite robust against weak perturbation that breaks the lattice
symmetry, as long as the bulk and edge gaps are preserved and
the original double band inversion can be identified. Our
calculation shows that topological corner states remain
robustly if Mv and/or Cn symmetries were weakly broken by
local twisting or distortion (Figures S13−S15). Moreover, it is
found that corner states even persist in asymmetric samples
when one or more corners are removed (Figures S16 and S23).
We note that the p−d band inversion was previously

proposed to achieve topological photonic crystals in 2D
deformed honeycomb lattices.45 In those systems, effective px,y

Table 2. Character Table for the C8v Point Group

C8v E 2C8 2C4 2C8
3 C2 4σv 4σd bases

A1 1 1 1 1 1 1 1 p0; d0
A2 1 1 1 1 1 −1 −1
B1 1 −1 1 −1 1 1 −1 g4 + g−4
B2 1 −1 1 −1 1 −1 1 g4 − g−4
E1 2 2 cos(π/4) 0 −2 cos(π/4) −2 0 0 p±1; d±1
E2 2 0 −2 0 2 0 0 d±2; f±2
E3 2 −2 cos(π/4) 0 2 cos(π/4) −2 0 0 f±3; g±3

Figure 3. Schematic illustration of topological corner states in
quasicrystals. (a,b) The distribution of edge mass terms and corner
states across the perimeter of (a) eight-fold and (b) five-fold
quasicrystal samples. (c) By moving the alternative 5 of the 10 corners
to form a pentagonal sample, 5 corner states move away from the
Fermi level. Corner states with different energy are marked by
different color.
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and −dxy x y, 2 2 basis are represented by “metamolecular orbitals”
in honeycomb unitcell. The double band inversion is realized
by tuning the intra- and intermetamolecular coupling.
Following this idea, various metamaterial structures with C6v
symmetry have been proposed to realize photonic and acoustic
topological states.46−55 Here, we show that actually the p−d
band inversion mechanism is not restricted to the C6v
symmetry; it is also applicable to other crystalline systems
with C2v, C3v, and C4v symmetries (Figures S17−S19) and even
quasicrystals with C5v and C8v symmetries, as elaborated above.
More importantly, we emphasize that the prevailing band
inversion mechanism is not limited to p±1 and d±2 orbitals, and
other pairs of bands such as d−d, d−f, and f−g can also be
employed for the inversion to achieve higher-order topological
states, as long as both bulk and edge spectrum can be gapped
out. For example, we have demonstrated that a double band
inversion between d±1 and f±2 orbitals would also induce
higher-order topological phases, while a double band inversion
between d±1 and d±2 is only valid for structurally buckled
lattices because the in-plane mirror symmetry of planar lattices
forbids interactions between these orbitals (see the Supporting
Information and Figures S21−S25).
Our proposed orbital-designed scheme for achieving higher-

order topological phases is expected to be experimentally
realizable in different ways. First, as high-angular-momentum
molecular orbitals (e.g., d, f, and g orbitals) can be derived
from sp-atomic orbitals, higher-order topological states with
double band inversions between selected orbitals are realizable
in covalent/metal−organic frameworks or molecular crystals56

on crystalline/quasicrystalline template substrates via molec-
ular self-assembly or atomic manipulation.31,57−59 Moreover, as
the role of pseudospin is played by the angular momentum of
wave functions involved in the double band inversion, the
electron spin, SOC, and even single atomic orbital basis are not
essentially required. The prerequisite for higher-order topology
is therefore rationalized to a simple double band inversion
between states with the same symmetry as foregoing orbitals.
For example, recently, topological corner modes are realized in
pentagonal domains of elastic phononic crystals based on the
p−d double band inversion with aperiodic modulated Dirac
vortices.60 Hence, with properly designed basic building
blocks, one may realize the proposed HOTQIs in various
metamaterials, such as photonic or phononic crystals, ultracold
atoms, microwave or electrical circuits, and classical mechan-
ical or acoustic metamaterials.61,62 Thus, we expect that our
proposal would draw immediate experimental attention.

■ CONCLUSION

We have proposed the realization of HOTQIs by exploiting a
generally designed double band inversion mechanism.
HOTQIs possessing five (eight) topological corner states in
pentagonal (octagonal) samples of five-fold (eight-fold)
quasicrystals are demonstrated, which is compatible with
quasicrystalline symmetries but absent in crystals. In addition
to the specific examples elucidated, the essential double band
inversion mechanism necessitating the higher-order topology is
also extendable to other types of orbitals and lattice
symmetries, providing practical guidance toward HOTQIs in
real materials as well as metamaterials. Furthermore, we also
expect that our proposed scheme is applicable to 3D structures
which may open additional exciting possibilities. For example,
by stacking 2D HOTQIs, one may realize 3D higher-order

topological quasicrystals hosting topological corner states,
gapless hinge modes, or hinge Fermi arcs.63−65

■ METHODS

We consider a spinless tight-binding model for 2D quasicrystal
lattices with px, py, dxy and −dx y2 2 orbitals on each site. The
Hamiltonian is given by

∑ ∑= ϵ +
α

α α α
α β

αβ α β
†

⟨ ⟩

†H c c t c cr( )
i

i i
i j

ij i j
, (4)

where α
†ci and ciα are electron creation and annihilation

operators on the α = −( p , p , d , d )x y xy x y2 2 orbital at the ith site,

respectively. ϵα is the on-site energy of the α orbital. For
simplicity, we assume that px and py (dxy and −dx y2 2) orbitals
have the same on-site energy ϵp (ϵd). tαβ(rij) are the Slater−
Koster parametrized hopping integrals which depend on the
orbital type (α and β) and the directional cosines of the
intersite vector rij = ri − rj.

66,67 Since we are particularly
interested in the double band inversion between p and d
orbitals, electron occupation is fixed at half filling in all
calculations. We emphasize that the explicit form of the
Hamiltonian H is only determined by orbital and lattice
symmetries to capture the essential feature of the p−d band
inversion so that the model is generally applicable to other
spinless or SOC-free systems.
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