
 

Sierpiński Structure and Electronic Topology in Bi Thin Films on InSb(111)B Surfaces
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Deposition of Bi on InSb(111)B reveals a striking Sierpiński-triangle (ST)-like structure in Bi thin films.
Such a fractal geometric topology is further shown to turn off the intrinsic electronic topology in a thin film.
Relaxation of a huge misfit strain of about 30% to 40% between Bi adlayer and substrate is revealed to drive
the ST-like island formation. A Frenkel-Kontrova model is developed to illustrate the enhanced strain relief
in the ST islands offsetting the additional step energy cost. Besides a sufficiently large tensile strain,
forming ST-like structures also requires larger adlayer-substrate and intra-adlayer elastic stiffnesses, and
weaker intra-adlayer interatomic interactions.
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The Sierpiński triangle (ST) [1] is a self-similar fractal
with a fractional Hausdorff dimension dH ¼ log23 ¼
1.584 96 � � � and with fascinating mathematical properties
[2]. Historically, such beautiful patterns were often utilized
for aesthetic reasons, especially in architecture, e.g., on the
medieval floors in Rome [3]. Many fundamental and
intriguing phenomena in ancient and modern mathematics
and physics, as well as computer science, are related to the
STs, such as Pascal triangles [4], towers of Hanoi [5], chaos
games [6], cellular automata [7], DNA computing [8,9], etc.
Theory and experiment have shown that fractal mate-

rials can exhibit plentiful and unusual thermal, mechani-
cal, electric, electronic, electromagnetic, and optical
properties which are often desirable for prospective
nanodevice applications [10–16]. Fractal quasicrystals
have even been predicted to possess nontrivial electronic
topology usually pertained to crystals [17,18]. Recently,
there has been also considerable interest in fabricating
ST-like fractal materials, although the synthesis of such
systems is notoriously difficult [19]. In 2014, a terpyr-
idine-based architecture mimicking ST was synthesized
in solution [20]. Subsequently, several research groups
have successfully fabricated the fractal supramolecular
materials featuring the ST pattern on the coinage metal
surfaces: Ag(111) [21], Ag(100) [22], Au(111) [23–28],
Au(100) [28,29], and Cu(111) [30], as well as on a
graphite surface [31]. These fabricated fractal supramo-
lecules can be organic, metal organic, CO compounds,

etc., [16]. Theoretically, Monte Carlo simulations show
that the formation of molecular STs in these systems is
essentially related to directional intermolecular bonds
[32,33].
As indicated above, previous fabrication of STs in

experiments is by assembling small carbon-based mole-
cules into supramolecules. There has not yet been any
report of the synthesis for STs composed of single-element
atoms. Obviously, experimental fabrication of such pure
single-element STs is more challenging without the spe-
cifically shaped tectons providing directional intermolecu-
lar interactions [32,33]. In this work, by depositing Bi
atoms on an InSb(111)B surface around 400 K, we have
observed ST-like Bi films with a thickness of one to three
monatomic layers (MLs) from our scanning-tunneling-
microscope (STM) experiments. Our proposed theoretical
model reveals that the formation of a Bi ST island requires
an unusually large lattice mismatch between a monatomic
Bi adlayer and substrate, relatively large adlayer-substrate
and intra-adlayer elastic stiffnesses, and relatively weak
intra-adlayer interatomic interactions. This formation
mechanism essentially differs from that of the supramo-
lecular STs synthesized previously.
In addition, it has been predicted theoretically that an

ultrathin Bi film exhibits a stable nontrivial topological
property [34–36], which makes the investigations of
heteroepitaxial growth of ultrathin Bi films fundamentally
interesting. Experiments have demonstrated the existence
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of nontrivial topological edge states of single Bi(111)
bilayer grown on Bi2Te3 films [37], as well as coexistence
of topological edge state and superconductivity of Bi(111)
ultrathin film grown on the NbSe2 superconducting sub-
strate [38]. Theoretical prediction of high-temperature
quantum-spin-Hall state in an epitaxial Bi layer (called
“bismuthene”) grown on semiconductor substrates [39–41]
has been recently confirmed experimentally for a SiC
substrate [42]. A possible realization of topological high-
temperature superconductivity in a hybrid of Bi(110)
ultrathin film and copper oxide superconductor has been
also reported recently [43]. Therefore, it is of interest to
assess if the electronic topology is retained in ST Bi films.
The most common phase of a Bi bulk crystal is the α-As

structure, the geometric parameters for which and Bi(111)
film surface structure are shown in Supplemental Material,
Fig. S1 [44]. Bulk InSb has a zinc blende structure. An
InSb(111) surface with In termination is often called
InSb(111)A surface, while an InSbð1̄ 1̄ 1̄Þ surface with Sb
termination is often called InSb(111)B surface.The structure
parameters for bulk InSb and (111) surfaces are shown in
Fig. S2. An InSb(111)B surface can exhibit (3 × 3), (2 × 2),
or (3 × 1) reconstruction, depending on the experimental
conditions [58–65]. In our experiments, a smooth InSb(111)
Bsurface is produced followinganultrahigh-vacuum(UHV)
cleaning process (see Supplemental Material, Sec. S1 for
details [44]). STM, reflection high-energy electron diffrac-
tion (RHEED), and two-dimensional fast-Fourier-transform
(2D FFT) measurements indicate that the InSb(111)B sur-
face is (3 × 3) reconstructed (see Supplemental Material,
Fig. S3 [44]). For the (3 × 3)-reconstructed InSb(111)B
surface, a currently accepted model is that proposed by
Wever et al. in 1994, where the reconstructed top layer was

determined tobe composedof three typesof In-Sbhexamers:
α, β, and γ rings, from their x-ray diffraction and STM
analyses [61]. This model also reasonably agrees with other
experimental observations [60,64,65]. These conclusions
are generally consistentwith our STM results in Fig. S3 [44].
In our experiments, we deposit Bi atoms to a desired

coverage θ (in units of ML; see Sec. S1 [44]) on the
prepared InSb(111)B substrate surface (as described above)
at a temperature Tdep. After deposition, we quench the
system to room temperature with a total cooling time of
tcool. We measure the STM images at the liquid helium
temperature of about 4 K. For more STM measurement
details, see Sec. S1 [44].
The STM images in Figs. 1(a) and 1(b) show typical

ST-like Bi films or islands formed on InSb(111)B surface at
θ ≈ 2 ML, where different island height levels: 0, S1, 2, S3,
4, and B from lower to higher, are labeled. For a
clearer view, these levels are plotted into a schematic in
Fig. 1(c). Corresponding to the blue, red, and pink lines A,
B, and C in Fig. S1(b) [44], the height profiles are shown in
Figs. 1(d)–1(f), respectively. Level 0 is assumed to be a
wetting layer composed of Bi, Sb, and In atoms by
considering the (3 × 3) reconstruction of InSb(111)B sur-
face (as described above) before deposition. As analyzed
below, level S1 corresponds to a ST-like 1-ML Bi on the
wetting layer, level 2 to a 2-ML Bi, and level S3 to a ST-like
1-ML Bi on 2-ML Bi. From our STM measurements (e.g.,
see Fig. 2, and Supplemental Material Figs. S4–S6 [44]),
the regions of level 2 are (2 × 2)-reconstructed or
disordered (see Sec. S3.5 [44]). Level 4 has a low
occurrence statistically and is expected to be of 4-ML Bi
(see analyses below). We label the higher bulklike islands
than level 4 as level B.

(a) (b) (c)

(d) (e) (f)

FIG. 1. (a),(b) STM images of typical ST-like Bi islands formed on InSb(111)B substrate at θ ≈ 2 ML. See Sec. S1 for details.
(c) Schematic for different island height levels corresponding to the labels in (a),(b). (d),(e),(f) Height profiles for red, blue, and pink
lines A, B, and C in (b), respectively.
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To model the atomistic structure of ST-like islands, we
measure various side lengths of STs. The measured typical
STs are shown in Fig. 2(a), where θ ≈ 1 ML. There are
three height levels for this coverage, as shown by the line
scan in Fig. 2(b). The height differences from level 0 to S1
or from S1 to 2 are about 0.186 nm, which is consistent with
the values around 0.18 nm at θ ≈ 2 ML in Fig. 1(d). In
Fig. 2(c), we highlight various side lengths of STs by
purple lines, e.g., for a large ST, three longest side lengths
are about 24a0 and the three side lengths of the inner larger
vacancy triangle are about 8a0, while each of side lengths
of three inner smallest vacancy triangles are about 5a0,
where a0 ¼ 0.458 16 nm is the InSb(111) plane lattice
constant from experiments [66–68]. For the dashed tri-
angle, each side length is about 12a0. That is, all these side
lengths are approximately equal to integer multiples of a0.
Thus, a model for the atomistic structure of a ST Bi island
can be obtained with the side lengths which can accurately
match our experimental measurements, as illustrated in
Fig. 2(d). Here, it should be also noted that the above side
lengths are statistically representative values based on
analysis of multiple STs from our STM images.
It is important to point out that the above STM analysis

indicates that the nominal 1-ML Bi film has a huge lattice
mismatch (>30%) with the substrate, as described below.
Therefore, the film is unlikely to grow coherently rather
forming extended defects to relieve strain. Instead of a
normal mechanism of forming dislocations, islands, or
voids [69,70], a novel unique strain relief mechanism via
formation of ST-like structure is revealed, as elaborated

below. Specifically, for a 1-ML Bi island with N Bi atoms
on a substrate with a surface lattice parameter l, the total
energy can be expressed as Etotal ¼ Eelectronicþ
EBi�sub
elastic þ EBi�Bi

elastic , based on a generic form of Frenkel-
Kontrova-type Hamiltonian for elastic relaxations in bulk
alloys [71] (for three terms, see Sec. S2.1 [44]).
Considering the measured side lengths for STs in Fig. 2,
we reasonably assume that the underlying InSb(111)B
substrate has a triangular lattice with l ¼ a0 ¼
0.458 16 nm at the interface. Other model parameters
include spring parameters k1 (adlayer-substrate) and k2
(intra-adlayer), effective interaction parameter ϕ, and equi-
librium adlayer lattice parameter b (see Sec. S2 [44]).
Consider four configurations with N ¼ 267 in Fig. 3. C0

corresponds to the ST in Fig. 2(d). In principle, one can
assess the thermodynamic stability of C0 by constructing a
large number of configurations with the same N and then
comparing their energies with C0 after energy minimiza-
tion. However, analysis of just few judiciously selected
configurations is sufficiently informative. We choose C1,
C2, and C3. For C1, only the larger void in the middle
remains relative to C0 and the three smaller voids around it
are filled by truncating three ST edges to retain 267 atoms.
For C2, we consider the limit of a compact island without
any voids retaining 267 atoms. For C3, we consider the
opposite limit to C2, where a single large void is bordered
by three Bi monatomic chains. The energies of other
configurations are expected to be between these limit-
ing cases.
In contrast to C3, the configurations C0, C1, and C2

all involve portions of complete compact 1-ML Bi film.

(a)

(b) (d)

(c)

FIG. 2. (a) STM image at θ ≈ 1 ML. See Supplemental
Material, Sec. S1 [44] for details. (b) Height profile for a red
line in (a). (c) The same image as (a). Side lengths of STs are
indicated. (d) Atomistic structure model for a 1-ML Bi STwith all
side lengths accurately matching the lengths measured in (c). A
purple ball denotes a lattice site occupied by a Bi atom and a gray
ball denotes an unoccupied lattice site.

FIG. 3. Shapes and energies of four configurations after energy
minimization for 1-ML Bi islands with the same number of Bi
atoms, N ¼ 267. A purple ball represents a Bi atom and a light
ball represents a lattice point below this Bi atom. For C0, C1, and
C2, b ¼ b1 ML ¼ 0.3304 nm, k2 ¼ k1 ML ¼ 766 eV=nm2, and
ϕ ¼ ϕ1 ML ¼ −0.747 eV; for C3, b ¼ bchain ¼ 0.2865 nm,
k2 ¼ kchain ¼ 814 eV=nm2, and ϕ ¼ ϕchain ¼ −1.638 eV; for
all, l ¼ a0 ¼ 0.45816 nm and k1 ¼ ksub ¼ 307 eV=nm2.
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This motivates selecting the same set of parameters for
them: b¼b1ML¼0.3304nm, k2 ¼ k1 ML ¼ 766 eV=nm2,
and ϕ ¼ ϕ1 ML ¼ −0.747 eV. b1 ML is the DFT equilib-
rium lattice parameter for complete freestanding 1-ML Bi
film [see Fig. 4(a)] and significantly less than a0. Therefore,
the nominal 1-ML Bi film has a huge tensile strain ε ¼
38.67% relative to a0. k1 ML and ϕ1 ML are estimated from
our DFT calculations for the 1-ML Bi. C3 is made up of
three monatomic Bi chains with an only slight deviation
from the chain shape at each vertex, so we approximately
take the parameters to be b ¼ bchain ¼ 0.2865 nm,
k2 ¼ kchain ¼ 814 eV=nm2, and ϕ ¼ ϕchain ¼ −1.638 eV.
bchain is the DFT equilibrium lattice parameter for infinite
Bi chain [see the inset of Fig. 4(a)]. kchain and ϕchain are
estimated from our DFT calculations for the Bi chain. We
also take k1 ¼ ksub ¼ 307 eV=nm2, which is a typical
value estimated from our DFT calculations. Using these
parameters (see Supplemental Material, Sec. S3 [44] for
estimating all parameters) as input, we obtain the
optimized energies per Bi atom, E ¼ Etotal=N, which are
EC0 ¼ 7.982 eV, EC1 ¼ 9.689 eV, EC2 ¼ 11.441 eV,
and EC3 ¼ 10.060 eV for the four shapes, and then
EC0 < EC1 < EC3 < EC2. Thus, C0 is energetically most
favorable, while the most compact C2 is least favorable. To
examine how the results depend on the parameters k1, k2, ϕ,
and b, we plot E versus the specific parameters rk, rϕ, and b
in Fig. S7 [44]. Briefly, the above conclusion remains for
varying k1 and k2, or ϕ, in reasonable ranges. For b, we find
a critical value bc ≈ 0.4271 nm (corresponding to a tensile
strain εc ≈ 7.27%), i.e., C0 is more favorable than C1 and
C2 for b < bc (or ε > εc), and unfavorable relative to C1
and C2 for b > bc (or ε < εc). See Sec. S2.3 [44] for
details. Therefore, our key finding is that C0 affords more
efficient strain relief than C1 and C2 for larger mismatch
strain.

To understand the height levels observed in experiments,
we perform DFT calculations for freestanding 1- to 4-ML
Bi slabs with thicknesses L ¼ 1 to 4. We find three phases
(energy minima) for L ¼ 2, 3, or 4 in the range of lateral
lattice parameter b from 0.3 to 0.7 nm versus only one
energy minimum for L ¼ 1, as shown in Fig. 4. The
existence of these local energy minima reflects the com-
petition between van der Waals and covalent interactions
with varying lateral and vertical Bi-Bi distances (b
and interlayer spacings d1, d2, and/or d3). The most-
stable phases for L ¼ 1 to 4 have the equilibrium lattice
parameters b1ML ¼ 0.3304 nm, b2ML ¼ 0.4309 nm,
b3ML ¼ 0.3437 nm, and b4ML ¼ 0.4425 nm, respectively.
Based on the DFT surface energies γ (Table S1 [72]),

the stability order is L ¼ 2, 4, 1, and 3, i.e., even-L slabs
are much more stable than odd-L slabs. γL¼1 ¼
4.091 eV=nm2 is relatively high, so the compact 1-ML
Bi (C2) is not observed in STM images. Instead, the more
stable 1-ML ST Bi island (C0) forms as level S1 due to
inhibited interlayer transport (level S1 is metastable
relative to level 2; see Sec. S3.5 [44]), as analyzed above.
Level 2 corresponds to L ¼ 2, which is the most-stable
thickness due to the lowest γL¼2 ¼ 1.654 eV=nm2, and
therefore this level has a high occurrence rate in STM
images. In contrast, level 4 corresponding to L ¼ 4 has a
very low occurrence rate in STM images (see, e.g., Fig. 1)
because γL¼4 ¼ 1.885 eV=nm2 is slightly higher than
γL¼2 ¼ 1.654 eV=nm2, while γL¼3 ¼ 5.961 eV=nm2 is
much higher so that 3-ML Bi is unobservable. Level B
mainly corresponds to even-L Bi islands with L > 4. In
addition, metastable phases in Fig. 4 are not generally
expected to be observed in experiments. For more
stability-analysis details of Bi films, see Sec. S3 [44].
Level S3 has a significantly high occurrence rate. We

interpret this level as a 1-ML ST-like Bi film forming on a
superstable 2-ML Bi film, where the nominal 1-ML Bi film
has a strain ε ¼ 30.42% relative to l ¼ b2 ML ¼ 0.4309 nm.
This strain is also sufficiently large to form 1-ML ST Bi
islands on a 2-ML Bi film. As listed in Supplemental
Material, Table S2 [44], C0 (corresponding to level S3) is
always more favorable than the compact island C2
(corresponding to 3-ML Bi) as long as k1 is not too small.
Relative to 3-ML film with l ¼ b3 ML ¼ 0.3437 nm, 1-ML
Bi film has a small strain ε ¼ 4.03%, and then C0 is
generally more unfavorable than other shapes (see Table S2
[44] again), i.e., forming ST-like structures on 3-ML Bi film
is impossible. Relative to 4-ML (∞-ML) film with
l ¼ b4 MLðb∞MLÞ ¼ 0.4425ð0.4546Þ nm, 1-ML Bi film
has a large strain ε ¼ 33.93%ð37.59%Þ. However, we
expect that k1 would be significantly reduced with increasing
L > 2 due to the adlayer Bi is far away from the InSb surface
(see Sec. 3.4 [44]). Too small k1 does not favor formation of
ST structure but favor C2 (see Table S2 [44]) i.e., forming
ST-like structures on 4-ML (∞-ML) Bi film would be
unlikely. Instead, level B basically reverts to conventional

(a)

(b)

(d)(c)

FIG. 4. DFT chemical potentials μ (the energy per Bi atom
relative to gas phase) versus lateral lattice parameter b for
freestanding (a) 1-, (b) 2-, (c) 3-, and (4) 4-ML Bi slabs.
Interlayer spacings (d1, d2, and d3) for 2-, 3-, and 4-ML slabs,
as well as magnetic moments m for 1 ML in (a) and chain in the
inset of (a), are also plotted. For details, see Sec. S3.2.
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homoepitaxy, where the solid triangular islands grow with
well-known properties [72] (see, e.g., Fig. S5).
Although we do not include InSb substrate in our DFT

calculations, it is informative to compare DFT interlayer
spacings in Fig. 4 with height levels in Fig. 1. The height
difference between level S1 and 2 is 0.1832 nm, reasonably
consistent with d1 ¼ 0.1751 nm of 2-ML film (phase II).
The height difference between level S1 and 4 is about
0.58 nm, reasonably consistent with d1 þ d2 þ d3 ¼
0.6009 nm of 4-ML film (phase II). The height difference
between level S1 and S3 is about 0.39 nm, which happens to
be close to Bi bulk d ¼ 0.4091 nm.
Finally, we examine electronic topological properties of

ST films. Our DFT analysis first demonstrates that free-
standing 1- and 3-ML Bi films are topologically trivial,
while 2- and 4-ML Bi are topologically nontrivial, con-
sistent with previous predictions [35,36]. Then we perform
an electronic structure analysis for a 5 × 5 supercell with
one or seven Bi atoms removed from top Bi ML and find
that such configurations are topologically trivial. Thus, a
ST Bi film observed in our experiments is likely to be
topologically trivial and consequently turn off the topology
of nontrivial 2- or 4-ML Bi film. For details, see Sec. S3.7.
In summary, we have realized Bi ST structures grown on

InSb(111)B surface. This is the first observation of single-
element STs self-assembling on a semiconducting surface.
Our STM measurements and theoretical analyses suggest
that a ST ML as an adlayer can form on a wetting layer or
2-ML Bi film. The formation of ST structures requires a
specifically large adlayer-substrate lattice mismatch (with
tensile strain), sufficiently strong adlayer-substrate and
intra-adlayer elastic stiffnesses, and sufficiently weak
intra-adlayer interatomic interactions. Such fractal ST
structures, as observed in our experiments, are expected
to be able to turn off the electronic topology of Bi films.
Such a feature could potentially provide a controllable way
to tune the topological property in a quantum-spin-Hall thin
film. This could make the system attractive to explore
controlled Majorana Fermion formation for realizing topo-
logical quantum computing.
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S0. Crystalline structures of bulk Bi and InSb 

FIG. S1. The 𝛼𝛼-As structure of Bi bulk crystal. (a) A hexagonal cell of 𝛼𝛼-As structure of bulk 
Bi crystal with the lattice constants 𝑎𝑎 and 𝑐𝑐. The green atoms define a rhombohedral 
primitive cell.  (b) Upper panel: Top view of a truncated bulk Bi(111) surface. A lateral 
1 × 1 unit cell with the lattice constant 𝑎𝑎 is indicated. Lower panel: Side view of the Bi(111) 
slab. Lattice constants (𝑎𝑎 and 𝑐𝑐), interlayer spacings (𝑑𝑑1, 𝑑𝑑2, and 𝑑𝑑 = 𝑑𝑑1 + 𝑑𝑑2), and the 
vdW-like gaps are indicated. One Bi double layer (DL) consists of two adjacent covalent-
bonded Bi monatomic layers (MLs), i.e., 1 DL = 2 MLs (which is sometimes called “1 bilayer” 
in previous literature; also see the definition of ML in Sec. S1). For 𝛼𝛼-As structure of bulk Bi, 
the experimental lattice parameters at 298 K [66,67] are:  𝑎𝑎 = 0.4546 nm, 𝑐𝑐 = 1.1862 nm, 
and 𝑢𝑢 = 0.23389. Correspondingly, the interlayer spacings along Bi[111] direction are 𝑑𝑑1 =
(2𝑢𝑢 − 1/3)𝑐𝑐 = 0.1595 nm, 𝑑𝑑2 = (2/3 − 2𝑢𝑢)𝑐𝑐 = 0.2359 nm, and 𝑑𝑑 = 𝑑𝑑1 + 𝑑𝑑2 = 𝑐𝑐/3 =
0.3954 nm.  
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FIG. S2. The zincblende structure of InSb bulk crystal. (a) A cubic unit cell of zincblende 
structure of bulk InSb crystal.  (b) Upper panel: Top view of a truncated bulk InSb(111) 
surface with In termination, which is often called InSb(111)A surface. A lateral 1 × 1 unit 
cell with the lateral lattice constant 𝑎𝑎0 = 𝑎𝑎/√2 is indicated. Lower panel: Top view of a 
truncated bulk InSb(1�1�1�) surface with Sb termination, which is often called InSb(111)B 
surface. (c) Side view of the InSb(111) slab. Lateral lattice constant (𝑎𝑎0), interlayer 
spacings (𝑑𝑑1, 𝑑𝑑2, and 𝑑𝑑 = 𝑑𝑑1 + 𝑑𝑑2), vdW-like gaps, crystalline orientations, and surface 
terminations are indicated. One In-Sb DL consists of 1-ML In and 1-ML Sb. For zincblende 
structure of bulk InSb, the experimental lattice parameter at 298 K is 𝑎𝑎 = 0.64794 nm [68]. 
Correspondingly, the (111) surface lattice constant 𝑎𝑎0 = 𝑎𝑎/√2 = 0.45816 nm, the 
interlayer spacings are 𝑑𝑑1 = 𝑎𝑎√3/12 = 0.09352 nm, 𝑑𝑑2 = 𝑎𝑎√3/4 = 0.28057 nm, and 
𝑑𝑑 = 𝑎𝑎/√3 = 𝑑𝑑1 + 𝑑𝑑2 = 0.37409 nm. 
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S1. STM measurement 

        All experiments were carried out with a commercial UHV molecular-beam-epitaxy STM 
system at a base pressure less than 1 × 10−10 Torr. The InSb(111) substrates were cleaned 
by about 3 cycles of Ar+ ion sputtering and annealing about 0.5 h at about 673 K. High-
purity Bi (99.999%) was evaporated and deposited on InSb(111)B substrate surface by a 
deposition rate of about 0.003 ML/s at a deposition temperature 𝑇𝑇dep. The range of 𝑇𝑇dep in 
the experiments of this work is about 348 K to 453 K. For all experiments (unless 
otherwise specified), after the deposition up to a required Bi coverage 𝜃𝜃 (in unit of ML) on 
the InSb(111)B substrate surface, the system was cooled down by a time 𝑡𝑡cool to room 
temperature (RT) and followed by about 1 h under RT, and then put into an environment at 
the liquid helium temperature of about 4 K, where the STM measurement was carried out 
with a chemically etched tungsten tip. The time from putting the system into the 
environment of the liquid helium temperature to STM measurement was about 1.5 h to 2 h. 
Here, it should be mentioned that we also performed the STM measurements in an 
environment at the liquid nitrogen temperature of about 77 K, and found the similar Bi 
morphologies on InSb(111)B substrate surface (not shown) to those measured in the 
above environment at the liquid helium temperature of about 4 K. 

        From the STM images observed at different Bi coverages (e.g., see Figs. S4–S6), the 
growth mode of Bi is layer-by-layer-like, and thus we use monatomic layers (MLs) as the 
unit of the coverage 𝜃𝜃, where 1 ML means that all lattice sites in one Bi(111) monatomic 
layer (see Fig. S1) are occupied by Bi atoms. Also note that a conventional buckled layer in 
a Bi(111) or InSb(111) slab is of 2 ML, i.e., one double layer (1 DL) (see Figs. S1–S2). 

        To determine the deposition rate or flux 𝐹𝐹 and the coverage 𝜃𝜃 = 𝐹𝐹𝑡𝑡 at the deposition 
time 𝑡𝑡, we first obtain the oscillation period of the RHEED intensity for Bi depositing on a 
Si(111)-( 7 × 7) surface as a benchmark. During deposition for any higher coverage 𝜃𝜃, the 
oscillation period reaches a constant value and corresponds to 𝜃𝜃 = 1 DL or 2 ML of Bi(111) 
film with a Bi bulk lattice parameter 𝑎𝑎. On the other hand, we also check the corresponding 
STM images to ensure the perfect consistency of the coverage measured from the two 
approaches. The determined 𝐹𝐹 is about 0.003 ML/s. Then, we always use this flux for Bi 
deposition on InSb(111)B substrate and the coverage is obtained always by 𝜃𝜃 = 𝐹𝐹𝑡𝑡. 

        Here, we provide more experimental parameters in Figs. 1 and 2. For all STM images in 
Figs. 1 and 2, 𝑇𝑇dep ≈ 423 K and 𝑡𝑡cool ≈ 1 h. In Fig. 1a, STM image size is 100 nm × 100 nm, 
Bi coverage 𝜃𝜃 ≈ 2 ML, 𝐼𝐼 = 100 pA, and 𝑉𝑉 = +1.60 V. In Fig. 1b, STM image size is 100 nm × 
100 nm, Bi coverage 𝜃𝜃 ≈ 2 ML, 𝐼𝐼 = 100 pA, and 𝑉𝑉 = +2.00 V. In Fig. 2a, STM image size is 
30 nm × 30 nm, Bi coverage 𝜃𝜃 ≈ 1 ML, 𝐼𝐼 = 100 pA, and 𝑉𝑉 = +2.50 V. 
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FIG. S3. Clean InSb(111)B substrate. (a) A large-scale STM image (size: 1000 nm × 1000 
nm) for morphology of InSb(111)B surface with steps; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +2.07 V. (b) 
Height line profile for a step in (a). The step height of about 0.3865 nm indicates a good 
agreement with the previous experimental value of bulk InSb(111) DL thickness 𝑑𝑑 =
0.37409 nm (Fig. S2). (c) Atomically resolved STM images for the same region (size: 20 nm 
× 20 nm) of the InSb(111)B surface under different bias with 𝐼𝐼 = 100 pA. (d) RHEED 
pattern of InSb(111)B, indicating a (3×3) reconstruction. (e) 2D-FFT image of InSb(111)B 
for the image of +2.0 V in (c). From (e), the in-plane lattice constant is estimated as about 
1.4 nm, which is approximately equal to 3𝑎𝑎0 = 1.37448 nm (see Fig. S2 for 𝑎𝑎0) and 
therefore also indicates a (3×3) reconstruction of the InSb(111)B surface. All STM images 
were measured at the liquid nitrogen temperature of about 77 K. The STM results in (c) are 
generally consistent with previous experimental observations [60,61,64,65], although STM 
images with sufficiently-high resolution to identify the exact atomic positions in the 
reconstructed surface are still unavailable. 
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FIG. S4. STM images showing the surface morphologies with the ST-like Bi islands grown 
on InSb(111)B surface for different surface regions. Island height levels are labelled (see 
the main text for explanation). (a) Image size: 50 nm × 50 nm; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +1.10 
V; coverage: 𝜃𝜃 ≈ 1 ML. (b) Image size: 50 nm × 50 nm; coverage: 𝜃𝜃 ≈ 1 ML; 𝐼𝐼 = 100 pA and 
𝑉𝑉 = +1.01 V. Note that there is an InSb step along the diagonal direction from lower left to 
upper right in this image. (c) Image size: 30 nm × 30 nm; coverage: 𝜃𝜃 ≈ 2 ML; 𝐼𝐼 = 100 pA, 
𝑉𝑉 = +1.10 V. (d) Image size: 28 nm × 28 nm; coverage: 𝜃𝜃 ≈ 2 ML; 𝐼𝐼 = 100 pA and 𝑉𝑉 =
+1.00 V. (e) Image size: 28 nm × 28 nm; coverage: 𝜃𝜃 ≈ 1 ML; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +1.02 V. 
(f) Image size: 15 nm × 15 nm; coverage: 𝜃𝜃 ≈ 2 ML; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +1.00 V. For all 
these STM images, 𝑇𝑇dep ≈ 423 K, and 𝑡𝑡cool ≈ 1 h (see Sec. S1 for explanations). 
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FIG. S5. STM images showing the surface morphologies with Bi islands grown on 
InSb(111)B surface for different coverages. Island height levels are labelled (see the main 
text for explanation). (a) Coverage: 𝜃𝜃 ≈ 1 ML; image size: 100 nm × 100 nm (𝐼𝐼 = 100 pA, 
𝑉𝑉 = +2.07 V). (b) Coverage: 𝜃𝜃 ≈ 2 ML; image size: 120 nm × 120 nm (𝐼𝐼 = 100 pA, 𝑉𝑉 =
+1.50 V). (c) Coverage: 𝜃𝜃 ≈ 5 ML; image size: 1000 nm × 1000 nm (𝐼𝐼 = 100 pA, 𝑉𝑉 = +2.07 
V). For all these STM images, 𝑇𝑇dep ≈ 403 K and 𝑡𝑡cool ≈ 1 h (see Sec. S1 for explanations). 
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FIG. S6. STM images showing the surface morphologies with Bi islands on InSb(111)B 
surface for different time controls. Island height levels are labelled (see the main text for 
explanation). (a) 𝑇𝑇dep ≈ 403 K and 𝑡𝑡cool ≈ 5 min; image size: 100 nm × 100 nm; coverage: 
𝜃𝜃 ≈ 1 ML; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +1.43 V. (b) Enlargement for the framed region in (a) 
shows a disordered surface. Image size: 10 nm × 10 nm; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +0.50 V. (c) 
𝑇𝑇dep ≈ 403 K and 𝑡𝑡cool ≈ 1 h; image size: 100 nm × 100 nm; coverage: 𝜃𝜃 ≈ 1 ML; 𝐼𝐼 = 100 pA 
and 𝑉𝑉 = +1.68 V. (d) Enlargement for the framed region in (c) reveals a (2×2)-
reconstructed-like surface, as indicated by a rhombus with the measured side length of 
about 2𝑎𝑎0 or 2𝑎𝑎, where 𝑎𝑎0 ≈ 𝑎𝑎 is the lattice constant of InSb(111) plane and 𝑎𝑎 is the lattice 
constant of Bi(111) plane. Image size: 10 nm × 10 nm; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +0.50 V. (e) 
After the measurement for (a), the temperature was elevated to RT within about 2 h, and 
then to 403 K within about 1 h. After that, 403 K was kept for about 20 h. Then, the 
temperature was cooled down back to RT within about 1 h and the image was measured at 
liquid helium temperature as in the procedure for measurements of other STM images; 
image size: 100 nm × 100 nm; coverage: 𝜃𝜃 ≈ 1 ML; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +1.68 V. (f) 
Enlargement for the framed region in (e) shows a disordered surface. Image size: 15 nm × 
15 nm; 𝐼𝐼 = 100 pA and 𝑉𝑉 = +0.50 V. 
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S2. Model details 

S2.1. Energy formulation 

        For a 1-ML Bi island with N Bi atoms adsorbed on a substrate surface at specific lattice 
sites with a lattice constant 𝑙𝑙, the total energy can be expressed as 

𝐸𝐸total = 𝐸𝐸electronic + 𝐸𝐸elastic
Bi-sub + 𝐸𝐸elastic

Bi-Bi ,                                              (1) 

based on a generic form of Frenkel-Kontrova-type Hamiltonian for elastic relaxations in 
bulk alloys [71]. 

        The first term 𝐸𝐸electronic in Eq. (1) is the contribution from all electronic effects not 
associated with relaxations. This term includes various many-body (pair, trio, quarto, …) 
interactions. For a most simplified model, here we can define an “effective” pair interaction 
𝜙𝜙𝑖𝑖 by letting 

𝐸𝐸electronic = �𝜙𝜙𝑖𝑖

𝑀𝑀

𝑖𝑖=1

≈ 𝑀𝑀𝜙𝜙,                                                             (2) 

where the total contribution 𝐸𝐸electronic is decomposed into M “quasi-pair (QP)” interactions 
between two NN atoms and M is the total number of QPs of the island. The QP interaction 
𝜙𝜙𝑖𝑖 generally satisfies 𝜙𝜙𝑖𝑖 < 0, i.e., the atoms aggregate by attraction. In principle, the QP 
interaction 𝜙𝜙𝑖𝑖 for the ith atom can be obtained by solving the linear equations 
corresponding to the various configurations with many-body interactions (e.g., see Refs. 
45–47) and generally different from those for other atoms, depending its surrounding (e.g., 
its NN number), but we take all 𝜙𝜙𝑖𝑖 to be approximately equal to a single parameter 𝜙𝜙 for a 
specific configuration in our analysis for this work. 

        Assume that any lattice point of the substrate surface is the equilibrium site of a single 
Bi atom adsorbed on the substrate surface. The second term 𝐸𝐸elastic

Bi-sub in Eq. (1) describes the 
elastic contribution of Bi atoms away from the equilibrium sites (i.e., the lattice points of 
the substrate surface) for the Bi island. If we assume that each Bi atom is in a harmonic 
potential well for this elastic effect, then this term can be expressed as 

𝐸𝐸elastic
Bi-sub =

1
2
��𝑘𝑘𝑖𝑖𝑖𝑖(𝑥𝑥𝑖𝑖 − 𝑥𝑥0𝑖𝑖)2 + 𝑘𝑘𝑖𝑖𝑖𝑖(𝑦𝑦𝑖𝑖 − 𝑦𝑦0𝑖𝑖)2�                                    (3)
𝑁𝑁

𝑖𝑖=1

 

under the Cartesian coordinates, where 𝑥𝑥𝑖𝑖 and 𝑦𝑦𝑖𝑖 are the position coordinates of the ith Bi 
atom with its corresponding lattice point fixed at 𝑥𝑥0𝑖𝑖  and 𝑦𝑦0𝑖𝑖; the elastic tensors 𝑘𝑘𝑖𝑖𝑖𝑖 and 𝑘𝑘𝑖𝑖𝑖𝑖 
characterize the stiffnesses of the coupling between the ith Bi atom and its lattice point 
along 𝑥𝑥 and 𝑦𝑦 directions and are therefore related to the property of the substrate. 
Generally, the values of these elastic tensors vary depending on the position of each Bi 
atom. For simplicity, in this work we treat all of them as an adlayer-substrate spring 
parameter 𝑘𝑘1 ≈ 𝑘𝑘𝑖𝑖𝑖𝑖 ≈ 𝑘𝑘𝑖𝑖𝑖𝑖 for 𝑖𝑖 = 1, 2, …, 𝑁𝑁. 

        The third term 𝐸𝐸elastic
Bi-Bi  in Eq. (1) describes the total elastic energy of all Bi atoms away 

from their equilibrium lattice sites for a Bi island without the substrate. We assume that 
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only NN Bi pairs have the elastic contributions, and each pair is simplified as a harmonic 
oscillator. Then, this term can be expressed as 

𝐸𝐸elastic
Bi-Bi =

1
2
��𝑘𝑘𝑗𝑗𝑖𝑖 ���𝑥𝑥𝑖𝑖 − 𝑥𝑥𝑗𝑗𝑖𝑖�

2 + �𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑗𝑗𝑖𝑖�
2 − 𝑏𝑏𝑖𝑖𝑗𝑗𝑖𝑖�

2𝑛𝑛𝑖𝑖

𝑗𝑗𝑖𝑖=1

𝑁𝑁

𝑖𝑖=1

,                          (4) 

where 𝑛𝑛𝑖𝑖 is the number of NN pairs of the ith atom after subtracting repeated NN pairs 
from other atoms (i.e., the sum for 𝑛𝑛𝑖𝑖 is over all NN pairs); the coordinates of the 𝑗𝑗𝑖𝑖th NN 
atom of the ith atom are 𝑥𝑥𝑗𝑗𝑖𝑖 and 𝑦𝑦𝑗𝑗𝑖𝑖; the elastic tensor 𝑘𝑘𝑗𝑗𝑖𝑖  characterizes the stiffness of the 
coupling between two Bi atoms of each NN pair along the pair bonding direction (again, the 
value of the elastic tensor generally varies depending on the position of each Bi pair and, 
for simplicity, in this work we treat any of them as an intra-adlayer spring parameter 𝑘𝑘2 ≈
𝑘𝑘𝑗𝑗𝑖𝑖  for 𝑖𝑖 = 1, 2, …, 𝑁𝑁 and 𝑗𝑗𝑖𝑖 = 1, 2, …, 𝑛𝑛𝑖𝑖); 𝑏𝑏𝑖𝑖𝑗𝑗𝑖𝑖 denotes the equilibrium lattice distance 
between the ith atom and its 𝑗𝑗𝑖𝑖th NN atom. For an infinite island (i.e., a complete ML), 𝑏𝑏𝑖𝑖𝑗𝑗𝑖𝑖 =
𝑏𝑏, where 𝑏𝑏 is the lateral lattice constant of the complete ML. For finite Bi islands in this 
work, we assume 𝑏𝑏𝑖𝑖𝑗𝑗𝑖𝑖 ≈ 𝑏𝑏, but treat 𝑏𝑏 as a parameter which depends on the configurations 
of the islands that we consider. 

        To analyze the thermodynamic stabilities of Bi islands with the same number of Bi 
atoms, N, one can construct a series of specific shapes made up of the N Bi atoms, and then 
compare the total energies after minimizing Eq. (1) by appropriately choosing the 
parameters 𝑙𝑙, 𝜙𝜙, 𝑏𝑏, 𝑘𝑘1, and 𝑘𝑘2. The choices of these parameters reflect the geometric and 
mechanical properties of structures observed under the experimental conditions. We take 
these parameters referring to relevant experimental information and our DFT results. For 
our DFT calculation details of estimating these parameters, see below. 

S2.2. Algorithm for energy minimization for our model 

        We use the conjugate gradient method to execute the energy minimization in the above 
proposed model. 

S2.3. Parameter dependences of energy 

        Let us first look at 𝑘𝑘1 and 𝑘𝑘2. From Eqs. (1) to (4), it is obvious that increasing 
(decreasing) 𝑘𝑘1 or/and 𝑘𝑘2 will increase (decrease) the contributions from elastic effects. As 
a benchmark analysis, if 𝑘𝑘1 or (and) 𝑘𝑘2 is (are) taken to be zero, then the optimized energy 
will be determined by only Eq. (2), i.e., the energy order of the configurations is trivially 
determined by the parameter 𝜙𝜙 and the number 𝑀𝑀 of QPs. In this case, if we take the above 
𝜙𝜙 values estimated from our DFT calculations, then we obtain 𝐸𝐸C0 = −1.872 eV, 𝐸𝐸C1 =
−2.006 eV, 𝐸𝐸C2 = −2.079 eV, and 𝐸𝐸C3 = −1.656 eV, i.e., 𝐸𝐸C2 < 𝐸𝐸C1 < 𝐸𝐸C0 < 𝐸𝐸C3. The most 
compact shape C2 has the lowest energy (i.e., most favorable) due to the largest QP number 
𝑀𝑀 = 743 and the chain-like shape C3 has the highest energy (i.e., most unstable) due to the 
smallest 𝑀𝑀 = 270 even though 𝜙𝜙chain is significantly lower than 𝜙𝜙1ML, while the ST shape C0 
is also unstable because of its higher energy. For C0 and C1, the QP number 𝑀𝑀 are 669 and 
717, respectively. 
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        Then we switch to other values of 𝑘𝑘1 and 𝑘𝑘2. In principle, one can separately take 𝑘𝑘1 
and 𝑘𝑘2 for different configurations, but the corresponding comparison can be complex. To 
give a clearer picture, here we only focus on a special case, in which we simply let 𝑟𝑟𝑘𝑘 =
𝑘𝑘1/𝑘𝑘sub = 𝑘𝑘2/𝑘𝑘1ML (for C0, C1, and C2) = 𝑘𝑘2/𝑘𝑘chain (for C3) (for 𝑘𝑘sub, see Sec. S3.4). We plot 
the energies versus the single parameter 𝑟𝑟𝑘𝑘 in Fig. S7a. For any 𝑟𝑟𝑘𝑘 > 0.073, the green line is 
always lowest, indicating the ST shape C0 is always most favorable even though the value 
of 𝑟𝑟𝑘𝑘 is far from the 𝑟𝑟𝑘𝑘 = 1 case already discussed in Fig. 3. For any 𝑟𝑟𝑘𝑘 > 0.234, the blue line 
is always highest, indicating the compact shape C2 is always most unfavorable. For any 0 ≤
𝑟𝑟𝑘𝑘 < 0.040, the blue line becomes lowest, and the energy order of four configurations is the 
same as the above trivial case of  𝑘𝑘1 = 0 and/or 𝑘𝑘2 = 0. Therefore, from this analysis for 
varying 𝑘𝑘1 and 𝑘𝑘2, we can say that the ST shape is always favorable as long as the 𝑟𝑟𝑘𝑘 value is 
not too small, i.e., forming the ST structure requires larger 𝑘𝑘1 and 𝑘𝑘2. 

        Next, we analyze the results for varying 𝜙𝜙. Again, one can in principle separately vary 𝜙𝜙 
values for different configurations, but we here only show a simple special case, in which 
we let 𝑟𝑟𝜙𝜙 = 𝜙𝜙/𝜙𝜙1ML (for C0, C1, and C2) = 𝜙𝜙/𝜙𝜙chain (for C3). We plot the energies versus 
the single parameter 𝑟𝑟𝜙𝜙 in Fig. S7b. For any 0 < 𝑟𝑟𝜙𝜙 < 13.72, the green line is always lowest, 
indicating the ST shape C0 is always most favorable, including the 𝑟𝑟𝜙𝜙 = 1 case already 
discussed in Fig. 3. For any 𝑟𝑟𝜙𝜙 > 13.72, the blue line is always lowest, indicating the 
compact shape C2 is always most unfavorable, but such a range of too large 𝑟𝑟𝜙𝜙 is generally 
unphysical. Therefore, from this analysis for varying 𝜙𝜙, we can say that the ST shape is 
always favorable as long as the 𝜙𝜙 value is not too large, i.e., forming the ST structure 
requires the weaker interactions which correspond to a higher 𝜙𝜙 < 0 . 

        To analyze the results for the energy as a function of Bi ML lattice parameter 𝑏𝑏, we 
define the lattice mismatch quantified by the strain 

𝜀𝜀 =
𝑙𝑙 − 𝑏𝑏
𝑏𝑏

× 100%,                                                                (5) 

where 𝑙𝑙 is the surface lattice parameter of the substrate. Thus, 𝜀𝜀 > 0 indicates a tensile 
strain exerted by the substrate lattice on the Bi ML, while 𝜀𝜀 < 0 indicates a compressive 
strain. As shown in Fig. 4, the 𝑏𝑏 value of a Bi ML or a Bi chain at its equilibrium structure is 
smaller than the 𝑏𝑏 values of most-stable phases for 2-, 3-, and 4-ML Bi films (whose 
metastable phases with significantly higher energies are not assumed to appear in the 
experiments of this work), and therefore we only consider the tensile strain in this work.  
Below, as an example, we take 𝑙𝑙 to be 𝑎𝑎0 = 0.45816 nm and perform the energy 
minimization for the 𝑏𝑏 values less than 𝑎𝑎0 and make a plot in Fig. S7c. 

        From  Fig. S7c, one can immediately see that the green (𝐸𝐸C0) curve is always below the 
red (𝐸𝐸C1) and blue (𝐸𝐸C2) curves as long as 𝑏𝑏 ≲ 0.4271 nm (corresponding to the strain of 
𝜀𝜀 ≳ 7.27%), i.e., the ST shape C0 is more favorable than compact shapes (C1 and C2) if one 
takes the same 𝑏𝑏 value (or takes the slightly different 𝑏𝑏 values) for these shapes. When 𝑏𝑏 ≳
0.4271 nm (corresponding to the strain of 𝜀𝜀 ≲ 7.27%), the blue (𝐸𝐸C2) curve becomes lowest 
with increasing 𝑏𝑏 (i.e., decreasing 𝜀𝜀), while the green (𝐸𝐸C0) curve is gradually elevated lying 
above the blue and red curves (see the inset in Fig. S7c). This implies that there is a critical 
𝑏𝑏 value at 𝑏𝑏c ≈ 0.4271 nm (or equivalently a critical strain value at 𝜀𝜀c ≈ 7.27%). In other 
words, for a 1-ML Bi island with 𝑏𝑏 < 𝑏𝑏c (or equivalently 𝜀𝜀 > 𝜀𝜀c), the ST shape C0 is more 
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favorable than more compact islands C1 and C2, and if 𝑏𝑏 > 𝑏𝑏c (or equivalently 𝜀𝜀 < 𝜀𝜀c), C0 is 
unfavorable relative to C1 and C2, i.e., forming the ST structure requires a larger tensile 
strain 𝜀𝜀 > 0. 

        In Fig. S7c, the brown (𝐸𝐸C3) curve being below the green curve for 𝑏𝑏 ≲ 0.4271 nm does 
not mean that C3 must be more favorable than C0, because the value of 𝑏𝑏 ≈ 𝑏𝑏chain = 0.2865 
nm for the chain-like shape C3 is significantly smaller than 𝑏𝑏 ≈ 𝑏𝑏1ML = 0.3304 nm for the 
ST shape C0. The significantly higher strain of 59.92% for a chain than 38.67% for a 1-ML 
Bi results in an energy difference of 𝛥𝛥𝐸𝐸03 = 2.078 eV > 0, as shown in Fig. S7c. Therefore, 
C0 is much more favorable than C3. 

        Specifically, we also analyze the results for varying lattice parameter 𝑙𝑙 as well as for 
varying 𝑘𝑘1. In Table S2, we listed the model results for a nominal 1-ML Bi film on the 
substrates with the lattice parameters: 𝑙𝑙 = 𝑎𝑎0 = 0.45816 nm, 𝑙𝑙 = 𝑏𝑏2ML = 0.4309 nm, 𝑙𝑙 =
𝑏𝑏3ML = 0.3437 nm, 𝑙𝑙 = 𝑏𝑏4ML = 0.4425 nm, and 𝑙𝑙 = 𝑏𝑏∞ML = 0.4546 nm, for three typical 𝑘𝑘1 
values: 10, 307, and 500 eV/nm2, within the range estimated from the Debye model 
analysis for single-element materials in Sec. S3.4. 𝑏𝑏2ML, 𝑏𝑏3ML, 𝑏𝑏4ML and 𝑏𝑏∞ML are the DFT 
lateral equilibrium lattice parameters of most-stable phases for freestanding 2-, 3-, 4-, and 
∞-ML Bi films, respectively (see Fig. 4 and Sec. S3.2). The data (especially see the 
favorability orders of C0, C1, C2, and C3 for varying 𝑙𝑙 and 𝑘𝑘1) listed in Table S2 together 
with the above analyses for other parameter dependence (Fig. S7) provide strong support 
for our model analyses and conclusion. 
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       a                                                       b 

                                 c 
FIG. S7. The optimized energies 𝐸𝐸 = 𝐸𝐸C0 , 𝐸𝐸C1, 𝐸𝐸C2, and 𝐸𝐸C3 per Bi atom versus various 
model parameters for four typical configurations (C0, C1, C2, and C3) of 1-ML Bi islands 
with 𝑁𝑁 =  267 Bi atoms after energy minimization. (a) 𝐸𝐸 versus 𝑟𝑟𝑘𝑘. Except 𝑘𝑘1 and 𝑘𝑘2, the 
parameters are the same as those listed in the caption of Fig. 3. The vertical dashed lines 
indicate the intersections of two differently colored solid lines. (b) 𝐸𝐸 versus 𝑟𝑟𝜙𝜙. Except 𝜙𝜙, 
the parameters are the same as those listed in the caption of Fig. 3. The vertical dashed 
lines indicate the intersections of two differently colored solid lines. (c) 𝐸𝐸 versus 𝑏𝑏. The 
inset is the enlargement for large 𝑏𝑏 values. Other parameters are the same as those listed in 
the caption of Fig. 3. 𝛥𝛥𝐸𝐸03 is the energy difference of C0 at 𝑏𝑏 = 𝑏𝑏1ML = 0.3304 nm and C3 at 
𝑏𝑏 = 𝑏𝑏chain = 0.2865 nm. For definitions of all parameters, see Sec. S2.1. 
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S3. DFT method and calculation details 

        We perform first-principles DFT calculations with the projector-augmented-wave 
pseudopotentials [48] developed by the Vienna Ab Initio Simulation Package (VASP) [49] 
group. In the calculations for model parameters and slab energies, we use the optB88-vdW 
functional [50], where the vdW interactions are included. This functional has already 
reliably applied for various other systems, e.g., metal plus vdW materials [51,52]. The 
energy cutoff is taken to be 500 eV. The 𝑘𝑘 mesh is chosen depending on the supercell size 
for each calculated system. Total energy convergence is reached if the force on any relaxed 
atom is less than 0.1 eV/nm (for more accurate lattice constant calculations, the tolerance 
is taken to be less than 0.02 eV/nm).  At the free ends of a supercell for modeling a Bi film 
or a Bi chain, the vacuum thickness between two adjacent replicas is 3 nm. Spin 
polarization are considered in all calculations. Spin-orbital coupling (SOC) effects are 
generally insignificant for energy differences of configurations [53], and therefore are not 
considered. However, we include SOC in the DFT analysis for topological properties of Bi 
films. We use the wannier90 code [54] to calculate the maximally localized Wannier 
functions of Bi by fitting the DFT band structures. 

S3.1. Bulk properties of Bi 

        Using the above described DFT method, we obtain the lattice parameters of bulk Bi 
crystal with an 𝛼𝛼-As structure (see Fig. S1):  𝑎𝑎 = 0.4580 nm, 𝑐𝑐 = 1.2057 nm, and 𝑢𝑢 =
0.23467, which are in good agreement with the experimental values: 𝑎𝑎 = 0.4546 nm, 𝑐𝑐 =
1.1862 nm, and 𝑢𝑢 = 0.23389 [66,67]. The NN distance is 0.3112 nm from our DFT 
calculation and the corresponding experimental value is 0.30712 nm. The cohesive energy 
from our DFT calculations is 𝐸𝐸c = 𝐸𝐸Bi − 𝐸𝐸cell/𝑛𝑛 = 3.014 eV, where 𝐸𝐸cell is the DFT total 
energy of the supercell containing 𝑛𝑛 Bi atoms and 𝐸𝐸Bi is the energy of one Bi atom in gas 
phase. The 𝐸𝐸c value of 3.014 eV is consistent with the values of 3.12 eV [55] and 2.988 eV 
[56] from previous DFT calculations and comparable with the experimental value of 2.18 
eV [57]. Other parameters are listed in Table S1. In this DFT calculation, we use a hexagonal 
unit cell containing six Bi atoms and the 𝑘𝑘 mesh is taken to be 41 × 41 × 13. 

S3.2. Phases and equilibrium lattice parameters of chain, 1-, 2-, 3-, and 4-ML Bi  

        To search the equilibrium lattice parameters of 1-, 2-, 3-, and 4-ML freestanding Bi 
films as well as freestanding infinite Bi chain, we performed the DFT calculations for total 
energies versus lattice parameter 𝑏𝑏. The corresponding results for chemical potential 𝜇𝜇 are 
shown in Fig. 4, where 𝜇𝜇 is defined as 𝜇𝜇 = 𝐸𝐸cell/𝑛𝑛 − 𝐸𝐸Bi (also see the caption of Table S1). 

        For 1-ML Bi film (see Fig. 4a), we find one energy minimum at 𝑏𝑏 = 0.3304 nm. For 𝑏𝑏 ≲
0.39 nm, 1-ML Bi film is nonmagnetic. From 𝑏𝑏 ≈ 0.39 to 5.2 nm, the magnetic moment 𝑚𝑚 
increases with increasing 𝑏𝑏. For 𝑏𝑏 ≳ 5.2 nm, 𝑚𝑚 values trivially become 3𝜇𝜇𝐵𝐵, i.e., the 𝑚𝑚 value 
for Bi gas phase, as the system approaches to the gas phase and the chemical potential 𝜇𝜇 
approaches to zero. The similar behavior is found for Bi chain, as plotted in the inset of Fig. 
4a. One energy minimum for Bi chain is found at 𝑏𝑏 = 0.2865 nm, which is slightly larger 
than the isolated Bi dimer bond length of 0.2654 nm, as listed in Table S1. 

        For 2-ML Bi film (see Fig. 4b), we find three energy minima at 𝑏𝑏 = 0.3512, 0.4309, and 
0.5262 nm, which correspond to phase I, phase II, and phase III, respectively. The lowest 
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energy minimum, i.e., the most-stable phase, is phase II at 𝑏𝑏 = 0.4309 nm. Phase I and 
phase III are metastable. The transition between phase I and phase II happens at 𝑏𝑏 =
0.3703 nm, and the transition between phase II and phase III happens at 𝑏𝑏 = 0.5226 nm. 
Note the discontinuity of the interlayer spacing 𝑑𝑑1 at the given phase transition point. For 
phase III, 𝑑𝑑1 becomes zero, i.e., two MLs merge into one monatomic layer. The energy 
barriers for phase transitions can be obtained from the 𝜇𝜇 values listed in Table S1. 

        For 3-ML Bi film (see Fig. 4c), we find three energy minima at 𝑏𝑏 = 0.3437, 0.3737, and 
0.5353 nm, which correspond to phase I, phase II, and phase III, respectively. The lowest 
energy minimum, i.e., the most-stable phase, is phase I at 𝑏𝑏 = 0.3437 nm. Phase II and 
phase III are metastable. The transition between phase I and phase II happens at 𝑏𝑏 =
0.3580 nm, and the transition between phase II and phase III happens at 𝑏𝑏 = 0.4853 nm. 
Note the discontinuities of the interlayer spacings 𝑑𝑑1 ≈ 𝑑𝑑2 at the given phase transition 
point. For large 𝑏𝑏, 𝑑𝑑1 and 𝑑𝑑2 become zero, i.e., three MLs merge into one monatomic layer. 
The energy barriers for phase transitions can be obtained from the 𝜇𝜇 values listed in Table 
S1. 

        For 4-ML Bi film (see Fig. 4d), we find three energy minima at 𝑏𝑏 = 0.3453, 0.4425, and 
0.5414 nm, which correspond to phase I, phase II, and phase III, respectively. The lowest 
energy minimum, i.e., the most-stable phase, is phase II at 𝑏𝑏 = 0.4425 nm. Phase I and 
phase III are metastable. The transition between phase I and phase II happens at 𝑏𝑏 =
0.3628 nm, and the transition between phase II and phase III happens at 𝑏𝑏 = 0.5189 nm. 
Note the discontinuities of the interlayer spacings 𝑑𝑑1 ≈ 𝑑𝑑3 and 𝑑𝑑2 at the given phase 
transition point. For large 𝑏𝑏, 𝑑𝑑2 become zero, i.e., two MLs in the middle merge into one 
monatomic layer. The energy barriers for phase transitions can be obtained from the 𝜇𝜇 
values listed in Table S1. 

        As indicated by each red dash-dotted vertical line in Fig. 4, the equilibrium lattice 
parameters 𝑏𝑏2ML = 0.4309 nm and 𝑏𝑏4ML = 0.4425 nm for the most stable phases of 2- and 
4-ML slabs are much closer to the bulk value 𝑎𝑎 = 𝑏𝑏∞ML = 0.4580 nm than 𝑏𝑏1ML = 0.3304 
nm and 𝑏𝑏3ML = 0.3437 nm for the most-stable phases of 1- and 3-ML slabs, respectively. 
Not that 𝑏𝑏1ML ≈ 𝑏𝑏3ML, while 𝑏𝑏2ML ≈ 𝑏𝑏4ML ≈ 𝑏𝑏∞ML = 0.4580 nm = 𝑎𝑎 ≈ 𝑎𝑎0, i.e., the lattice of an 
even-𝐿𝐿 Bi film almost perfectly matches the InSb(111) lattice with 𝑎𝑎0. 

        The range of 𝑏𝑏 in Fig. 4 is from 0.3 to 0.7 nm for Bi films or from 0.25 to 0.7 nm for Bi 
chain. This range is sufficiently large for identifying all possible phases (i.e., all energy 
minima), as rationalized below. For the side of small 𝑏𝑏, when 𝑏𝑏 < 0.3 nm for Bi films and 
𝑏𝑏 < 0.25 nm for Bi chain, the energies are expected to monotonically and dramatically 
increase with decreasing 𝑏𝑏 due to the gradually reduced NN distance of Bi atoms. Then, 
there would be no energy minima if 𝑏𝑏 < 0.3 nm for Bi films or 𝑏𝑏 < 0.25 nm for Bi chain. For 
the side of large 𝑏𝑏, 1-, 2-, or 3-ML Bi film or Bi chain approaches to the gas phase (with the 
chemical potential 𝜇𝜇 approaching to zero) with increasing 𝑏𝑏 beyond 0.7 nm due to the too 
large NN distance of Bi atoms. Then, there would be no energy minima when 𝑏𝑏 > 0.7 nm 
for 1-, 2-, or 3-ML Bi film or Bi chain. For 4-ML Bi, one more phase possibly occurs beyond 
𝑏𝑏 > 0.7 nm when 𝑑𝑑1 and 𝑑𝑑3 also become zero besides 𝑑𝑑2 becomes zero (i.e., four Bi MLs 
become a monatomic layer). However, this is a trivial result. Finally, we find that 2-, 3-, and 
4-ML Bi films are all nonmagnetic in the range of 𝑏𝑏 from 0.3 to 0.7 nm. 
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        In Table S1, we list our DFT optimized geometric and energetic properties of 
freestanding Bi structures including dimer, infinite chain, and 1- to 4-ML laterally infinite 
slabs with the thicknesses 𝐿𝐿 = 1, 2, 3, and 4. For a dimer, we take the 𝑘𝑘 mesh to be 
1 × 1 × 1. For the chain, we use a supercell containing one Bi atom with the 𝑘𝑘 mesh of 
40 × 1 × 1. For the 1- to 4-ML slabs, we fully relax a 1 × 1 supercell containing 𝐿𝐿 Bi atoms 
with the 𝑘𝑘 mesh of 41 × 41 × 1. To obtain the multiple possible phases for a given 𝑏𝑏, we try 
different initial interlayer spacings 𝑑𝑑1, 𝑑𝑑2, and/or 𝑑𝑑3. 
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Table S1. Optimized geometric and energetic properties of freestanding Bi structures from 
our DFT calculations. For calculation details and structure of bulk Bi crystal, see Sec. S3.1 
and Fig. S1. 𝑏𝑏 is the lateral lattice parameter for a low dimensional structure and 𝑏𝑏 = 𝑎𝑎 for 
bulk Bi. 𝑑𝑑1, 𝑑𝑑2, and 𝑑𝑑3 are the interlayer spacings counted from bottom to top layers for a Bi 
slab, respectively. For bulk, 𝑑𝑑1 and 𝑑𝑑2 are two adjacent interlayer spacings and 𝑑𝑑 = 𝑑𝑑1 + 𝑑𝑑2, 
as shown in Fig. S1. Note that 𝑑𝑑1 = 𝑑𝑑3 for bulk and 𝑑𝑑1 ≈ 𝑑𝑑3 for a 4-ML Bi slab for fully 
relaxed structures from our DFT calculations. All lengths are in units of nm. 𝛾𝛾 is the surface 
energy (in eV/nm2) of a phase for a slab at the thickness 𝐿𝐿. ∆2𝐸𝐸𝐿𝐿 (in eV) is the second 
difference of the energy for the most-stable phase at 𝐿𝐿 from two most-stable phases at the 
adjacent thicknesses 𝐿𝐿 − 1 and 𝐿𝐿 + 1. 𝜇𝜇 (in eV) is the chemical potential calculated by 𝜇𝜇 =
𝐸𝐸cell/𝑛𝑛 − 𝐸𝐸Bi, where 𝐸𝐸cell is the DFT total energy of the supercell containing 𝑛𝑛 Bi atoms and 
𝐸𝐸Bi is the energy of one Bi atom in gas phase. The lowest 𝜇𝜇 for a given 𝐿𝐿 indicates the most-
stable phase (bold font). By taking the difference of two 𝜇𝜇 values (listed in last column) at 
adjacent energy extrema (see Fig. 4), one can obtain the energy barriers between two 
adjacent phases, e.g., the energy barrier is −2.582 − (−2.528) = 0.054 eV/atom from 
phase I to phase II for a 2-ML slab. For bulk, the chemical potential equals the minus 
cohesive energy, i.e., 𝜇𝜇 = −𝐸𝐸c. The bottommost row lists experimental values of bulk Bi for 
a comparison. 

aRefs. [66,67]. 
bRef. [57]. 
  

Bi structure 𝐿𝐿 𝑏𝑏 𝑑𝑑1 𝑑𝑑2 𝑑𝑑3 𝑑𝑑 𝛾𝛾 ∆2𝐸𝐸𝐿𝐿 𝜇𝜇 
Dimer  0.2654       −1.627 
          
Chain  0.2865       −1.638 
          
1 ML 1 0.3304     4.091  −2.241 
          
2 ML (phase I) 2 0.3512 2.6773    4.049  −2.582 
2 ML (transition I ↔ II) 2 0.3703 2.4954      −2.528 
2 ML (phase II) 2 0.4309 0.1751    1.654 +0.929 −2.748 
2 ML (transition II ↔ III) 2 0.5226 0.0000      −2.280 
2 ML (phase III) 2 0.5262 0.0000    3.055  −2.282 
          
3 ML (phase I) 3 0.3437 0.2992 0.2989  0.5982 5.961 −1.268 −2.608 
3 ML (transition I ↔ II) 3 0.3580 2.7034 2.7044  5.4078   −2.595 
3 ML (phase II) 3 0.3737 0.2480 0.2478  0.4957 5.106  −2.603 
3 ML (transition II ↔ III) 3 0.4853 1.5642 1.5657  3.1299   −2.191 
3 ML (phase III) 3 0.5353 0.0875 0.0881  0.1756 3.797  −2.386 
          
4 ML (phase I) 4 0.3453 0.2876 0.3348 0.2875 0.6224 6.227  −2.693 
4 ML (transition I ↔ II) 4 0.3618 2.5427 3.0628 2.5443 5.6055   −2.670 
4 ML (phase II) 4 0.4425 0.1699 0.2611 0.1699 0.4310 1.885  −2.855 
4 ML (transition II ↔ III) 4 0.5189 0.7341 1.7369 0.7356 2.4710   −2.544 
4 ML (phase III) 4 0.5414 0.0702 0.1661 0.0699 0.2363 3.333  −2.591 
          
∞ ML (𝛼𝛼-As phase) ∞ 0.4580 0.1640 0.2379 0.1640 0.4019   −3.014 
Experiments (𝛼𝛼-As phase) ∞ 0.4546a 0.1595a 0.2359a 0.1595a 0.3954a   −2.18b 
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Table S2. Dependences of optimized energies for C1, C2, and C3 relative to C0 on substrate 
lattice parameter 𝑙𝑙 (for stable phases; see Table S1) and spring parameter 𝑘𝑘1. The strain 𝜀𝜀 
indicates the mismatch between substrate and 1-ML Bi with the equilibrium lattice 
parameter 𝑏𝑏 = 0.3304 nm (see Table S1) from Eq. (5). Other parameters are the same as 
those listed in the caption of Fig. 3. A positive (negative) energy difference in columns 5, 6, 
and 7 for a configuration (C1, C2, or C3) indicates that this configuration is more 
unfavorable (favorable) than C0. The case with bold font corresponds to Fig. 3. 

S3.3. Estimates of 𝝓𝝓 for chain and 1-ML Bi 

        For C0, C1, and C2 in Fig. 3, we take [47] 𝜙𝜙 = 𝜙𝜙1ML = (𝐸𝐸cell − 𝐸𝐸Bi)/3 = −0.747 eV, 
where 𝐸𝐸cell is the DFT total energy of the 1-ML unit cell containing one Bi atom. For C3 in 
Fig. 3, we take 𝜙𝜙 = 𝜙𝜙chain = 𝐸𝐸cell − 𝐸𝐸Bi = −1.638 eV, where 𝐸𝐸cell is the DFT total energy of 
the chain unit cell containing one Bi atom. Because of the simplicity of our proposed model, 
in principle, 𝜙𝜙 is an adjustable parameter which would depend on substrate [60,61], but we 
ignore any substrate effect in the above 𝜙𝜙 values. 

S3.4. Estimates of 𝒌𝒌𝟏𝟏 and 𝒌𝒌𝟐𝟐 for chain and 1-ML Bi 

        We estimate 𝑘𝑘2 from the DFT calculations of the total energy as a function of lattice 
parameter, e.g., for a 1-ML Bi or a Bi chain. From the energy curve, we can obtain the 
coefficient 𝐶𝐶 of the quadratic term by fitting the curve using a quadratic polynomial and 
then we take 𝑘𝑘2 = 2𝐶𝐶. For C0, C1, and C2, we take 𝑘𝑘2 = 𝑘𝑘1ML = 766 eV/nm2 from the 1-ML 
calculation. For C3, we take 𝑘𝑘2 = 𝑘𝑘chain = 814 eV/nm2 from the chain calculation. These 
two values are different, but the difference between them is not very significant. Similar to 
the above 𝜙𝜙 value, 𝑘𝑘2 is in principle also an adjustable parameter which would depend on 
substrate, but we ignore any substrate effect in the above 𝑘𝑘2 values. 

        𝑘𝑘1 is another adjustable parameter, significantly depending on the property of the 
substrate. However, to experimentally determine an unambiguous structure of the wetting 

Substrate 𝑙𝑙 
(nm) 𝜀𝜀 𝑘𝑘1 

(eV/nm2) 
𝐸𝐸C1 − 𝐸𝐸C0 

(eV) 
𝐸𝐸C2 − 𝐸𝐸C0 

(eV) 
𝐸𝐸C3 − 𝐸𝐸C0 

(eV) 
Favorability 

order 
InSb(111) 0.45816 38.67% 500 +1.845 +3.418 +1.103 C0 > C3 > C1 > C2 
   307 +1.707 +3.460 +2.078 C0 > C1 > C3 > C2 
   10 −0.321 −0.492 +7.308 C2 > C1 > C0 > C3 
        
2-ML Bi 0.4309 30.42% 500 +1.101 +2.053 +1.832 C0 > C1 > C3 > C2 
   307 +1.019 +2.085 +2.434 C0 > C1 > C2 > C3 
   10 −0.245 −0.374 +5.482 C2 > C1 > C0 > C3 
        
3-ML Bi 0.3437 4.03% 500 −0.112 −0.166 +1.409 C2 > C1 > C0 > C3 
   307 −0.113 −0.165 +1.411 C2 > C1 > C0 > C3 
   10 −0.140 −0.209 +1.276 C2 > C1 > C0 > C3 
        
4-ML Bi 0.4425 33.93% 500 +1.397 +2.596 +1.573 C0 > C1 > C3 > C2 
   307 +1.293 +2.632 +2.323 C0 > C1 > C3 > C2 
   10 −0.275 −0.420 +6.229 C2 > C1 > C0 > C3 
        
∞-ML Bi 0.4546 37.59% 500 +1.738 +3.222 +1.222 C0 > C3 > C1 > C2 
   307 +1.608 +3.263 +2.144 C0 > C1 > C3 > C2 
   10 −0.316 −0.474 +7.056 C2 > C1 > C0 > C3 
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layer of the substrate is inaccessible. In our proposed model, we assume that the substrate 
wetting layer has the triangular lattice which is the same as InSb(111) plane and the 
wetting layer is made up of intermixed Bi, Sb, and In atoms. For such a system, the DFT 
calculations are demanding. As a rough estimate for an order of magnitude, we just 
consider one Bi atom adsorbed on a 3 × 3 frozen 1-ML Bi and calculate the total energy as a 
function of the distance from the equilibrium site of the Bi atom. Then we can obtain the 
coefficient 𝐶𝐶 of the quadratic term by fitting the curve using a quadratic polynomial and 
then we obtain 𝑘𝑘1 = 𝑘𝑘sub = 2𝐶𝐶 = 307 eV/nm2. It should be mentioned that this very 
roughly estimated value is not necessarily the real value because the result sensitively 
depends on the positions near the equilibrium site of the Bi atom, and it is also very likely 
that 𝑘𝑘1 also sensitively depends on the thickness of a Bi film as the substrate. About the 
uncertainty of 𝑘𝑘1, further analysis is as below. 

        To support the above estimates of 𝑘𝑘1 and 𝑘𝑘2 values from our DFT calculations, we also 
make an estimate simply using the dispersion relation 𝜔𝜔max = 2�𝑘𝑘/𝑚𝑚 for a one-
dimensional atom chain, where 𝑚𝑚 is the mass of one atom, and the maximum vibration 
frequency 𝜔𝜔max can be estimated from the Debye frequency 𝜔𝜔D = 𝑘𝑘B𝛩𝛩D/ℏ with the 
Boltzmann constant 𝑘𝑘B and the Debye temperature 𝛩𝛩D. For Bi, 𝛩𝛩D = 119 K [57], and then 
the estimated value of the spring parameter 𝑘𝑘 is about 131 eV/nm2, which is in the same 
order of magnitude as the above ranges of DFT values of 𝑘𝑘1 and 𝑘𝑘2. For different materials, 
e.g., single-element materials [57], 𝛩𝛩D varies over a wide range from 38 K for Cs to 2230 K 
for C, and then 𝑘𝑘 can vary from 1 to 103 eV/nm2 in order of magnitude correspondingly. 
This feature increases the uncertainties in determining these spring parameters. In 
particular, 𝑘𝑘1 would sensitively depend on the material property of substrate, e.g., from the 
InSb surface (wetting layer) to the 2-ML Bi film and then to the thicker 4-ML Bi film as the 
substrate in this work. Thus, as listed in Table S2, we take multiple 𝑘𝑘1 values: 10, 307, and 
500 eV/nm2, which can be viewed as three typical 𝑘𝑘1 values within the above range of the 
order of magnitude from about 1 to 103 eV/nm2 in our model analyses. This implies that, 
although we take the value of 𝑘𝑘1 = 307 eV/nm2 from the above DFT estimate for a model 
analysis in Fig. 3, the real 𝑘𝑘1 would significantly differ from this value. 

        As emphasized above,  𝑘𝑘1 is treated as an adjustable parameter due to its uncertainties. 
Nevertheless, we expect that the bottommost InSb substrate would have relatively strong 
interactions with 1-ML Bi on the wetting layer (and therefore 𝑘𝑘1 would be relatively large 
in this case); the interactions would be still significant for 2-ML Bi on the wetting layer (and 
therefore 𝑘𝑘1 would be still relatively large) due to the top Bi adlayer is still sufficiently close 
to InSb, but the interactions would become insignificant for Bi films larger than 3 MLs on 
the wetting layer (and therefore 𝑘𝑘1 would become significantly smaller) due to the top Bi 
adlayer is far away from InSb. 

S3.5. Notes for 2-ML Bi film exhibiting (𝟐𝟐 × 𝟐𝟐)-reconstruction-like regions 

        During the cooling or annealing time, Level 2 can exhibit either disordered 
morphologies (Fig. S6b,f) or (2×2)-reconstructed-like surface [the (2×2)-like periodicity is 
indicated by a rhombus with the measured side length of about 2𝑎𝑎 in Fig. S6d, where 𝑎𝑎 is 
the lattice constant of Bi(111) plane]. Also, Level 2 in Fig. S4e,f shows a mixture of 
disordered and (2 × 2)-reconstruction-like morphologies. As for why the 2-ML Bi film can 
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exhibit a (2 × 2)-reconstruction-like surface (Level 2) on the substrate, we hypothesize 
that a (2 × 2)-reconstruction-like surface could be more favorable energetically than an 
unreconstructed surface for a 2-ML Bi film on the InSb substrate. We believe that a model 
analysis similar to that for the 1-ML islands described in the main text is straightforward 
with an appropriately modified set of parameters. However, the analysis can be much more 
complicated because our experimental imaging cannot resolve the structural details of a 
(2 × 2)-reconstruction-like region. (One possibility is that the top Bi atoms become 
nonuniform, e.g., each light dot in a Level 2 area probably corresponds to a Bi trimer.) 

        As seen in Fig. S6, after a long annealing time, the ST-like structures (Level S1 and Level 
S3) evolve into the superstable Level 2 (the 2-ML Bi film). This indicates that the ST-like 
structures have higher surface energies but are metastable relative to Level 2 and occur 
due to inhibited interlayer transport during film growth. The ST-like structures are 
expected to have significant energy barriers towards the superstable Level 2. To overcome 
the barriers, the long annealing time at higher temperature is needed. 

S3.6. Stability analysis for Bi films with different thicknesses 

        To determine the stability of a slab with the thickness 𝐿𝐿, the surface energy 𝛾𝛾 of the 
slab is calculated from [47] 

𝛾𝛾 =
𝐸𝐸cell − 𝑛𝑛𝜎𝜎bulk

2𝐴𝐴
,                                                                 (6) 

where 𝐸𝐸cell is the total energy of the supercell, 𝑛𝑛 is the number of Bi atoms in the supercell, 
𝐴𝐴 is the area of one of two free faces of the supercell, and 𝜎𝜎bulk is the energy per Bi atom in 
bulk Bi crystal. The second difference of the energy at 𝐿𝐿 is [47] 

∆2𝐸𝐸𝐿𝐿 = 𝐸𝐸𝐿𝐿+1 + 𝐸𝐸𝐿𝐿−1 − 2𝐸𝐸𝐿𝐿 ,                                                     (7) 

which is used to determine the stability of a film with the thickness 𝐿𝐿 during the thin film 
growth [47]. 𝐸𝐸𝐿𝐿−1, 𝐸𝐸𝐿𝐿 , and 𝐸𝐸𝐿𝐿+1 are the 𝐸𝐸cell values at 𝐿𝐿 − 1, 𝐿𝐿, and 𝐿𝐿 + 1, respectively. 
Relative to 𝐿𝐿 + 1 and 𝐿𝐿 − 1, a large positive value of ∆2𝐸𝐸𝐿𝐿 indicates high stability of the film 
with 𝐿𝐿, and a negative value indicates that the film with 𝐿𝐿 is unstable. Also note that using 
Eq. (7) to determine the stability can avoid the calculation of an extra quantity of 𝜎𝜎bulk in 
Eq. (6). From Table S1, the surface energy 𝛾𝛾𝐿𝐿=3 = 5.961 eV/nm2 for the most-stable phase I 
of 3-ML film is significantly higher than 𝛾𝛾𝐿𝐿=1 = 4.091 eV/nm2 for 1-ML film,  𝛾𝛾𝐿𝐿=2 = 1.654 
eV/nm2 for the most-stable phase II of 2-ML film, and 𝛾𝛾𝐿𝐿=4 = 1.885 eV/nm2 for the most-
stable phase II of 4-ML film. The corresponding second difference of the energy for a 3-ML 
slab (phase I) is ∆2𝐸𝐸𝐿𝐿=3 = −1.268 eV < 0. The highest surface energy and the negative 
second energy difference indicate that a 3-ML slab is unstable, relative to other thicknesses, 
where the 2-ML slab (phase II) is most stable with the lowest surface energy and positive 
∆2𝐸𝐸𝐿𝐿=2 = +0.929 eV > 0. The order of stabilities for different slab thicknesses 𝐿𝐿 at their 
most-stable phases based on the surface energies is 𝐿𝐿 = 2 (phase II), 4 (phase II), 1, and 3 
(phase I). In addition, the lattice of an even-𝐿𝐿 Bi film (𝐿𝐿 = 2 or 4) almost perfectly matches 
the InSb(111) lattice with 𝑎𝑎0, but not for an odd-𝐿𝐿 Bi film (𝐿𝐿 = 1 or 3). Thus, 2- and 4-ML 
compact Bi films should have higher occurrence rates than 1- and 3-ML compact Bi films. 
This is reasonably consistent with our experimental results, for which 2-ML Bi film (Level 
2) and 4-ML Bi film (Level 4) are observable (4-ML Bi film has a very low occurrence rate 
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relative to 2-ML film because of 𝛾𝛾𝐿𝐿=4 > 𝛾𝛾𝐿𝐿=2), while 1- and 3-ML compact Bi films are 
unobservable because of much higher surface energies (instead, the 1-ML ST Bi on wetting 
layer or on 2-ML Bi film has very high occurrence, analyzed from the model in Sec. 2). 

        As shown in Fig. 4, except phase II for 3-ML film, the total energies (or chemical 
potentials 𝜇𝜇) as well as surface energies 𝛾𝛾 of all other metastable phases for 2-, 3-, and 4-
ML films are significantly higher than their most-stable phases. In addition, the lattice of 
anyone of these metastable phases has a significant mismatch with the InSb(111) lattice, as 
listed in Table S1. Then, we expect that the probabilities that the structures corresponding 
to these metastable phases for freestanding Bi films are observed in experiments (with the 
substrate) would be very low. The energy of phase II for 3-ML film is close to that of phase 
I, but their 𝑑𝑑1 values are also very close, i.e., these two phases are almost degenerate. Thus, 
in our analysis, we only consider the most-stable phase for the film with any thickness. 

S3.7. Electronic topological properties of Bi films with different thicknesses 

        We first calculate the band structures of freestanding 1-, 2-, 3-, and 4-ML Bi films for 
their most-stable phases listed in Table S1. The supercell has a lateral size of 1 × 1. Because 
the calculations including SOC are demanding and very accurate values are not necessary 
for our purpose, we reduce the k mesh to 12 × 12 × 1 and reduce the energy cutoff to be 
450 eV. From our DFT results, 1- and 3-ML Bi films are metallic without a global gap, while 
2- and 4-ML Bi films have topological gaps, i.e., odd- and even-𝐿𝐿 Bi films are topologically 
trivial and nontrivial, respectively. Thus, our DFT result for electronic topological 
properties of 2- and 4-ML Bi films is consistent with the previous prediction [35,36]. To 
simulate a non-periodic ST film with a periodic supercell in our DFT calculations, we use a 
5 × 5 supercell cell (and a k mesh of 6 × 6 × 1) with a vacancy where one Bi atom (seven Bi 
atoms) is (are) removed, corresponding to a Bi coverage of 0.4 (0.28) ML, versus the 
coverage of about 0.8 ML for a ST film like that in Fig. 2d. From the band structure analysis 
with the Wannier functions [35,36], we find that the configurations for a 1-ML film with the 
vacancies and for a 1-ML film with the vacancies on a 2-ML film are still topologically trivial 
(like an odd-𝐿𝐿 film), i.e., the electronic topology of a 2-ML film can be turned off by growing 
a ST ML on it. 
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