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Following the discovery of topological insulators (TIs), topological Dirac/Weyl semimetal has attracted much
recent interest. A prevailing mechanism for the formation of Weyl points is by breaking time-reversal symmetry
(TRS) or spatial inversion symmetry of a Dirac point. Here we demonstrate a generic formation mechanism
for Weyl points by breaking TRS of a three-dimensional (3D) TI featured with highly degenerate 3D flat bands
(FBs). Itis in direct contrast to the conventional view that breaking TRS of a 2D /3D TI leads to a Chern insulator
exhibiting quantum anomalous Hall effect. Based on a tight-binding model of pyrochlore lattice, we show that
this unusual 3D-FB-enabled Weyl state may contain only a minimum of two Weyl points. Furthermore, using
first-principles calculations, we identify this Weyl state in a real material Sn,Nb,O;. The main features of the
resulting Weyl points are analyzed with respect to symmetry, topological invariant and surface state. Our finding
sheds new light on our fundamental understanding of topological physics and significantly extends the scope of
Weyl semimetals to attract immediate experimental interest.
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The mathematical concept of topology is an integral part to
our fundamental understanding of a wide range of phenomena
from high-energy particle physics to condensed-matter and
materials physics. The discovery of topological insulators
(TTs) [1-5] in solid materials has fostered a very active field of
topological physics in the last decade. Following the study of
TIs, Dirac/Weyl semimetals [6—9] have attracted much inter-
est. Fundamentally, a prevailing mechanism for the formation
of Weyl points is by breaking time-reversal symmetry (TRS)
or inversion symmetry (INS) of a Dirac point [10-12]. In this
Rapid Communication, we demonstrate a generic mechanism
for the formation of Weyl points by breaking TRS of a three-
dimensional (3D) TI featured with highly degenerate 3D flat
bands (FBs).

Conventionally, a TI phase can arise from either a
semimetal [1] or narrow-gap semiconductor [2,3] through
band inversion induced by spin-orbit coupling (SOC) that
opens a global topological gap. Usually, breaking TRS of a
TI leads to a Chern insulator (CI) exhibiting quantum anoma-
lous Hall effect (QAHE). For example, the first experimental
realization of QAHE [13] is achieved by magnetic doping of
a 3D TI film to break TRS [14]. This TI-to-CI transition is
general to both two-dimensional (2D) and 3D TIs. In contrast,
however, we discover a TI-to-Weyl semimetal transition in-
duced by breaking TRS of a 3D TI featured with FBs, while
breaking TRS of a 2D TI featured with a FB would lead still
to a CI[15].

A topological FB arises from destructive interference
(phase cancellation) of Bloch wave functions, independent of
the single-particle crystalline Hamiltonian (i.e., the strength

“fliu@eng.utah.edu

2469-9950/2019/99(20)/201105(5)

201105-1

of lattice hopping) [16]. The completely quenched electronic
kinetic energy in a FB magnifies any finite electron-electron
interaction, leading to a range of exotic quantum phases, such
as ferromagnetism [17-21], Wigner crystallization [22,23],
and superconductivity [24,25]. Also, the phase cancellation
renders the FB to be inherently topologically nontrivial,
leading to high-temperature fractional quantum Hall effect
[26,27]. Many quantum phases exist commonly for both 2D
and 3D FBs, such as the ferromagnetism [28-31] and TI
phase [32-39]. Interestingly, our finding represents another
unique manifestation of 3D topological FBs in forming Weyl
semimetal phase, which is absent for 2D FB.

Using pyrochlore lattice as a prototypical example, we
first illustrate this unusual topological phase transition from
a 3D TI to a Weyl semimetal using tight-binding (TB) model
analysis considering two extreme cases: large magnetization
vs large SOC. We show that the Weyl semimetal so formed
may contain only a minimum of two Weyl points when the
band splitting induced by magnetization (breaking TRS) is
much larger than the SOC gap of the intermediate TI phase,
while four Weyl points will be formed when the former is
smaller than the latter. Then we further reveal its physical
manifestations in a real material of Sn,Nb,O, using first-
principles calculations. The main features of the resulting
Weyl points are analyzed with respect to symmetry, topologi-
cal invariant, and surface state. The details of our calculation
method are presented in the Supplemental Material [40].

We begin with a general introduction of this unconven-
tional mechanism for the creation of Weyl points, i.e., the
Weyl points formed by breaking TRS of 3D FBs in the
presence of SOC. As shown in Fig. 1, the Dirac point is
a fourfold degenerate point protected by TRS and INS. To
generate a pair of doubly degenerate Weyl points from a Dirac
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FIG. 1. Schematic illustration of a conventional (a) and a new
mechanism (b) of Weyl points creation. (a) From a fourfold degen-
erate Dirac point to a pair of Weyl points by breaking TRS or INS.
(b) From a 3D fourfold degenerate flat band and a sixfold degenerate
touching point at the I" point to a 3D TI with SOC interaction, then
to a Weyl semimetal by breaking TRS. A pair of Weyl points are
created for each spin branch.

point one may break either TRS or INS [Fig. 1(a)] [10-12].
On the other hand, the 3D FB in a pyrochlore lattice has a
fourfold degeneracy including spin [left panel of Fig. 1(b)].
Thus, the touching point of the FB and dispersive band at the
I" point is a sixfold degenerate point. If only TRS were broken,
this sixfold degenerate point would split into two threefold
degenerate points in a ferromagnetic state [31] and no Weyl
point would be formed. However, in the presence of SOC, the
sixfold degenerate point will split into a fourfold degenerate
point and a doubly degenerate point, as a nontrivial band gap
is opened between the FB and the dispersive band, leading
to a 3D TI phase [middle panel of Fig. 1(b)] [33]. Then, if
one further lifts the degeneracy by breaking TRS, a pair of
Weyl points will be generated due to the crossing of the FB
and the dispersive band [right panel of Fig. 1(b)]. Thus, in the
presence of both SOC and Zeeman field, the 3D FB system
becomes a Weyl semimetal. Furthermore, for a sufficiently
large band splitting, i.e., the magnetization strength being
much stronger than the SOC strength, there will be only
minimum two Weyl points present, providing an ideal Weyl
semimetal phase for experimental characterization. Note that
for 2D FB systems, in the presence of SOC, breaking TRS
would instead lead to a well-known transition from 2D TI to
CI (Fig. S1) [15].

Next, we elaborate further on the above concept by a rigor-
ous TB model analysis on a pyrochlore lattice. The pyrochlore
lattice has a face-centered-cubic structure with the group
symmetry Fd3m [41]. To describe the band dispersion and
topological properties of the pyrochlore lattice, we construct a
single-orbital nearest-neighbor (NN) hopping TB model with
the following Hamiltonian:
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FIG. 2. (a) The pyrochlore lattice structure. The vectors f‘l.ljfz
for calculating SOC in Eq. (1) are indicated on the upper right
tetrahedron. (b) The first Brillouin zone of pyrochlore lattice with
high-symmetry lines and points indicated; W;, are two positions
along the k, direction close to the Weyl points (when magnetization
direction is along k;). (c), (d) TB band structures (c) without SOC
and magnetization; the equivalent molecular sp* orbital bases are
labeled on the corresponding bands; (d) with SOC but without
magnetization. The SOC band gap at T" is labeled as E;*. (e), (f)
TB band structures along the k, direction for two extreme cases: (e)
Az > Asoe and (f) A; < Agc. The Weyl points are numbered as 1-3;
their counterparts on the opposite direction are labeled as 1'-3". The
blue (red) color represents spin-up (-down) bands.

The first term represents the NN hopping, cfa (cie) is the
operator of the electron creation (annihilation) on site i of
spin «. The second term represents the SOC with the coupling

strength Ay, [33], where unit vectors #1:2 are indicated in

ij
Fig. 2(a) on the upper right tetrahedron; %ﬁ'}j X f'izj| ==+I;
and o is the Pauli matrix. The third term represents the
Zeeman splitting with the exchange field strength A,.

Figure 2 shows the TB band structures of pyrochlore lattice
[see Fig. 2(a)]. Fermi level is set at E = 0, considering a half-
filled system. Without SOC and magnetization, four bands
[Fig. 2(c)] are drawn along the high-symmetry points as in-
dicated in Fig. 2(b); the top two bands are flat and degenerate
with each other without SOC. These four bands arise from
four s orbitals (atomic basis) sitting at the four corners of
a tetrahedron in the unit cell. Effectively, one may view the
tetrahedron as a “molecule” with a molecular s p3 orbital basis,
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and from parity analysis at the I point (Fig. S4), one can
assign the bottom band as the molecular s-orbital band, the
middle dispersive band as the p,-orbital band, and the top
two degenerate FBs as (pyx, py)-orbital bands, as indicated in
Fig. 2(c). The sixfold degenerate point at I is thus due to the
degeneracy of three p orbitals. We note that our pyrochlore
lattice model without considering correlation has a band order
of 4-2-2 degeneracy which agrees with the DFT band structure
of Sny,Nb,O7 [31,33] (see below), but different from that of
2-4-2 in Y,Ir,O7 [6] which has a different Weyl semimetal
phase due to intermediate correlation and strong SOC.

Next, we turn to SOC, in which a topological nontrivial
band gap is opened at the I' point between the top FBs
and the middle dispersive band [Fig. 2(d)]. The two FBs are
also gapped except at the high-symmetry points I" and X.
Moreover, if we turn on magnetization, the system becomes
ferromagnetic. If the band splitting is much larger than the
SOC gap (A; > Agoc), then the spin-up and -down bands are
fully split. The corresponding band structure along &, is shown
in Fig. 2(e). There appears a band crossing between the lower
FB and the middle dispersive band to form two Weyl points
(1 and 1’), which is the minimum number of Weyl points
that can exist in a system with inversion symmetry. On the
other hand, when magnetization is much smaller than the
SOC (A; K Agoc), spin-up and -down bands are mixed with
each other. Four Weyl points are generated by the crossings
between the split FBs, as shown in Fig. 2(f). Note that with
SOC, there are fourfold degenerate points at the X point, as
shown in Fig. 2(d). But upon magnetization, unlike the Weyl
points formation around the I" point, twofold degenerate lines
are created along the X-W high-symmetry path (Fig. SS5).
Also, the z component of spin (S;) is generally not conserved
in the presence of SOC. However, when XA, > Ao, S, is
approximately conserved as shown in Fig. 2(e).

The transition from four Weyl points with A, << Ao to two
Weyl points with A, > A is understandable, because in the
presence of SOC, the original perfect FBs become partially
dispersive being gapped everywhere except at I and X. A
small exchange splitting will induce crossings of the four FBs
to form four Weyl points [Fig. 2(f)]. In contrast, a strong ex-
change splitting will completely separate spin-up and -down
bands. Then the SOC gapping will cause a crossing between
the lower FB and the middle dispersive band forming two
Weyl points [Fig. 2(e)]. The larger the Ay, the larger the A,
is needed to induce the transition. To show this in more detail,
one can convert X into the exchange energy splitting AE* and
Asoc Into the SOC gap E,*. It can be shown by solving Eq. (1)

that AE* = 2, and Egs"C = 8+/3As0c. For a given E;"C, from
the plot of distribution of Weyl points as a function of the ratio
AE*/E;* (Fig. S6), one can extract the transition point from
four Weyl points to two Weyl points, which indicates AE?
increases linearly with E;° with a coefficient of ~0.36 (see
inset of Fig. S6).

In the regime of A, < Agc, the four Weyl points move
closer with the increase of exchange field, until they annihilate
each other at a low-symmetry k point. At the same time,
two new Weyl points are generated at the Brillouin zone
(BZ) boundary entering the regime of A, > Ag.. These two
Weyl points will move closer with the further increase of
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FIG. 3. (a), (b) Position of Weyl points for (a) A, > A and
(b) X; < Agoc. (¢)—(e) 3D band structure and Chern number of Weyl
points in the k,-k, plane for (c) point 1, (d) point 2, and (e) point 3.

the exchange field and then stay fixed for sufficiently large
Zeeman field when the spin-up and -down bands are totally
separated. The location of Weyl points is found to be always
along the magnetization direction (see, e.g., the case of two
Weyl points in Fig. S7).

To confirm the topology of the Weyl points, Chern number
(C) is calculated using the Kubo formula [42]

1
C=— | d* k),
21 Jpz

s

WU, | Ve He |, WV, k| VieHi |V,
SZ(k):—ImZ< JIVH W i) X (W k| VieH W 1)

s (Em,k - En,k)2

@)

where m, n are band indexes; |W,, ), | W, k) are eigenstates;
E,., E, are eigenvalues; and 2 is the Berry phase connection
of the Bloch state. Figures 3(a) and 3(b) show the position
and chirality of Weyl points for the two cases, A, > Ag and
A K hsoc, respectively. Using Eq. (2), the Chern number is
calculated on a 2D manifold enclosing the Weyl point. For
points 1 and 2, C = 1; for point 3, C = —1. The points 1’, 2/,
and 3’ have the opposite Chern number to points 1, 2, and 3,
respectively. The nonzero Chern numbers are also confirmed
by plotting the flux of Berry connections around these band
crossing points (Fig. S8). Therefore, we confirm they are
indeed Weyl points.

Lastly, we demonstrate a real material system to realize the
above-mentioned unexpected Weyl semimetal associated with
the 3D FB. The 3D FB material should meet the following
conditions: (i) the bands formed by the atoms on the tetrahe-
dral motif are isolated from other bands; (ii) the system has
a considerable SOC strength; (iii) the system can be magne-
tized. Specifically, we narrow down our search to pyrochlore
oxide, which has a common formula A,B,07, where A is
either a trivalent rare-earth ion or a mono/divalent cation,
and B is a transition metal or a p-block metal ion. One well-
known pyrochlore oxide is Sn,Nb,O;. It contains Sn atoms
forming the corner-shared tetrahedral motifs, whose s orbitals
constitute the desired single-orbital TB model in a pyrochlore
lattice. Importantly, Sn,Nb,O7 has been shown to exhibit a TI
phase in the presence of SOC without magnetization [33] and
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FIG. 4. DFT band structure of Sn,Nb,O5: (a) without SOC and
magnetization, the four bands below Fermi level are mainly from
Sn-s orbitals; (c) with magnetization and SOC, spin-up (blue) and
spin-down (red) bands split; (b) and (d) are the zoom-in plots of
(a) and (c), respectively; in (b), green (black) bands are results with
(without) SOC; in (d) only bands of one spin component are shown to
better illustrate the two Weyl points formed along the magnetization
direction.

a ferromagnetic instability upon doping of its 3D FB without
SOC [31]. Therefore, it would be very interesting to find out
what happens when both SOC and doping are considered.
Using density functional theory (DFT), we calculate the
band structures of Sn,Nb,O. Four “pyrochlore” bands below
Fermi level arising from the Sn-s orbitals are confirmed to
be isolated from other bands, as shown in Fig. 4(a). With the
SOC, an 11-meV band gap opens between FBs and dispersive
bands below at I', as shown by the magnified view of green
bands in Fig. 4(b). The system is confirmed to be a 3D TI with
Z, =1 [43], in agreement with the previous study [33]. On
the other hand, without SOC, because the quenched kinetic
energy of FB magnifies the Coulomb interaction, a partially
filled FB will exhibit a ferromagnetic instability with hole
doping [31]. As shown in Fig. 4(c), the spin-up and -down
bands are split upon doping of two holes. This is the largest
exchange splitting with the highest magnetic momentum of
2up per unit cell, which decreases with the decrease of
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doping concentration. Then, considering the SOC with doping
[Fig. 4(d)], two inversion-symmetric Weyl points are gener-
ated at (£0.0115, +£0.0115, +0.023) in the k space along
the magnetization direction k,. Apparently, this specific Weyl
semimetal phase corresponds to the regime of A; >> Agc
described by the TB model above in Fig. 2(e).

To confirm the topology of Weyl points, we calculated the
Chern number using Wannier functions [44]. When the k,-k,
plane crosses the two Weyl points from bottom to top, the
Chern number jumps first from O to —1 and then from —1
to O [Fig. 5(a)], signifying the topology of the Weyl points.
Another significant topological manifestation of Weyl point is
the emergence of the Fermi arcs and surface states, which are
shown in Figs. 5(b) and 5(c), respectively. One clearly sees a
Fermi arc connecting two Weyl points with opposite chirality
in Fig. 5(b) and surface states along k, in Fig. 5(c); both are
on the (100) surface.

The DFT results can be well fitted by a TB model with the
following parameters: on-site energy of —0.756 eV, hopping
parameter of —0.28 eV, Ay = 0.75 x 1073 eV, and A, =
0.2 eV. In addition, the DFT calculations also confirm that
with a small doping concentration, four Weyl points can be
formed corresponding to the regime of A, < Ao as described
by the TB model. The existence of Weyl semimetal phase
at different doping concentrations is beneficial for experi-
mental measurement because some range of doping might be
achieved more easily.

In conclusion, we revealed a mechanism of 3D-FB-enabled
creation of Weyl points, in contrast with the conventional
mechanism of lowering the symmetry of a Dirac point. This
mechanism is exemplified in a real material of Sn,Nb,O7,
which can be potentially extended to other 3D FB materials.
In addition, we have demonstrated a fundamental difference
between the 2D and 3D FBs with regard to their associated
topological phases, which is rooted in their distinct dimen-
sions and band degeneracies. Our findings significantly enrich
the topological physics associated with Weyl points and FBs,
and provide a promising platform to extend the search for new
Weyl semimetal materials.

This work is supported by U.S. DOE-BES (Grant No. DE-
FGO02-04ER46148). The calculations were done on the CHPC
at the University of Utah and DOE-NERSC.
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FIG. 5. (a) Schematics of a Weyl semimetal with Chern numbers and Fermi arcs indicated. (b) The Fermi arc on the (100) surface of
SnyNb,O7 at E = 0.001 eV. (c) Bulk band structure (light shaded regions) and surface states on the (100) surface (dark lines) of Sn,Nb,O;.
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