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Abstract
A three-dimensional (3D) continuum percolation model has been developed on the basis of
Monte Carlo simulation to investigate the percolation behavior of an electrically insulating
matrix reinforced with multiple conductive fillers of different dimensionalities. Impenetrable
fillers of large aspect ratio are found to preferentially align with each other to maximize the
packing entropy rather than forming randomly oriented clusters. This entropy-driven transition
from isotropic to nematic phase is shown to critically affect the percolation threshold. It suggests
that an isotropic phase with a smaller nematic order parameter leads to a reduction in percolation
threshold. In addition, a combination of two fillers with different dimensionalities can achieve a
working concentration below the percolation threshold of single component system, which is
further validated by the experiments of electrical conductivity in multicomponent
multidimensional nanocarbon composites.

Supplementary material for this article is available online
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1. Introduction

The intensive explorations of multicomponent composites
have enabled their rapid developments in numerous structural
engineering and functional applications [1–3]. Composites
with enhanced electrical, mechanical and thermal perfor-
mance can be fabricated by mixing polymer resins with high
aspect ratio (AR) fillers [4, 5]. In particular, one-dimensional
(1D) carbon nanotubes (CNTs) and 2D graphene nanoplate-
lets (GNPs) are attractive fillers for fabricating light-weight
and high-performance nanocarbon composites [6, 7]. The
formation of the conducting paths in the composites can in

principle be explained by the percolation theory, [8] and the
critical transition point from insulating to conductive is
defined as percolation threshold. The significance of perco-
lation transition lies in the fact that the percolating cluster
formed by the conductive fillers at the percolation threshold
immediately leads to a dramatic change in transport properties
rather than following the linear rule of mixture. Many
experimental efforts have been devoted to preparing multi-
component nanocarbon composites with lower percolation
threshold and higher performance [2, 4, 9–15]. However,
these experimental investigations were usually conducted on
a trial-and-error basis without an in-depth understanding of
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the percolation phenomena. Therefore, modeling of the
electrical percolation is very essential to aid the experimental
efforts by obtaining a comprehensive understanding of the
mechanism of phase transition at the percolation threshold.

Up to date, only percolation models for single component
composites (i.e. CNTs, [16–19] GNPs, [20–22] and carbon
black, [23, 24]) have been well established, while the simu-
lation of percolation phenomena in multicomponent compo-
sites is still at its infancy. One outstanding limitation of most
existing models [25–28] is that they have not considered the
alignment effect of nanofillers caused by the isotropic-
nematic (I–N) phase transition. The alignment effect caused
by entropy was first predicted in 1940 s by Onsager, [29] who
showed that hard rods at high density should orient them-
selves in the same direction to maximize their freedom to
translate. This entropic alignment is the origin of the I–N
phase transition in liquid crystal, which has been also shown
in the composites containing rod-like [29–31] and plate-like
fillers [32–34]. There are also other limitations in the existing
models. For instance, a discrete lattice was adopted to study
the geometric percolation in the mixtures of isotropically
oriented rods and disks, [25, 26] which should be more
appropriately simulated as a continuum percolation problem.
In some study, [27] the fillers were assumed to be soft-core to
allow penetration between fillers for computational con-
venience, which cannot accurately describe the contact
between the realistic fillers. Therefore, developing a more
comprehensive 3D continuum percolation model is highly
desirable to simulate the percolation phenomena in multi-
component composites, especially to evaluate the alignment
effect caused by the I–N phase transition on the percolation
threshold.

Here, we present a comprehensive analysis of the elec-
trical percolation in multicomponent composites by devel-
oping a 3D percolation model on the basis of Monte Carlo
simulations that removes some critical limitations in the
previous models. Most importantly, we show that the
entropy-driven I–N transition plays a critical role in deter-
mining the percolation threshold. Furthermore, an appropriate
combination of 1D and 2D fillers can achieve a working
concentration below the percolation threshold of single
component system, which is further experimentally validated.
Our work has provided new insights into the microstructural
optimization of nanocarbon composites, which is expected to
stimulate more interest and provide useful guidelines for
experiments in the emerging field of multicomponent
nanocomposites.

2. Simulation methods

Each filler in 3D space is determined by several variables. For
example, 1D filler is identified by the center point, orientation
angle and length, and 2D filler is identified by the center
point, normal vector and radius, respectively. The center point
of each filler is randomly selected inside the simulated box.
Both the diameter of 2D filler and the length of 1D filler are
set at unity. AR of 1D filler is defined as the ratio of its length

to its diameter, and AR of 2D filler is the ratio of its diameter
to its thickness, which defines the diameter of the 1D filler
and the thickness of the 2D filler respectively. All the simu-
lations were performed in a 10×10×10 cubic box, i.e. its
side dimensions are 10 times of the diameter of disk or length
of stick. The orientation angle of 1D filler is the angle
between the line containing the stick and x–y plane. The
dihedral angle is the angle between the plane containing the
2D filler and x–y plane. The detailed generation procedures of
fillers are described in the supplementary information (SI).
The desired disks are added one by one such that the recently
added disk does not overlap with the previously added ones.
The procedure is continued until the end of trail loop or the
end of the Monte Carlo loop is reached, as illustrated in
Figure S1 is available online at stacks.iop.org/NANO/30/
185302/mmedia in SI. The determination of the intersection
between fillers is described in SI (see Figure S2). However,
random sequential addition method suffers from a major
drawback that for a given AR, there is a theoretical limit on
the maximum volume fraction that can be obtained by finite
random trials [20, 35]. As shown in Figure S3, 100 000 trials
for 1000 desired fillers only successfully generate about 720
fillers averaged from 10 runs, which is below the percolation
threshold. Therefore, we propose a more realistic model,
consisting of disks with a hard and impenetrable core, sur-
rounded by a soft cell, which acts as a buffer shell to allow for
deformation. Two disks are connected if the distance between
them was greater than the hard core diameter and less than the
diameter of the core and soft shell together. Thus, percolation
can happen before reaching the theoretical limit on the
maximum volume density set by random sequential addition
method.

The percolation cluster is determined by the well-known
cluster labelling process [36] and has been adopted in our
previous work of a 2D model [37]. Using this cluster labelling
process, an algorithm is developed to graphically represent
the 3D disk model (figures 1(a) and (b)) and 3D disk-stick
model (figures 1(c) and (d)), respectively. AR of disk in
figures 1(a) and (b) is 50 and the dihedral angle is 45°. The
azimuthal angles of the normal vectors for disks are random
distributed. The volume fraction in the case of figure 1(a) is
6.28 vol% with the density of four disks per unit volume. In
figure 1(c), AR and dihedral angle of disk are kept the same
as those in figure 1(a). The stick has AR of 20 and the same
orientation angle as the dihedral angle of disk. The azimuthal
angle for both sticks and disks are random distributed. In
order to clearly represent the percolating phenomena in
multicomponent system, the AR of stick used here to gra-
phically represent the percolation phenomena in figures 1(c)
and (d) is smaller than the value we used to investigate the
percolation properties, since less sticks are required to reach
the percolation limit. The volume fraction of multicomponent
system in the case of figure 1(c) is 5.30 vol% with the density
of three disks and three sticks per unit volume.

The alignment effect caused by the I–N phase transition
in 3D disk model is considered. The nematic order parameter
(S) [38] is used to represent the overall alignment of the disks,
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which is given by the largest eigenvalue of Q,
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where N is the total number of disks, n

is the normal vector,

and I is the identity matrix. In a fully aligned configuration,
S=1; in a perfectly isotropic configuration, S=0.

3. Results and discussion

Firstly, the nematic order parameter as a function of dihedral
angle is investigated focusing on the effect of the I–N phase
transition on percolation threshold in composites with only
2D fillers. Then, the synergistic effect in multicomponent
composites is obtained and the simulation results are further
validated by the experiments. Many experiments and simu-
lations on variously shaped hard particles have revealed the
entropy-driven transitions, [34, 39, 40] which are the origin of
I–N transition in a liquid crystal. For 2D fillers, the normal
vector, n ,


is not restricted by the center point and its polar

angle is complementary to the dihedral angle, as shown in
figure 2(a). One can imagine that all the normal vectors with
the same value of polar angle start from the same point and
scatter into different directions in 3D space and each of them
can be represented by a lateral edge of a cone, as indicated by
the red arrow in figure 2(a). When disks are all parallel to the

x–y plane with n

pointing along z-axis, S has the largest value

of 1, indicating the formation of a perfectly ordered phase.
When disks are perpendicular to the x–y plane, S has a small
value around 0.3, indicating a relatively disordered phase with
n

randomly orientated in x–y plane. The steradian of the cone

varies with the dihedral angle, similar to closing or fully
opening an umbrella with n


as its rib, which corresponds to

the above described two extreme cases, respectively.
The Monte Carlo simulation results of the nematic order

parameter as a function of dihedral angle are shown in
figure 2(b), where each data point is averaged from 10 runs.
In the simulation, the disks are generated with randomly
distributed center points and fixed dihedral angle. The azi-
muthal angle of normal vector is a random value in the range
of (0, 2π). In other word, the normal vectors of disks iso-
tropically rotate in the x–y plane even though the polar angle
stays the same for each data point. The nematic order para-
meter is the largest eigenvalue of Q, which can be calculated
by equation (1). The value of S initially decreases with the
increase of the dihedral angle in the range of 15°–50°, and
then turns around to slightly increasing as the dihedral angle
goes from 60° to 75°. With a small dihedral angle, disks are
nearly parallel to the x–y plane representing an ordered phase.
Consequently, S has a large value, close to 1. In contrast, with
a large dihedral angle close to 90°, disks rotate along z-axis,
leading to a relatively isotropic phase with a small S value,
less than 0.3 but still larger than 0. The normal vectors are
parallel to z-axis with the dihedral angle of 0° and perpend-
icular to z-axis with the dihedral angle of 90°. One can expect
that there is a critical value of dihedral angle, Φc, between 0°
and 90°, and S decreases from one to some small value, Sc, in
the range of (0°, Φc) and then increases from Sc to 0.3 in the
range of (Φc, 90°). With the finite number of disks generated
in each run, the calculated transition point, Sc is in the vicinity
of 55°, as shown in figure 2(b). It is not possible in the
simulations to exactly locate the value of Φc owing to the
finite simulation times, but a numerical analysis of the rela-
tionship between S and the dihedral angle according to
equation (1) can be carried out to derive Φc exactly.

The cross product in equation (1) is
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When the number of disks, N, approaches the infinity and
q is randomly distributed in the range of (0, 2π), equation (2)
can be simplified as,
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Figure 1. Graphic representations of 3D percolation model. (a) 3D
disk model with black finite clusters and orange percolating cluster.
(b) Percolating cluster in (a). (c) 3D disk-stick model with black
finite clusters, and percolating cluster with orange disks and blue
sticks. (d) Percolating cluster in (c). The arrow indicates the
percolating direction. The diameter of disk and the length of stick are
set at unity, and ARs for disk and stick are 50 and 20, respectively.
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It is straightforward to obtain S as the largest eigenvalue
of Q.

QEig
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2
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Equations (4) and (5) are plotted in figures 2(c) and (d),
respectively. There is a very good agreement between the
numerical and simulation results. Initially, S decreases with
the increasing dihedral angle and then slowly increases as the
dihedral angle approaches 90°. The value of Φc from the
numerical analysis is cos−1 (√3/3)≈54.74°, which defines
the transition point (S=0). Thus, by modulating the dihedral
angle, one can effectively tune the value of S to achieve
different phases.

In order to expedite the simulation of the effect of
nematic order on percolation phenomena, simulation results
with a fixed dihedral angle are compared with those with
dihedral angle varying around the fixed value over a selected
range. The percolation probability as a function of density

was carried out for two specified dihedral angle ranges: (20°,
30°) and (35°, 45°), respectively. As shown in Figure S4 in
SI, there are no significant differences for percolation prob-
ability between an angle range (dihedral angle±5°) and fixed
dihedral angle (dihedral angle=25° in Figure S4(a) and 40°
in Figure S4(b)). Therefore, a single dihedral angle value was
adopted to investigate how the I–N phase transition will affect
the percolation threshold in the following study. In compo-
sites with high AR fillers, the I–N phase transition has been

Figure 2. (a) Schematic illustration of the nematic order parameter as a function of dihedral angle. (b) Simulation results of nematic order
parameter as a function of dihedral angle averaged from 10 runs. (c) Dependencies of eigenvalues of Q (a) and nematic order parameter
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found to preempt the percolation transition [40]. Therefore, a
strong dependence of the percolation threshold on S is
expected. With the increasing order of alignment (the
increasing value of S), the intersection between disks is
adversely affected, leading to an increase of the percolation
threshold. When the value of S varies from 0.06 to 0.90, there
is salient right-shift of the percolation probability curves, as
depicted in figure 3(a). This indicates an increase of the
percolation threshold with the entrance of the nematic phase.
In all the cases, AR of 50 is adopted for the 2D filler. Each
data point represents the percolation probability as the ratio of
percolated times to the total number of simulations performed
and a spline fitted solid-line curve is used to derive the per-
colation threshold, which is the inflection point. The same
analysis method is adopted for the following investigation.

The obtained percolation threshold values in volume
fraction are shown in figure 3(b). With the increasing value of
S from 0.06 to 0.90, there is an increase in the critical volume
fraction. When fillers with high AR become highly aligned
with larger value of S, fewer bridges exist between them and
the percolation network no longer survives. This results in a
substantial drop in the observable data, such as electrical
conductivity and thermal conductivity [17, 41, 42]. When S
has a small value less than 0.4, representing a relatively

isotropic phase, the percolation threshold approaches a pla-
teau, which is close to the value of the threshold (5.58 vol%) in
the system with randomly oriented disks. Figures 3(c) and (d)
show the graphic representations of disks without and with
nematic orientational order, respectively. The density of disk is
adopted as one disk/unit volume for both cases. The phase
with decreased S value facilitates the formation of the perco-
lation network, which can effectively reduce the percolation
threshold. Thus, the alignment of fillers has a significant effect
on the percolation threshold and the I–N transition can lead to
an increase of the volume fraction to form the percolating path.

The effect of AR on the percolation threshold is also
investigated with the isotropically oriented 2D fillers. As
depicted in figure 4(a), the solid-line curves of percolation
probability shift to the left with the increase of AR from 40 to
500. As derived from the percolation probability curves, the
percolation thresholds predicted for different ARs show an
inversely proportional relationship as 2.83 AR,cÆ = which is
represented in figure 4(b). The insert shows the volume fraction
as a function of the reciprocal of AR, which is obviously a
linear relationship with the fitted coefficient 2.83±0.03. AR is
determined by the ratio of the diameter to the thickness for 2D
filler, which has a smaller dimension for thin 2D filler with high
AR. The thickness of 2D filler becomes negligible with respect

Figure 3. (a) Percolation probability as a function of volume fraction for different nematic order parameters. (b) Volume fraction at
percolation threshold as a function of nematic order parameters. The red dashed line indicates the threshold for the system with randomly
distributed disks. Graphic representations of disks without (c) and with nematic orientational order (d).
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to the diameter. Within the given range (40–500), the variation
of the thickness has an insignificant influence on the critical
density. As shown in Figure S5(a) in SI, the curves of perco-
lation probability as a function of density for different ARs
almost overlap with each other and the derived critical density
does not change significantly.

The volume fraction at the percolation threshold (in
figure 4(b)) determined by the product of the critical density
and unit volume is inversely proportional to AR, which is
consistent with the previous studies [27, 43]. The volume
fraction, ,cÆ at the percolation threshold is calculated by

D
d d

4 AR
, 6c c

2p
Æ = ´ ´ ( )

where Dc is the density of fillers at the percolation threshold
and d is the diameter of 2D disk. From the Monte Carlo
simulation results, Dc can be approximately treated as a
constant (see Figure S5(b)). Under this assumption, the cri-
tical volume fraction can be considered as a function of only
AR in equation (6), resulting in an inversely proportional
relationship with the coefficient of πd3Dc/4. By using the
fitted coefficient value of 2.83±0.03 and d=1, one can
obtain the value of Dc as 3.60±0.04 disks per unit volume,
which is represented by the blue line in Figure S4(b). By
doing the numerical analysis, we have a fairly clear picture of
the inversely proportional relationship between volume frac-
tion and AR. This confirms that a higher AR of 2D fillers can
lead to a lower percolation threshold.

Next, we investigate the synergistic effect in hybrid
systems. Previous studies have shown that the dispersion of
CNTs in polymer can have a significant influence on the
percolation threshold [43, 44]. Agglomeration and unsuc-
cessful dispersion of CNTs in experiments are very likely to
take place and challenging to capture in simulations [45]. And
also it is hard to achieve the extremely low percolation
threshold in experiments as estimated by simulations for
polymers reinforced with only CNTs. For these reasons, the
pure 1D stick model is not considered in this study. Instead,
we take the advantage of relatively uniform distribution of 2D

fillers in polymer-based composites, and randomly add 1D
fillers into the isotropically oriented 2D disk system to see
how the critical volume fraction changes. In the simulation,
both disk and stick have AR of 50. Figure 5 shows four
scenarios with the addition of 1D fillers in sequence: (1) no
stick added, (2) one stick/unit volume, (3) two sticks/unit
volume, and (4) three sticks/unit volume, respectively. The
total volume fraction at the percolation threshold is found to
decrease continuously from 5.58 to 5.22, 4.62 and 4.33 vol%,
which clearly demonstrates a reduction of the total volume
fraction. The simulation results of hybrid disk-stick percola-
tion model suggest that the percolation threshold of 2D fillers
can be substantially lowered by adding small quantities of 1D
fillers into the composites. The trend of the volume fraction at
the percolation threshold predicted by the presented method
for hybrid systems is consistent with the synergistic effect

Figure 4. (a) Percolation probability as a function of volume fraction for different ARs (AR: 40–500). (b) Volume fraction at percolation
threshold as a function of AR. The insert shows the volume fraction as a function of the reciprocal of AR (1/AR) with a linear relationship.

Figure 5. Distribution of volume fraction at the percolation threshold
in four scenarios with the increasing number of sticks per unit
volume in sequence: (1) no stick added, (2) one stick/unit volume,
(3) two sticks/unit volume, and (4) three sticks/unit volume,
respectively.
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observed by the experimental and theoretical studies
[12, 46, 47].

As elaborated above, the alignment effect caused by the
I–N phase transition plays a critical role in determining the
percolation threshold in pure 2D system. The same trend is
also observed in the hybrid systems. In the simulation, the
volume fractions of 2D and 1D fillers are held constant as
90 vol% and 10 vol% and AR is adopted as 50 for both disk
and stick. The percolation threshold is found to decrease with
the increase of the orientation angle of 1D filler and the
dihedral angle of 2D filler. The percolation probability with
respect to S is shown in figure 6(a). As the value of S changes
from 0.35 to 0.88, a right-shift of the percolation probability
curve is observed and the derived percolation threshold
decreases accordingly, as depicted in figure 6(b). Similar to
the pure disk percolation model, the isotropic phase with a
smaller value of S leads to a lower total volume fraction
to reach the percolation limit than the nematic phase.
Figures 6(c) and (d) show the graphic representations of fillers
in hybrid systems without and with nematic orientational
order. The density of disk is chosen as 0.8 disks/unit volume
and the density of stick is 0.8 sticks/unit volume for clarity in
both cases. In an isotropic phase, there are more contacts
between fillers than in nematic phase, so that the randomly
orientated fillers facilitate the formation of percolating cluster.

In multicomponent composites, an appropriate combination
of different fillers with different dimensionalities and proper
degree of orientation can entice a significant reduction in the
critical volume fraction.

Finally, the simulation results in multicomponent system
have been validated by experiments. Eight samples were
prepared using multi-walled CNTs as the 1D fillers and GNPs
as 2D fillers. At each composition, one material consists of
only 2D GNPs, while the other contains 10 vol% 1D CNTs
and 90 vol% 2D GNPs, respectively. Generally, morphology
and distribution of fillers in a polymer matrix have significant
effects on the composite properties. Figure S6 shows the
dispersion of nanocarbon fillers in the polymer matrix
observed under SEM. The electrical conductivity was calcu-
lated from the thickness and the sheet resistance measure-
ments. The detailed experimental method is described in SI.
Figure 7(a) shows the electrical conductivity in two samples
as a function of volume fraction. The hybrid sample with
90 vol% GNPs and 10 vol% CNTs distinctly has a higher
conductivity and lower percolation threshold than the sample
with pure 2D GNPs. The synergistic effects observed in
experimental studies are linked closely with the incremental
contacts between these nanocarbon fillers and thus improves
the current flow through the percolation path to enhance the
electrical conductivity.

Figure 6. In a hybrid system of 90 vol% 2D disk and 10 vol% 1D stick, (a) percolation probability as a function of volume fraction for
different nematic order parameters and (b) volume fraction at percolation threshold as a function of nematic order parameter. Graphic
representations of fillers in hybrid systems without (c) and with (d) nematic orientational order.
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As we demonstrated in the previous study [37], there is a
synergistic effect when two components are combined prop-
erly, which will not only reduce the materials consumption
but also enhance the electrical conductivity of the composites.
In the experiments, all the samples are prepared as thin films,
which indicate that all the fillers are likely to incline towards
the x–y plane. Therefore, both the orientation angle of 1D
stick and the dihedral angle of 2D disk in this simulation are
selected with a small value as 20° and AR is adopted as 50. The
simulation results of percolation probability of fillers with dif-
ferent volume percentage are shown in figure 7(b). Each dashed
line is the first-order derivative of percolation probability, which
is used to derive the percolation threshold. The pure system with
only 2D fillers has a higher critical volume fraction than the
hybrid system. The volume fraction at the percolation threshold
dramatically decreases from 9.21 to 5.26 and 3.94 vol% after
replacing 5 vol% and 10 vol% 2D disks with 1D sticks,
respectively. Thus, gradually replacing 2D disks with an
equivalent volume of 1D sticks can significantly reduce the
percolation threshold. The trend of the percolation threshold in
simulation results is consistent with that in the experimental
observation on conductivity. The presented 3D disk-stick per-
colation model can provide an effective way to evaluate the
synergistic effect in hybrid composites incorporating multiple
nanocarbon fillers with different dimensionalities.

4. Conclusions

In summary, a 3D continuum percolation model has been
developed on the basis of Monte Carlo simulation, which is
able to predict the electrical percolation threshold of multi-
component multidimensional composites. This proposed 3D
percolation model can account for both the alignment effect
and shape effect of different fillers to overcome the limitation
of previous work. The entropy-driven phase transition from
isotropic to nematic suggests that a smaller degree of fillers’
orientation with a larger nematic order parameter leads to an
increase in percolation threshold. Also, high AR leads to a
reduction of the critical volume fraction. For multicomponent

nanocarbon composites, there is a synergistic effect leading to
a lower working concentration than single component system
when two fillers of different dimensionalities are combined
properly. Our simulation results can provide an effective
pathway to the design of multicomponent multidimensional
composites, which can serve as the guidance for experimental
studies.
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