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Abstract
We developed a 2D disk–stick percolation model to investigate the electrical percolation
behavior of an insulating thin film reinforced with 1D and 2D conductive nanofillers via Monte
Carlo simulation. Numerical predictions of the percolation threshold in single component thin
films showed good agreement with the previous published work, validating our model for
investigating the characteristics of the percolation phenomena. Parametric studies of size effect,
i.e., length of 1D nanofiller and diameter of 2D nanofiller, were carried out to predict the
electrical percolation threshold for hybrid systems. The relationships between the nanofillers in
two hybrid systems was established, which showed differences from previous linear assumption.
The effective electrical conductance was evaluated through Kirchhoff’s current law by
transforming it into a resistor network. The equivalent resistance was obtained from the
distribution of nodal voltages by solving a system of linear equations with a Gaussian
elimination method. We examined the effects of stick length, relative concentration, and contact
patterns of 1D/2D inclusions on electrical performance. One novel aspect of our study is its
ability to investigate the effective conductance of nanocomposites as a function of relative
concentrations, which shows there is a synergistic effect when nanofillers with different
dimensionalities combine properly. Our work provides an important theoretical basis for
designing the conductive networks and predicting the percolation properties of multicomponent
nanocomposites.

Keywords: multicomponent nanocomposites, electrical percolation, carbon nanotubes, graphene
nanoplatelets

(Some figures may appear in colour only in the online journal)

1. Introduction

The development of electrically conductive nanofillers and
associated low-cost fabrication techniques have stimulated
considerable interest in employing such materials to render
electrically insulating nanocomposites conductive. Recent
demonstrations of thin films incorporating 1D, e.g., carbon
nanotubes (CNTs) [1, 2] and metal nanowires [3] and 2D e.g.,
graphene nanoplatelets (GNPs) conductive nanofillers [4],
with promising applications in electronics, photovoltaic
devices, and sensors, have motivated increasing efforts in

experimental research [5–7]. Polymeric thin film containing
conductive nanofiller exhibit a transition from insulating to
conductive nature when the filler concentration exceeds the
so-called percolation threshold, which characterizes a dra-
matic enhancement in electrical conductance. It is commonly
believed that 1D and 2D conductive nanofillers can form
cosupporting networks in which the 1D nanofillers act as long
distance charge transporters while the 2D nanofillers serve as
interconnections between 1D nanofillers by forming local
conductive paths [8, 9]. Polymeric nanocomposites reinforced
with carbon-based nanomaterials have been the subject of
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intense experimental and theoretical study [10–15]. As shown
by the experimental results, the hybrid composites cannot
only combine the advantages of different nanofillers but also
improve materials properties through a synergistic effect.
Safdari et al confirmed the presence of the synergistic effect
of electrical properties in hybrid ternary polymeric nano-
composites based on CNTs and GNPs, which outperform
their single-filler counterpart configurations owing to the
formation of a hybrid CNT/GNP network [11].

However, these experimental investigations were often
conducted on a trial and error basis without a comprehensive
understanding of the electrical percolation mechanisms in
multicomponent nanocomposites. The percolation threshold
studies have only been systematically carried out in discrete
[16, 17] and continuum systems [18, 19] with a single
component. To date, there have been only some limited
efforts in simulating electrical percolation in multicomponent
nanocomposite systems. For example, a sublinear relationship
between CNTs and carbon black (CB) was shown by Chen
et al [20]. A group of CB particles was equivalent to a
hypothetical sphere with 30 vol% of conductive CB and
70 vol% of insulating polymeric matrix, which undoubtedly
underestimated the percolation threshold since the insulating
polymer matrix was considered to be conductive. A discrete
model describing the electrical percolation of mixed CNTs
and CB was proposed on the basis of the excluded volume
theory [21, 22]. However, CNTs overlap with each other and
can hardly be dispersed separately in experiments [23–25].
These works have two things in common: there are some
constraints in their models in studying the percolation prop-
erties and the electrical conductance has not been evaluated in
multicomponent systems.

Modeling of the electrical percolation properties of these
multicomponent nanocomposites can provide general gui-
dance for designing conductive networks reinforced with
multiple nanofillers and understanding the phase transition at
the percolation threshold. The aim of this study is to inves-
tigate the percolation phenomena by first removing the above
mentioned constraints in 2D multicomponent thin films. We
developed a disk–stick percolation model for the prediction of
the electrical percolation threshold in multicomponent thin
films via Monte Carlo simulations. With the assumption of a
uniformly generated random dispersion of nanofillers, the
present statistical model is able to predict the percolation
threshold for a thin film incorporating multicomponent con-
ductive nanofillers. The effects of lattice size, filler dimen-
sions, relative concentration, and contact patterns on electrical
performance were numerically examined and the enhance-
ment of electrical performance in multicomponent thin films
was confirmed by our resistor network model. In this study,
we focus on 1D nanofillers, such as CNTs with a very high
aspect ratio of length-to-diameter and 2D nanofillers, such as
graphene flakes with a very high aspect ratio of area-to-
thickness. However, our model is also applicable beyond
nanofillers to micro- or macro-fillers with similar very large
aspect ratios. In principle, given the similar aspect ratio, we
expect the percolation threshold is size scalable.

2. Simulation procedure

2.1. Statistical disk model

A representative polymeric nanocomposite film of dimension
L×L is occupied by disks with a uniformly generated ran-
dom distribution. Disks with radius r are randomly dispersed
in each lattice site with a given density, Dd (number of disks
per unit area). Two random half-integer numbers within (0, L)
were generated to establish the coordinates of the disk center
in discrete model (see figure 1(a)). Similarly, as shown in
figure 1(c), two random numbers within (0, L) were generated
to establish the coordinates of the disk center in continuum
model. The intersection of two disks is determined by the
distance between them, dd−d. The value of dd−d is calculated
by equation (1) if one disk is located within the subcell of the
other. The dashed circle with 2×r as the radius in figure 2(a)
is the subcell of the reference disk, depicted by equation (2).

= - + -- ( ) ( ) ( )d x x y y 1d d dj di dj di
2 2

- + - =( ) ( ) ( ) ( )x x y y 2r 2di di
2 2 2

It is explicitly shown in figure 2 that the tested disk is
impossible to intersect the reference disk when its center is
beyond the subcell. Two disks are connected once dd−d � 2× r.
A label is assigned to an individual disk after the determination
of intersection. If the disk has zero connected neighbors, a new
label will be given to it. If the disk has one connected neighbor,
it will have the same label as its neighbor. Furthermore, if these
neighboring disks have different labels and they correspond to
the same cluster, the highest-numbered label is chosen as the
cluster label and the neighboring disks will be reassigned a new
label. The system percolates when its left and right boundaries
are connected by a cluster consisting of disks with the same
label. After 100 repetitions, the percolation probability was
obtained by counting the times the system is percolated. The
probability distribution function (PDF) is defined as the first-
order derivative of the percolation probability and the percola-
tion threshold is obtained by fitting the PDF with a Gaussian
distribution function.

2.2. Statistical stick model

For the stick percolation model, a representative lattice of
dimension L×L is occupied by sticks with a uniformly
generated random distribution, as shown in figure 1(b). The
widthless sticks with length=l are randomly dispersed in
the lattice with a given density, Ds (number of sticks per unit
area). A stick is generated by the random coordinates (xs, ys)
for its center and a random angle θ with respect to the ver-
tical direction for its orientation. (Note that 0<xs<L,
0<ys<L, and 0�θ�π). The intersection point (xj, yj)
of the two sticks is obtained by solving the linear equations
if one stick is located within the subcell of the other. The
subcell of the stick in figure 2(b) is described by
equation (3). Two sticks are in contact if the intersection
point is located within both of the stick segments. This
method is highly convenient and simple due to the use of
local coordinates and angles. The labeling process and
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percolation probability calculation are the same as described
in section 2.1. It should be noticed that the 1D nanofillers
simulated as sticks are not penetrable to each other in the
actual thin films, and they are assumed to superpose on each
other in our simulation. The curvature effect of 1D nanofiller
was not considered in this study. Even though the curved
shape of 1D nanofiller can lead to lower electrical con-
ductance compared with straight one, the effect is very
limited [14, 26].

- + - =( ) ( ) ( )x x y y l 3si si
2 2 2

2.3. Statistical stick-disk model

In order to evaluate the percolation thresholds at different
combinations of 1D sticks and 2D disks, a hybrid system (I)
was generated by discrete disks and continuum sticks and a
hybrid system (II) was formed by continuum disks and sticks,
which are represented in figures 1(d) and (e), respectively.
There are three contact patterns between the disk and stick
according to the number of intersection points. Firstly, we
find the points of the intersection given by the disk defined
by the center and radius, and a line defined by the slope and

Figure 1. Graphic representations of the (a) discrete disk, (b) continuum stick, (c) continuum disk, and hybrid systems (I) (d) and (II) (e). By
zooming in on the red region, (f) shows clearly that black fillers are distributed separately from the blue percolating cluster.

Figure 2. Schematic illustrations of subcells in the disk percolation model (a) and stick percolation model (b).
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y-intercept, which contains the stick. A disk and a stick are in
contact if they both satisfy two conditions: (1) the intersection
points exist; (2) the distance between one of the intersection
points and the stick center is less than half length of the stick.
The labeling process and percolation probability calculation
are the same as described in section 2.1.

2.4. Resistor network model

The conductive 1D/2D hybrid system can be transformed
into a resistor network. Conductive nanofillers are assumed to
have no electrical resistance and the junction point of two
nanofillers is assumed to be a resistor in the equivalent circuit.
The equipotential nanofiller is reduced to a node in the
resistor network. Based on the well-known matrix repre-
sentation for a resistor network and Kirchhoff’s current law
(KCL), as shown in figure 3, the total current I under an
applied voltage can be estimated [27, 28]. For those nano-
fillers that are connected to the left boundary, the sum of the
currents is equal to I, and for those connected to the right
boundary, the sum of the current is equal to –I, and for those
within the matrix, the current is zero. From the above con-
ditions and KCL, we obtained a large-scale linear algebraic
equation system, which can be written in a matrix form:

´ ⋅ ´ = ´[ ] [ ] [ ] ( )G N N V N I N1 1 . 4

N is the total number of nanofillers in the percolating cluster.
Since the voltage applied from left to right across the network
is arbitrarily set to 1 V, the N×N matrix can be reduced to
an (N-Nleft-Nright)×(N-Nleft-Nright) matrix. Nleft and Nright are
the numbers of nanofillers that are connected to the left and
right boundaries, respectively. Nodal voltage Vi is obtained
by computing the inverse matrix of G through the Gaussian

elimination method, from which the equivalent resistance and
conductance are obtained. Finally, the total current I is eval-
uated following Ohm’s law, I=G×(Vleft−Vright).

3. Results and discussion

3.1. Percolation in single component thin films

The computational code for the Monte Carlo simulations was
developed in Matlab to numerically investigate the percola-
tion properties in thin films reinforced with 1D and 2D con-
ductive nanofillers. The results of the percolation probability
for the disk system and stick system of a variety of lattice
sizes in the vicinity of the percolation transition are shown in
figure 4. The percolation probability was calculated as the
ratio of the successfully percolated times over the total
number of simulations performed. The percolation threshold
is expected to be a sudden increase in percolation probability
from the theory, while as shown in figures 4(a), (c) and (e), a
smooth increase in percolation probability is seen instead due
to the finite lattice size being simulated. The rate of conv-
ergence is determined by two factors. The first comes from
the width of the critical region, which is the full width at half
maximum (FWHM). FWHM scales as L−1/ υ, where υ=4/3
is the universal critical exponent for 2D percolation. The
second factor is the rate of convergence of the percolation
probability to its asymptotic value in an infinite lattice, which
can be represented by the PDF. In a finite lattice, PDF cannot
diverge but reaches the maximum of a finite height. Both
FWHM and the magnitude of the height depend on the lattice
size. Percolation thresholds can be easily read from the
intersection points of the percolation probability curves,

Figure 3. Stick percolation model, the corresponding resistor network. and the general conductance matrix.

4

Nanotechnology 29 (2018) 075401 X Ni et al



which are 0.593, 1.428, and 5.637, respectively, exhibiting
good agreement with previously published results
[18, 19, 29]. Also, the percolation threshold corresponds to
the maximum in the PDF, shown in figures 4(b), (d), and (f),
which provides an alternative method to obtain the percola-
tion threshold without simulating multiple lattice sizes.

The size of the nanofiller plays an important role in
determining the percolation threshold in thin films. It is
obvious that Dc ∝ d−2 applies to discrete disk model. Hence a
straight line is expected if log(Dc) is plotted versus log(l−2) or

log(d−2) in continuum models, and this is exactly what we
observed in figure 5. The straight line with slope −2 suggests
that there is an inverse parabolic relationship between the
percolation threshold and the size of the nanofillers in con-
tinuum models. The effect of the nanofiller’s size in hybrid
systems will be further described. Our predictions of the
percolation threshold in thin films of a single nanofiller with
discrete and continuum distributions and the effect on the
percolation threshold from the size of fillers are consistent
with previous published work [18, 19, 29], which give a solid

Figure 4. (a), (b) Discrete disk model; (c), (d) continuum disk model; (e), (f) continuum stick model. (a), (c), (e) Percolation probability as a
function of lattice size; (b), (d), (f) percolation threshold obtained with PDF. The dashed lines denote the expected percolation threshold.

Figure 5. Percolation threshold as a function of nanofiller size in continuum stick model (a) with log(Ds,c)=log(5.637) −2×log(l), and
continuum disk model (b) with log(Dd,c)=log(1.436) −2×log(d).
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theoretical basis for the investigation of percolation phe-
nomena in multicomponent hybrid systems (I) and (II).

3.2. Percolation in multicomponent thin films

When the thin films are incorporated with multicomponent
nanofillers, the main question is how the density leading to
the phase transition from the insulator to the conductor
changes compared with single component systems.
Figures 6(a) and (c) show the percolation probability in
hybrid systems, which have already been occupied by a
certain density of stick. The PDF for each stick density was
represented by the dashed lines, from which we can read the
critical density of the disk. The superlinear relationship in (I)
and sublinear relationship in (II) between the densities of the
1D and 2D nanofillers at the percolation threshold were
established in figures 6(b) and (d). The relationships are dif-
ferent from the previous linear assumption [21, 22], in which
both the CNTs and CB are with discrete distributions. Gen-
erally, the percolation threshold depends on the dimensions of
nanofillers. The effect of the nanofiller’s size in hybrid

systems at the percolation threshold is represented in table 1,
and it explicitly shows how the density of the disk decreases
with the increasing of the length of stick in both hybrid
systems (I) and (II) with Ds=1. The effect of size on the
percolation properties can shed some light on how one can
maximize the percolation probability and how one can tailor

Figure 6. (a), (c) Effect of stick density on the percolation probability; (b), (d) relationships between the densities of the nanofillers at the
percolation threshold in hybrid system (I) and hybrid system (II).

Table 1. The relationships between the disk and the stick at the
percolation threshold with different lengths of sticks in hybrid
system (I) and hybrid system (II) with Ds=1.

Stick length Dd,c
a in (I) Dd,c

a in (II)

1.0 0.575±0.001 1.140±0.002
1.2 0.541±0.002 1.003±0.004
1.4 0.510±0.001 0.866±0.002
1.6 0.453±0.001 0.722±0.005
1.8 0.374±0.001 0.545±0.004
2.0 0.273±0.002 0.365±0.003

a

Dd,c is the critical density of disk at the percolation
threshold.
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the size of the nanofillers to minimize the mass consumption
in multicomponent thin films.

A comparison of the simulation results with the exper-
imental ones is shown in figure 7 [30–37]. It clearly shows
that there is a substantial drop in the percolation threshold of
graphene ranging from 29.5%–95.2% after adding CNTs into
the nanocomposites depending on the experimental setup,
which is consistent with the simulation results of a 48.34%
and 72.95% reduced threshold of the 2D nanofillers for the
hybrid systems (I) and (II), respectively. The actual percent-
age drop in the threshold of the 2D nanofillers is adjustable by
regulating the size of the nanofillers in the percolation model.
Thus, the comparison between the experimental results and
our simulations has qualitatively validated our model.

3.3. Electrical performance

The KCL and Gaussian elimination methods were used to
calculate the distribution of the nodal voltage. Distributions of
voltage in three cases are illustrated in figure 8, and the
voltage decreases throughout the network as expected. We
did not include the resistance of the nanofiller in our calcul-
ation, since it is on the order of 10−2 times smaller than the
junction resistance [38, 39]. In the percolation threshold
study, the lattice size has a significant influence on the
convergence and accuracy of the calculations. In contrast, as
shown in figure 9, the lattice size has a negligible effect on the
electrical conductance for both the disk and stick models,
which suggests that the electrical conductance is independent
of lattice size. The lattice size used to investigate the electrical
conductance is 10×10, which will significantly reduce the
computational time while at the same time maintain the
accuracy of the evaluations. The conductance exponent we
derived as t≈1.36 is in good agreement with the universal
value of 1.30 for lattice percolation [40, 41].

In our simulation, each junction of two nanofillers is
modeled by an effective contact resistance. The resistance of
the stick–stick is assumed to be five times larger than that of
the disk–disk owing to the contact area of the disk–disk is
larger than that of the stick–stick, which is the point contact.
The mass ratio of the disk to stick and the length of the stick
were also taken into account. Generally, the mass of disk is at
least ten times heavier than that of the stick and eight different
mass ratios were evaluated, as shown in figure 10(a). It is
obvious that the conductance increases with the increasing of
the mass ratio since more sticks were introduced to form the
conductive network with more junctions and hence leading to
a reduced equivalent resistance. The effect of length on the
electrical conductance is the same as that of the mass ratio
(figure 10(b)). There are 2862±47, 11 370±95 and
24 125±230 intersection points for length=1, 2, and 3
with Ds=7 on a 10×10 lattice, respectively. The variation
in conductance with a convex shape, shown in figures 10(a)
and (b) suggests that the nanocomposites incorporating 1D
and 2D nanofillers exhibit a significant synergistic effect
when nanofillers with different dimensionalities are properly
combined, which is consistent with the experimental obser-
vations [30, 33, 36, 42, 43]. The enhancement of the electrical
conductivity in the hybrid nanocomposites is mainly due to
the increased formation of multiple junctions between the
nanofillers. All the junctions of the disk–disk, disk–stick, and
stick–stick contribute to the effective conductance of the
nanocomposites. Compared with the specific distribution of
the individual junction shown in figure 10(c), only the het-
erojunction of the stick–disk shows a convex shape with
respect to the concentration, which indicates that the number
of the stick–disk heterojunction is the dominant factor in
enhancing the overall electrical performance of the hybrid
nanocomposites due to the higher conductance generated by
the larger contact area between the disk and stick compared
with the point contact of the stick–stick and non-overlaying
disk–disk junctions. The mechanism of the contact resistance
between the overlapped disks is not clear so far, therefore, we
did not evaluate the electrical properties in hybrid system (II).

The predictions of electrical percolation threshold in
multicomponent nanocomposites have been validated through
a comparison between the experimental results and our
simulation ones, as shown in figure 7. Since there is a large
range of variations in the experimental data depending on the
experimental setups and conditions, a more detailed com-
parison might be conducted in the future by performing
simulations with parameters that match closer to the specific
experimental conditions for a more direct and quantitative
comparison. This may provide useful guidelines for future
experiments. Furthermore, in addition to the electrical per-
colation prediction, our model should be extendable to
studying other properties of nanocomposites in relation to the
percolation threshold. For instance, the optimal nanomaterials
concentration (ONC) yielding a maximal reinforcement in
fracture toughness has been experimentally studied by Nadiv
et al for composites reinforced by 1D CNTs, tungsten
nanotubes (WS2NT), and 2D graphene nanoribbons (GNR)
[44]. The ONC is typically located in the vicinity of the

Figure 7. Comparison between the experimental studies ([30–37])
and our simulation results ((a) and (b)). (a) is the hybrid system (I)
and (b) is the hybrid system (II) with Ds=4. The percentage
indicates the decrease in the electrical percolation threshold of the
graphene after adding CNTs.
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Figure 8. Distribution of the nodal voltage in the disk system with Dd=0.8 (a), stick system with Ds=7 (b) and hybrid system (I) with
Dd=0.6 and Ds=2.8 (c). The left boundary voltage is 0 V and right boundary voltage is 1 V, the red and blue colors in the color bar
indicate 1 V and 0 V, respectively. The density of the nanofillers is much higher than the percolation threshold.

Figure 9. Electrical conductance as a function of lattice size in the disk (a) and stick (b) systems.

Figure 10. Electrical conductance diagram with respect to: (a) mass ratio of the disk to stick; (b) stick length; and (c) distribution of the
junction number in hybrid system (I).
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rheological percolation threshold, which characterizes the
sudden change in the viscosity of the nanocomposite. It is not
necessary for the nanofillers to contact each other at the
rheological percolation threshold. Therefore, by adjusting the
intersection determination on the shortest distance between
the nanofillers, our model is applicable to predict the rheo-
logical percolation threshold and to further elucidate their
experimental observations on ONC. Further work will be
carried out to help interpret the synergistic effect in complex
hybrid systems and study the percolation phenomena in 3D
multicomponent nanocomposite systems.

4. Conclusions

A 2D disk–stick model describing the electrical percolation
behavior in nanocomposites incorporating 1D and 2D con-
ductive nanofillers is proposed on the basis of a Monte Carlo
simulation. The electrical percolation behavior in the vicinity
of the percolation transition has been numerically investigated
and the electrical percolation thresholds have been success-
fully predicted. Our model is able to estimate the critical
density of nanofillers at the percolation threshold in multi-
component nanocomposite systems. It is capable of generat-
ing a microstructure with a specified density of nanofillers and
adjusting several parameters such as the size of the lattice and
the dimensions of the nanofillers. This computational meth-
odology can be used as an aid in studying the percolation
phenomena of polymeric thin films with multiple nanofillers.
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