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Abstract
Quantum anomalous Hall effect (QAHE) and quantum spin Hall effect (QSHE) are two
interesting physical manifestations of 2D materials that have an intrinsic nontrivial band
topology. In principle, they are ground-state equilibrium properties characterized by Fermi level
lying in a topological gap, below which all the occupied bands are summed to a non-zero
topological invariant. Here, we propose theoretical concepts and models of ‘excited’ QAHE
(EQAHE) and EQSHE generated by dissociation of an excitonic insulator (EI) state with
complete population inversion (CPI), a unique many-body ground state enabled by two yin-yang
flat bands (FBs) of opposite chirality hosted in a diatomic Kagome lattice. The two FBs have a
trivial gap in between, i.e. the system is a trivial insulator in the single-particle ground-state, but
nontrivial gaps above and below, so that upon photoexcitation the quasi-Fermi levels of both
electrons and holes will lie in a nontrivial gap achieved by the CPI-EI state, as demonstrated by
exact diagonalization calculations. Then dissociation of singlet and triplet EI state will lead to
EQAHE and EQSHE, respectively. Realizations of yin-yang FBs in real materials are also
discussed.

Supplementary material for this article is available online

Keywords: flat band, quantum anomalous Hall effect, quantum spin Hall effect, excitonic
insulator state, complete population inversion, diatomic Kagome lattice

(Some figures may appear in colour only in the online journal)

Quantum Hall effect (QHE) displays a quantized Hall con-
ductivity that is only determined by physical constants [1] and
fundamentally rooted in topological electronic states [2–5]. It
was observed in a 2D electron gas subjected to a strong
magnetic field [1] that splits the parabolic electronic bands
into discrete Landau levels (LLs), each characterized with a
Chern number C= 1 [2–5]. For QHE, the quantized

transverse Hall conductivity equals the filling of LLs (n),
σxy= n · e2/h (figure 1(a)), where n can be either an integer or
a specific fractional number. Haldane proposed a condensed-
matter version of QHE without LLs [the quantum anomalous
Hall effect (QAHE)] in a Chern insulator, featured with a
topological gap separating the valence bands (VBs) having a
non-zero Chern number (e.g. C = 1) from the conduction
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bands (CBs). It gives rise to a σxy= C · e2/h (figure 1(b)).
Recently, the quantum spin Hall effect (QSHE) was theore-
tically proposed by Kane-Mele [6] and Bernevig-Hughes-
Zhang [7], featured with a topological gap separating the VBs
having a non-zero Z2 [8] or sum of spin Chern number of each
VB [9] (e.g. Cs= 1) from the CBs. It gives rise to a spin Hall
conductivity ·s p= C e 2xy

s s (figure 1(c)). Both QAHE [10]
and QSHE [11] have been experimentally confirmed in real
materials. These pioneering works have fostered an ever-
growing field of topological physics and materials.

QHE, QAHE, and QSHE are all intrinsically single-
particle ground-state properties characterized with the Fermi
level lying in a topological gap. Now, let us imagine a band
structure that contains two enantiomorphic (yin-yang) flat
bands (FBs) of opposite chirality, i.e. opposite Chern num-
bers, featured with one trivial gap in between and two topo-
logical gaps above and below, as shown in figure 2(a). At the
ground state, the system is a semiconductor or normal insu-
lator characterized with the Fermi level lying in a trivial gap
between the two FBs. Upon photoexcitation, the quasi-Fermi
levels of electrons and holes will lie in the topological gap
above the top FB and below the bottom FB (figures 2(b), (c)),
respectively, when complete population inversion (CPI)
between the two FBs is achieved in the EI state, a many-body
ground state [12]. Consequently, dissociation of a singlet or
triplet EI state will lead to “excited” quantum anomalous Hall
effect (EQAHE) or quantum spin Hall effect (EQSHE), as the
former breaks while the latter preserves the time-reversal
symmetry (TRS).

Then, a ribbon structure possesses the above-mentioned
band structure with open edges. The system is originally
insulated with a gap separating a fully occupied valence FB
and empty conduction FB. Suppose a left-handed circularly
polarized light (σ+-CPL) excites spin-up electrons into the
conduction FB, leaving behind spin-down holes in the
valence FB, forming a singlet excitonic state [13, 14].
Usually, the excitons, such as for non-equilibrium valley Hall
effect, have a positive formation energy, i.e. a binding energy
smaller than the band gap, which are unstable as an excited
state. However, in the EI state, the excitons have a negative
formation energy, which are stable with infinite lifetime as a
many-body ground state. Consequently, if CPI between two
FBs can be achieved, then the quasi-Fermi level of electrons
(holes) in the conduction (valence) band lies in the topolo-
gical gap with edge states at equilibrium (figure 2(b) upper
panel). Under an external bias, the dissociated spin-up elec-
trons conduct via the chiral edge state within the topological
gap between the conduction FB and the dispersive band
above (see solid red line in figure 2(b)), and spin-down holes
conduct via the chiral edge state within the topological gap
between the valence FB and the dispersive band below
(see dashed blue line in figure 2(b)). The spin-up electrons
and the spin-down holes propagate in the opposite directions
along the two opposite edges of a ribbon sample
(see figure 2(b) lower panel), enabling a quantized con-
ductance σxy=−e2/h, while the bulk is still insulating. The
total charge Hall conductivity is σxy=−2 · e2/h (figure 2(b)
lower panel). The reverse is true for the right-handed CPL.

Figure 1. Schematic illustration comparing three types of quantized charge and spin Hall effects. The upper panel shows the electronic states
associated with each effect: (a) QHE featured with LLs and a chiral edge state (red). Each LL carries a Chern number C= 1. (b) QAHE, a
Chern insulator state, featured with a topological gap between a dispersive VB of C= 1 and a dispersive CB of C= 0, and a chiral edge state
in the gap (red). (c) QSHE, a topological insulator state, featured with a topological gap between a dispersive VB of spin Chern number
Cs = 1/2(C↑ − C↓)= 1 and a dispersive CB of Cs=0, a pair of helical edge states in the gap (red and blue lines). The lower panel illustrates
the quantized charge or spin Hall conductivity carried by topological edge states: (a) σxy = 2 · e2/h with two filled LLs (see upper panel). (b)
σxy = e2/h for a Chern insulator with C= 1. (c) ·s p= e2 4xy

s for a topological insulator with Cs=1. Note that in (b,c), only bands of
interest around Fermi level with their non-zero Chern number are labeled. If all VBs and CBs are present, the sum of their Chern numbers
must equal zero.
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Effectively the yin-yang FBs behave like a condensed-matter
version of two LLs, albeit with an electron and a hole occu-
pying two LLs with opposite Chern numbers, respectively. It
can be viewed as a pair of electron- and hole-conducting
QAHE or two copies of half QSHE. A more detailed illus-
tration of the EQAHE is available in figure S1, in comparison
with valley Hall effect [15–19]. See also supplementary
material for other details [20–26], available online at stacks.
iop.org/NANO/33/415001/mmedia.

For the triplet excitonic state, TRS will be preserved with
the spin-up electrons (holes) occupying the conduction
(valence) FB. Under an external bias, the dissociated spin-up
electrons conduct via the chiral edge state within the topo-
logical gap between the conduction FB and the dispersive
band above (see solid red line in figure 2(c)), and spin-up
holes conduct via the chiral edge state within the topological
gap between the valence FB and the dispersive band below
(see dashed red line in figure 2(c)). The spin-up electron and
the spin-up hole propagate in the same direction along the two
opposite edges of a ribbon sample (see figure 2(c) lower
panel), equivalent to the spin-up electron and the spin-down
electron along the opposite direction, corresponding to two
copies of QSHE. As a result, an EQSHE is featured with a
spin Hall conductivity ·s p= e2 4xy

s , as shown in
figure 2(c). Note that although the triplet exciton is dark,
triplet excitonic state can be converted from singlet state
through intersystem conversion [27, 28].

For both the singlet EQAHE and triplet EQSHE, a
stringent condition of CPI between the two FBs can be rea-
lized by FBs-enabled EI state [12], as we show below. The
highly localized wavefunction of yin-yang FBs renders a
large e–h wavefunction overlap, which strongly enhances
Coulombʼs interaction to reduce the screening. Consequently,
the increased exciton binding energy exceeds the band gap,
leading to an EI state. Also, the FBs enhance the exchange
interaction that leads to a large singlet-triplet splitting,
favoring the formation of triplet EI state. Importantly, dif-
ferent from conventional EI state with dispersive bands, the
unique EI state with two FBs of vanishing band width allows
for CPI.

Next, we discuss the creation of yin-yang FBs in a lattice
model. It is well-known that a Kagome lattice hosts a FB
[29–33], which lies either above or below two dispersive
bands depending on the sign of lattice hopping [34, 35]. Thus,
to have two FBs, a natural place to start with is to have two
atoms on every Kagome lattice site, i.e. a diatomic (dumbbell)
Kagome lattice, as shown in figure 3(a). A tight-binding
Hamiltonian can be written as

(ˆ ˆ ) ·
( )

† † †

†l s

= å + å + å

+ å ´

a a a a a a a a a

ab ab a b

á ñ áá ññ ááá ñññ

áá ññ r r

H t c c t c c t c c

i c c
2

3
.

1

ij i j ij i j ij i j

ij ij ij
z

i j

1 2 3

1 2

The first term represents the nearest-neighbor (NN) intra-
dumbbell hopping, †

aci (ciα) is the electron creation

Figure 2. Schematic illustration of the excited quantum anomalous Hall effect (EQAHE) and quantum spin Hall effect (EQSHE). The upper
panel shows the electronic states associated with each effect: (a) ground-state of the system with yin-yang FBs. (b) Singlet excitonic state
with a spin-up electron in the conduction FB and a spin-down hole in the valence FB induced by a σ+-CPL. (c) Triplet excitonic state with a
spin-up electron in the conduction FB and a spin-up hole in the valence FB. The quasi-Fermi level of electrons (holes) in the conduction
(valence) band is labeled as EFc (EFv). The red/blue solid/dashed lines indicate the population of the edge states. The lower panel illustrates
the quantized charge or spin Hall conductivity carried by topological edge states: (a) no edge states for the intrinsic semiconductor. (b)
σxy =−2 · e2/h for EQAHE with an opposite-spin electron–hole pair created in yin-yang FBs of the opposite Chern number. (c)

·s p= e2 4xy
s for EQSHE with a same-spin electron–hole pair created in yin-yang FBs of the same Chern number.
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(annihilation) operator on site i of spin α. The second (third)
term represents 2NN inter-dumbbell (3NN cross-dumbbell)
hopping. The forth term represents spin–orbit coupling (SOC)
with a coupling strength λ, r̂ij

1,2 are the 2NN unit vectors;

∣ˆ ˆ ∣´ = r r2 3 1ij ij
1 2 [8]. sab

z is the Pauli matrix; α and β are
spin indices.

Considering only the NN (t1) and 2NN hopping (t2), one
would obtain a band structure consisting of either one set of
Dirac bands plus another set of four bands, or two sets of
Kagome bands but both having FB above (or below) the
dispersive bands for t2< t1. Interestingly, it is found that the
trick to obtaining two sets of Kagome bands with opposite
signs of hopping, i.e. the yin-yang FB (opposite Chern
numbers), is to include a 3NN hopping (t3) that adds a ‘cross-
hopping’ between two sub-Kagome lattices. A phase diagram
of band structures in the parameter space of hopping para-
meters has been shown before [25]. The condition for the
existence of two yin-yang FBs is 0.5t1> t3> 0.5t2. Here, for
simplicity, we neglect t2, which will not affect the band
structure qualitatively. We note that the diatomic Kagome
lattice model is related to the so-called hexagonal star lattice

[36–40], but people have viewed the same lattice as having a
triangle atomic basis in a hexagonal lattice instead of a dia-
tomic basis in a Kagome lattice without realizing yin-yang
FBs and their intriguing topological properties.

An ideal yin-yang FB structure is shown in figure 3(b).
The eigenvalues of the yin-yang FBs are EY−,Y+ =
± (t1− 2t3). To better understand the physical origin of FBs,
their Bloch states are derived as ( )†Y =- + kY Y,

( ) [ ]· † · †å - -=
-

+sink e c e c1 k d
k

k d
ki

i
i

i
i

i
i1

3
, , 3

i i , where kn=
k · an, an is the lattice vector; dn represents the vector pointing
from the Kagome site to the dumbbell atom, as shown in
figure 3(a). Fourier transforming the FB Bloch states into real
space, one has

{ }
( )

( ) ( ) ( )

†

† † 

Y =

´ å  + å

- +

= =

R

c c

1

12

1 1 , 2

Y Y

i
i

i i
i

i

,

1
6

7
12

where i runs over the twelve vertices of a dodecahedron
centered at a chosen position R, as shown in figures 3(c) and
(d). The phase distribution of the real-space wave functions of

Figure 3. Creation of the yin-yang FBs in a diatomic Kagome lattice. (a) The diatomic Kagome lattice with a dumbbell (two atoms) on every
Kagome lattice site. The shaded area indicates the unit cell. t1, t2, and t3 represent the NN intra-dumbbell, 2NN inter-dumbbell and 3NN
cross-dumbbell hopping, respectively. λ is the SOC strength. (b) The ideal band structure containing yin-yang FBs, obtained with t1, t2 = 0,
t3 = 0.3t1 and λ= 0. The inset shows the first Brillouin zone. (c) Distribution of real-space wavefunction of the valence (yin) FB. Red and
blue dots represent positive and negative phases of the wavefunction at the position, respectively. (d) Same as (c) for the conduction
(yang) FB.
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both yin and yang FB display a perfect pattern of destructive
interference (or phase cancellation), expected for a FB [41],
so that lattice hopping out of the plaquette is prohibited (see
arrows in figures 3(c) and (d)). Moreover, looking at the
dumbbell on each Kagome lattice site, the valence (conduc-
tion) FB wave functions are of the same (opposite) phase,
indicating a bonding (anti-bonding) state between the two
sub-Kagome lattices. This is consistent with the negative
versus positive lattice hopping for yin versus yang FB.

The SOC opens four topological gaps, two between FB
and Dirac band and two at the Dirac points (figure S2(a)). The
system would be a QSH insulator if the Fermi energy were
in one of them, as illustrated by the calculated spin Hall
conductivity [32] showing four quantized plateaus of

·s p= e2 4xy
s within the SOC gaps (figure S3). However, of

our interest here is the two isolated FBs that carry opposite
Chern numbers in each spin channel, forming an enantio-
morphic pair. The Berry curvatures for the two spin-up FBs
(see figure S2(b)) look like a mirror image of each other
having negative and positive values in the conduction and

valence FBs respectively. The spin-down FB Berry curva-
tures are just the opposite of figure S2(b). Integration of Berry
curvatures gives the opposite Chern numbers for the two FBs
which are optically active, whose single-particle photo-
excitation properties has been discussed previously [25].

Now we discuss candidate material systems to illustrate
the feasibility of realization of EQAHE and EQSHE, in
association with the FB-EI state [12]. One system is the sp2

basis in a hexagonal lattice (Figure 4(a)), which gives rise to
yin-yang FBs (figure 4(b)). It can be realized in molecular
lattices, such as a superatomic graphene lattice made of tri-
angular graphene flakes (figure 4(c)). DFT calculated band
structures are shown in figure 4(d) (see computational meth-
ods in supplementary material). For a small graphene flake
(structural motif), the 5× 5 superlattice shows the s-like
molecular orbitals (figures S4(a), (b)) and 7× 7 superlattice
shows the (px, py)-like molecular orbitals (figures S4(c), (d)).
With the increasing size of graphene flake (9 × 9 super-
lattice), the carbon pz orbitals hybridize into molecular sp2

Figure 4. (a), (b) An sp2 hexagonal lattice (left, the shaded area indicates the unit cell) exhibiting yin-yang FBs (right), calculated with
spσ=−0.8ssσ, ppσ=−0.4ssσ, ppπ= 0. The band gap between the two FBs Eg = 3ppσ and the band width W= 3|ssσ− ppσ/2|. The inset
shows the first BZ. (c) Lattice structures for the superatomic graphene lattice with the size of 9× 9 times of the original graphene unit cell. (d)
Typical yin-yang FBs of (c) with the molecular sp2 orbitals in a hexagonal lattice (similar to (a), (b)). The hopping appears to decay slowly
due to the special lattice and orbital symmetry so as to meet the condition of t3 > 0.5t2 for realizing the yin-yang FBs in the dumbbell
Kagome model.
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orbitals on the hexagonal lattice, hosting the yin-yang FBs
(figures 4(c), (d)).

Interestingly, our recent work shows the existence of
a triplet EI state in the 9× 9 superatomic graphene lattice due
to the highly localized and overlapped electron and hole wave
functions that are intrinsic to the two FBs, based on DFT-GW
calculations [12]. In the EI state, the exciton binding
energy exceeds the band gap; the electron–hole pairs become
the ground-state quasiparticles to be more stable than
separated electrons and holes and have an infinite lifetime,
so that with continuous illumination, CPI between yin and
yang FB is achievable. To confirm this, we have performed
exact diagonalization calculations of a many-body lattice
Hamiltonian with Coulomb interactions projected onto the
two yin-yang FBs, to assess the stability of the EI state
with CPI (N excitons in a lattice with N sites), beyond
the formation of one exciton treated by the DFT-GW
calculation [12]. A form of screened Coulombs potential

( ) ( ) · p p= +V q e S q r4 2r
2

0
2

0
2 is adopted for elec-

tron-electron interaction [42], where e is the electron charge,
ò0 is the dielectric constant of vacuum, òr is the relative di-
electric constant of the material over vacuum, S is the area of
a unit cell, and r0 measures the screening strength, which is
set to 2/{lattice constant}.

With SOC, gaps open to make both FBs isolated (figure
S2(a)). Then, one can project the interaction onto two FBs
and solve the problem in a Hilbert sub-space where the
occupation of electrons will only vary between the two FBsall
other bands will always remain filled or empty. This leads to a
low-energy effective Hamiltonian,

{ }
({ }) ( )

†

† †

å

å d
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+
¢ ¢
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p
+ - -

¢ ¢ ¢ ¢

H c c

i j i j k
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i k
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eff
,
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2
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where indices ¢ ¢i j i j, , , run over the two FBs, òi,k is the
single-particle FB energy, and ({ }) ¢ ¢V k i j i j, , , contains the

single-particle FB wave functions and phase factors arising
from the unitary transformation since single-particle Hamil-
tonian must be in the Bloch’s form. The interaction part of
Heff contains 16 terms in the summation for all the conserved
momenta set {k}. They include direct (exchange) e–h inter-
action, e–e (h–h) repulsion in the conduction (valence) FB,
and other momentum conserving processes in which electrons
are scattered between states of different occupation numbers.
Since we are interested in the state with completely occupied
or empty bands, we can ignore the non-occupation-conser-
ving processes [43] and solve the Hamiltonian for complete
excitation, i.e. the CPI state, using the first 6 terms only. The
basis states are given by ∣†P P ñ¢ ¢c c vack con k k val k, , , and ∣ ñvac is
defined as the fully occupied valence FB. More details of
exact diagonalization calculations are available in supple-
mentary material, section V.

We use a finite system with Nx×Ny unit cells (total
states = 2×Nx× Ny). The excitation factor is vex= Ne/
(Nx× Ny), where Ne is the number of electrons in the con-
duction FB. Under periodic boundary condition, we imple-
ment translational symmetries and diagonalize the
Hamiltonian in each momentum sector q= ((2πkx)/Lx,
(2πky)/Ly) with kx and ky being the integers. The single-par-
ticle energies and wave functions are calculated at
t1= 1; t2= 0; t3= 1/3, and λ= 0.05. For CPI, vex= 1, and
there is only one momentum sector since all the electrons are
excited, i.e. all electron and hole states are fully occupied.
Finally, we calculate the energy of this state with respect to
that of ∣ ñvac . Convergence test has been done with respect to
system size (figure S6). In figure 5(a), we plot the energy of
the CPI state as a function of òr. Negative values indicate
spontaneous formation of CPI, i.e. the CPI-EI state, in all
ranges of òr. This happens for a strong interaction regime
when the e–h attraction can overcome the e–e and h–h
repulsion. This is consistent with our previous finding [12]
that the FBs inherently reduce the screening, leading to a very
low òr∼ 1 (marked as star in figure 5(a)).

It is important to note that the CPI can only be achieved
with the ‘FBs-enabled’ EI state but not the conventional EI

Figure 5. (a) Energy of the CPI-EI state (E) with respect to ∣ ñvac state (E0) as a function of relative dielectric constant (òr). Star symbol
indicates the values for superatomic graphene lattice. Negative values indicate spontaneous formation of CPI-EI state. (b), (c) schematic
comparison between (b) CPI in FB-EI state and (c) excitonic instability in parabolic-band EI state without CPI. In (b), the band width of the
conduction FB is zero, all the excitons have a binding energy (Eb) exceeding the band gap (Eg) to allow for CPI. Fermi levels are assumed to
be in the gap.
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state with dispersive bands, as illustrated in figures 5(b), (c).
This is because in order for the CPI to occur, not only the
exciton binding energy has to exceed band gap as in any EI
state, but also to exceed the gap by a value larger than the
width of the CB, which can only be met by the FB-EI state
(figure 5(b)) where all the excitons are stable. With dispersive
parabolic bands, the high-energy excitons above the binding
energy are unstable (figure 5(c)), then the resulting Hall
conductivity will be non-quantized. Similarly, the EQAHE/
EQSHE is fundamentally different the non-equilibrium valley
Hall effect [15–19] with non-quantized charge/spin Hall
conductivity without the formation of EI state.

The EQAHE/EQSHE may provide an effective means
for experimental detection of the FB-EI state, which could be
challenging otherwise as excitons are neutral quasiparticles.
For reaching the CPI associated with EI state, low-temper-
ature measurement is needed below the critical temperature
for EI transition [44]. Also, as for observing the conventional
QAHE and QSHE, the temperature needs to be lower than the
topological gap. We envision the yin-yang FB structure can
exhibit much rich and intriguing physics beyond single FB
structure. Fundamentally, the yin-yang FBs may support
fractional excitation, giant circular dichroism (CD) [25],
anomalous excitonic behavior (e.g. Wigner crystallization of
excitons [45, 46]), topological superconductivity [47–49], and
a two-level model of quantum entanglement [50]. Practically,
they may find applications in topological optoelectronic
devices (e.g. CD spectrometer, photodetector and laser) and
quantum information and quantum computation devices. The
ying-yang FBs may be found in more materials (see supple-
mentary material section IV) [25] and should also be make-
able in artificial systems, such as cold-atom [51, 52], photonic
[53], optical [54, 55], and phononic lattices [56] and topo-
lectrical circuit [57].
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