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ABSTRACT  
Based on the underlying graphene lattice symmetry and an itinerant magnetism model on a bipartite lattice, 
we propose a unifi ed geometric rule for designing graphene-based magnetic nanostructures: spins are parallel 
(ferromagnetic (FM)) on all zigzag edges which are at angles of 0° and 120° to each other, and antiparallel 
(antiferromagnetic (AF)) at angles of 60° and 180°. The rule is found to be consistent with all the systems that 
have been studied so far. Applying the rule, we predict several novel graphene-based magnetic nanostructures: 
0-D FM nanodots with the highest possible magnetic moments, 1-D FM nanoribbons, and 2-D magnetic 
superlattices.
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The electronic properties of crystalline structures are 
closely related to their underlying lattice symmetries. 
Understanding such structure-property relationships is 
of great scientifi c interest and provides the knowledge 
base for technological development. The complex 
electronic properties are often governed by simple 
geometric rules. One famous example is the relationship 
between the electronic properties of carbon nanotubes 
(CNTs) and their chirality [1, 2]. Using (m, n) to denote 
the chirality, a CNT is metallic if (m n) is divisible by 
3 and semiconducting otherwise. This rule has been 
proven to be amazingly useful in understanding the 
electronic properties of CNTs. Similar rules have been 
discussed for graphene nanoribbons with modifi cations 
in respect to their edge states [3 5].

Recently, various graphene-based nanostructures 
(GBNs), such as graphene nanoribbons [6 10], 
nanodots [11 14], and nanoholes [15], with zigzag 
edges have been shown to exhibit magnetism, 
making them an interesting new class of organic 
nanomagnets. The magnetization in GBNs originates 
from the localized edge states [3 5] that give rise to 
a high density of states at the Fermi level, rendering 
a spin-polarization instability [16, 17]. However, 
the energies of different magnetic phases (e.g., 
ferromagnetic (FM) vs antiferromagnetic (AF)) of 
a GBN can only be determined as after-math post 
priori first principles calculations. Either the FM or 
AF phase may be the ground state depending on 
the underlying GBN symmetries. There has been a 
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lack of a unified guiding principle in designing the 
rich variety of possible magnetic nanostructures in 
graphene. Here, we propose a generic geometric rule 
that underlies the magnetic ordering of all the GBNs.

It has been shown that the ground state magnetic 
ordering within a single nanoribbon [6 10], nanodot 
[11 14], or nanohole [15] is consistent with the 
theorem of itinerant magnetism in a bipartite 
lattice within the one-orbital Hubbard model [18]. 
Graphene consists of two atomic sublattices (A and 
B), and a zigzag edge must be either on an A- or 
B-lattice.  It is found that in a given GBN, two edges 
will be FM-coupled if they are on the same sublattice 
and AF-coupled if they are not. The total spin S of 
the ground state equals ½|NB NA|, where NB(NA) is 
the number of atoms on the B(A) sublattice. These 
observations indicate that there exist a set of rules to 
define the condition of magnetism in graphene [11, 
15]. Furthermore, by simply examining the graphene 
lattice symmetry, we formulate a generic “geometric” 
rule that dictates the edge types in a GBN for its 
given symmetry, so as to define its magnetic order. 
Applying this simple geometric rule, we design a 
series of novel magnetic GBNs whose rule-defined 
ground states are further confi rmed by fi rst principles 
calculations.

The basic principle of the geometric rule is 
illustrated in Fig. 1. Because of the underlying 
honeycomb lattice symmetry, the relationship 
between any two zigzag edges is uniquely defined 
by their relative angle to each other. Specifically, 
atoms on the same zigzag edge belong to the same 
sublattice (either A-lattice (red)) or B-lattice (blue));  
atoms on two different zigzag edges belong to the 
same sublattice if the two edges are at an angle of 0° 
or 120° to each other, but different sublattices if at an 
angle of 60° or 180° to each other. To avoid confusion, 
the angle between any two edges is defi ned formally 
as the angle between the two normal vectors of 
the edges. Then, the unified design rule states: two 
zigzag edges are FM-coupled if they are at an angle 
of 0° or 120° and AF-coupled if at an angle of 60° 
or 180°. The rule partially reflects the three-fold 
rotational symmetry of the graphene honeycomb 
lattice and the refl ection symmetry between the two 
sublattices. Below, we elaborate on how this rule 

can be applied in designing three different classes of 
magnetic GBNs: the 0-D nanodots, 1-D nanoribbons, 
and 2-D nanohole superlattices. 

Suppose we cut the graphene into small 0-D 
nanodots bounded by zigzag edges, as shown in Fig. 
2. According to the rule, a triangular dot is FM (Fig. 
2(a)), because all three edges are at 120° to each other; a 
hexagonal (also true for a rhombus shaped) dot is AF, 
because any two neighboring edges are at 60° to each 
other. The magnetic order is graphically shown in Fig. 
2 with the color coding of the edge, i.e. the red A-edge 
(let’s say spin up) vs the blue B-edge (spin down). The 
same color coding will be used throughout the paper. 
The magnetic ground states of the nanodots predicted 
by this simple rule are found to be consistent with the 
existing first principles calculations of all different 
shapes of nanodots [11 14]. Also, the same is true for 
individual nanoholes (antidots) punched in graphene 
[15] (see Fig. 4 and related discussion below).

Only FM nanodots have a net magnetic moment, 
while AF nanodots have zero moment. For magnetic 
and spintronic applications, it is desirable to search 
for FM nanodots with a net moment as high as 
possible. This search would be rather difficult with 
time consuming fi rst principles calculations. With the 
aid of a generic design rule, such searches become 
much easier. As the rule suggests, the first key to 
the design is to eliminate edges which are at 60° or 
180° to each other, so that the nanodots contain only 
edges which are at 0° or 120° to each other and they 
all have the same spin orientation. The second key 
is to elongate the edge length as much as possible to 

Figure 1 Schematic illustration of the underlying geometric relationship 
between zigzag edges in graphene. It illustrates that the edges are on the 
same sublattice (A (red) or B (blue)) if they are at an angle of 0° or 120° to 
each other, but on different sublattices (A vs B) if at an angle of 60° or 180°
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maximize the total net moment.
Figures 2(c) and 2(d) illustrate two elemental 

designs which fulfi ll these two key requirements. The 
FM nanodot in Fig. 2(c) is derived from Fig. 2(a) by 
punching a small down-triangle inside a larger up-
triangle (or conversely a small up-triangle inside a 
larger down-triangle) to make all edge B-type (blue). 
The FM nanodot in Fig. 2(d) is derived from Fig. 2(b) 
by cutting each of three B-type edges (blue) in the 
hexagon into two A-type edges (red) (or conversely 
cutting three A-type into six B-type), so that all the 
edges are of A-type.

Another way to think about designing FM nanodots 
with high moments is by stacking many triangular FM 
dots together. Then, as indicated by the dashed-line 
triangles, one can view Fig. 2(c) as one way of stacking 
triangular dots together by sharing their edges, and 
Fig. 2(d) as another way of stacking triangular dots 
together by sharing their corners. By exploiting these 
two design elements, FM nanodots with the largest 
total magnetic moments can be created.

Next, we discuss the design of 1-D nanoribbons 
as shown in Fig. 3. The simplest ribbon structure is 
the one with two straight edges. According to the 

rule, the two edges are AF coupled because they 
are at 180° to each other (Fig. 3(a)), which is well-
established by fi rst principles calculations [6 9]. Also, 
the sawtooth-like ribbons with parallel edges are 
FM [10]. The AF nanoribbons can be useful in their 
own right. For example, under a transverse electrical 
field, they become an interesting class of semimetal 
[7]. In other applications, FM nanoribbons may be 
desirable. Previously, researchers have proposed 
the idea of converting the AF nanoribbons into FM 
ones by extrinsic effects such as introducing defects 
and impurity atoms/molecules [9] along one of the 
two edges. Here, by applying the geometric rule, we 
design intrinsic (pure carbon) FM nanoribbons by 
manipulating their edge geometries.

The trick is to change the relative orientations of 
the two edges so that they become at 0° or 120° to 
each other instead of at 180° as in the straight ribbons. 
Figures 3(b) and 3(c) show two such designs of FM 
ribbons. In Fig. 3(b), we maintain one straight edge 
of the ribbon while cutting the other edge into a saw-
tooth shape with 60° contact angle. As such, we make 
a tree-saw shaped FM nanoribbon. In Fig. 3(c), we cut 
both edges into another kind of saw-tooth shape to 
make a Christmas-tree shaped FM nanoribbon.

Figure 2 Schematics of graphene nanodots showing the different 
zigzag edge confi gurations defi ned by the underlying geometry: (a) 
a triangular nanodot bounded by one type of edge belonging to 
the same sublattice, the B-lattice (blue); (b) a hexagonal nanodot 
bounded by two types of edges alternating around the dot; (c) a 
nanodot formed by stacking three up-triangles together sharing a 
common edge (or viewed as a larger up-triangule embedded with 
a smaller down-triangule); (d) same as (c) with three down-triangles 
stacked together sharing a common corner

Figure 3 Schematics of nanoribbons with different edge 
configurations: (a) An AF nanoribbon with straight edges; (b) an 
FM tree-saw nanoribbon; (c) an FM Christmas-tree nanoribbon. 
The rectangles indicate one unit cell for each ribbon, which show 
the calculated spin density contour of the ground state magnetic 
confi guration

（a） （b） （c）

（a） （b）

（c） （d）

We have performed first principles calculations 
which have indeed confi rmed that these nanoribbons 
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have an FM ground state. Our calculations were 
performed using the pseudopotential plane-wave 
method within the spin-polarized generalized 
gradient approximation as before [9, 15]. We used 
a rhombus supercell with a vacuum layer of ~10 Å 
to separate the graphene planes and a plane wave 
cut-off of 22.1 Rd. All the carbon atoms on the edge 
with dangling bonds are terminated by hydrogen 
atoms. The system is relaxed until the force on each 
atom is minimized to less than 0.01 eV/Å.

The ground state spin densities within one unit 
cell of nanoribbon are plotted in Fig. 3 to illustrate 
their magnetic ordering (see density contours 
inside the rectangular unit cells). For the tree-saw 
nanoribbon in Fig. 3(b), the FM ground state is found 
to be 100 meV per unit cell lower than the AF state 
which is lower than the paramagnetic (PM) state by 
220 meV. For the Christmas-tree nanoribbon in Fig. 
3(c), the FM ground state is found to be 33 meV per 
unit cell lower than the PM state which is lower than 
the AF state by 8 meV. The total magnetic moment 
in the FM ground state is calculated to be 3.0 and 2.0 
μB per unit cell for the tree-saw and Christmas-tree 
nanoribbon, respectively, which are equal to (NB NA) 
as predicted from the itinerant magnetism model in a 
bipartite lattice [18].

Lastly, we apply the design rule to a new class of 
2-D magnetic GBNs, the graphene nanohole (NH) 
superlattices [15], as shown in Fig. 4. Suppose a 
periodic array of nano-sized holes with zigzag edges 
are punched in graphene. Each individual NH, 
which is essentially an inverse structure of a nanodot 
(anti-dot), has the same magnetic confi guration as a 
nanodot [15]. Then, according to the design rule, to 
construct a superlattice the triangular FM NH will 
be the natural choice with non-zero net moment, 
and can be viewed effectively as a “super magnetic 
atom” in the superlattice. To increase the moment of 
such super magnetic atoms, more complicated NH 
geometries like the inverse structures of Figs. 2(b) 
and 2(c) can also be designed.

In designing a magnetic NH superlattice, the 
generic geometric rule can be applied not only to the 
intra-NH spin ordering within each NH, but also to 
the inter-NH spin ordering among different NHs. 
Two triangular NHs will be FM-coupled if their 

corresponding edges are at 0° and 120° to each other, 
but AF-coupled if their corresponding edges are 
at 60° and 180° to each other. Therefore, an overall 
FM superlattice can be designed using a periodic 
repeating unit cell containing one triangular NH as 
shown in Fig. 4(a), while an AF superlattice can be 
obtained by using a unit cell containing two anti-
paralleled triangular NHs (one up- and one down-
triangle) as shown in Fig. 4(b).

The ground state spin densities within one unit 
cell, as obtained from first principles calculations, 
are plotted in Figs. 4(a) and 4(b) to confirm their 
respective FM and AF ordering as predicted by the 
rule. For Fig. 4(a), the FM ground state is found to 
be 61.3 meV per unit cell lower than the AF state 
which is lower than the paramagnetic (PM) state by 
11.8 meV. For Fig. 4(b), the AF ground state is found 
to be 63.0 meV per unit cell lower than the FM state 
which is lower than the PM state by 23.7 meV. The 
calculated total magnetic moments for the FM (Fig. 
4(a)) and AF (Fig. 4(b)) ground states are 2.0 μB and 0.0 
μB per unit cell, respectively, which are again equal 
to (NB NA) as predicted from the itinerant magnetism 
model in a bipartite lattice [18].

Figure 4 Schematics of the graphene nanohole superlattice: (a) an FM 
hexagonal NH lattice; (b) an AF hexagonal NH lattice. The rhombuses 
indicate one unit cell of each superlattice, and show the calculated spin 
density contour of the ground state magnetic confi guration

In view of the successful application of the rule 
in designing nanomagnetic graphene for various 
dimensions as discussed above, we now comment 
briefl y on the physical origin underlying the rule. The 

（a） （b）
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magnetic couplings may be attributed to two distinct 
mechanisms: one is the coupling of nonbonding 
states, which arises from topological constraints; 
the second is the magnetic instability of low energy 
states, which could be present when the size of the 
pattern is suffi ciently large. For the fi rst mechanism, 
size is not an issue and either FM or AF coupling 
could be possible for short zigzag edges that are 
only a couple of benzene rings long. The nature of 
the electron-electron interactions seem to dictate the 
FM coupling between the same non-bonding edges 
(A or B) and AF coupling between different edges 
(A vs B). However, when nonbonding states are not 
present and the size of the system is small, such as 
the hexagonal nanodot in Fig. 2(b), the edges will not 
be spin polarized and the geometric rule therefore 
does not hold. This is indeed confi rmed by our fi rst-
principles calculations which showed a PM ground 
state for very small hexagonal nanoholes or two 
small triangular nanoholes of opposite orientation 
(see Fig. 4(b)) very close to each other [15].

In conclusion, we propose a generic geometric 
rule for designing the magnetic ground state of 
GBNs bounded by zigzag edges, by unifying the 
underlying graphene lattice symmetry with an 
itinerant magnetism model on a bipartite lattice. 
The rule predicts that any two zigzag edges will be 
FM-coupled if they are at an angle of 0° or 120° and 
AF-coupled if at an angle of 60° or 180°. We have 
applied the rule to design a series of novel 0-D, 1-D 
and 2-D GBNs, and confirmed the predictions by 
first principles calculations. We expect this rule to 
provide a useful guiding principle in future studies 
of nanomagnetism in graphene and related materials, 
such as nanopatterned graphite.
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