Part |



Typed Records

<Expr> 1= <Num>

{+ <Expr> <Expr>}

{* <Expr> <Expr>}

<Sym>

{lambda {[<Sym> : <Type>]} <Expr>}
{<Expr> <Expr>}

{record {<Sym> <Expr>} ...} e

{get <Expr> <Sym>} e

{set <Expr> <Sym> <Expr>} e
<Type> := num
bool

(<Type> -> <Type>)
{ [<Sym> : <Type>] ...} =«




Records

{record {x {+ 1 2}}
{y {* 3 4}}}

Has type { [x : num]
[y : num]}

3

-4



Records

{get {record {x {+ 1 2}}
{y {* 3 4}}}
y}



Records

{get
{get {record {p {record {x {+ 1 2}}
{y {* 3 4}}}}}
p}

x}



Records

{set {record {x {+ 1 2}}
{y {* 3 4}}}

Y
0}

Same value as {record {x 3}
{y 0}}



Records

{let {[r : {[x : num]
[y : num]}
{record {x {+ 1 2}}
{y {* 3 4}1}}1}
{+ {get r x}

{get r y}}}



Records

{lambda {[r : {[x : num]}]}
{get r x}}

Has type ({[x : num]} -> num)
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Records

{lambda {[r : {[x : num]}]}
{set r x 1}}

Has type ({[x : num]} -> {[x : num]})

12-13



Records

{let {[f : ({[x : num]} -> {[x :

num] })

{lambda {[r : {[x : num]}]}

{set r x 1}}1}
{£ {record {x {+ 1 1}}}}}
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Typechecking

I - e . T I - e : T

T = {[X : T©T] .. [X0n : Tn]l}
' + {record {{x, : e} .. {X, : e}}}
I're : {[xX : ©] .. [Xs : T,]}

X € {X|, .. X}

I' v+ {get e X} : T

I'+-e : {[xX :©] ... [X5 : Twl]l} T + e :

X, € {X|, .. X}

I' v+ {set e X e} : {[xX : 7] .. [X,

2 Tl }

15-17



Part 2
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Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}}}

num] } ]}
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Records and Fields

({[x :

{{lambda {[r :

{get r x}

num] } — num)

AV4
{[x : num]}]}
}

{record {x 1}}}
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Records and Fields

(L= :

{{lambda {[r :

{get r x}

num] } — num) 1

\/ .
{[x : num]}]}
}

{record {x 1}}}

( {[x : num]}

21



Records and Fields

({[x : num]} — num)
{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}}}

{[x : num]}

Has type num

I + e - ('52%173) I + e : T

I + {e. 92} . T3

22



Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {y 1}

{x 2}}}

num |

[y :

num] } ]}

23



Records and Fields

({Ix

{{lambda {[r :

{get r x}

num |

}

{record {y 1}
{x 2}1}}

[y
\/

{[x :

: num] } — num) i

num] [y : num]}]}

24



Records and Fields

({Ix

{{lambda {[r :

{get r x}

num |

}

{record {y 1}
{x 2}1}}

A
{ly : num] [x

[y :

\/

{[x :

: num]}‘i

num] } — num) i

num] [y : num]}]}

25



Records and Fields

({[x : num] [y : num]} — num)

{{lambda {[r : {[x : num] [y : num]}]}

{get r x}}
{record {y 1}
{x 2}}}

{[y : num] [x : num]}
no type — field order doesn’t match

FFe| . ('52%133) I - e :: T

I - {e e} : T3
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Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}

{y 2}1}}

num] } ]}

27



Records and Fields

({[x :

{{lambda {[r :

{get r x}

num] } — num) |

\/
{[x : num]}]}
}

{record {x 1}

{y 2}1}}

28



Records and Fields

\‘ ({[x : num]} — num)
\/ |
{{lambda {[r : {[x : num]}]}
{get r x}}
{record {x 1}

{y 2}}}
/\

| {[x : num] [y : num]}

29



Records and Fields

({[x : num]} — num)

{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}
{y 2}1}}

{[x : num] [y : num]}
no type — extra fields in argument

I'-e : (12—1) ' e : ©v

I' - {e e} : T3

30



Subtypes

If T is a subtype of 1,
T<T

then an expression of type T can be used in place of an

expression of type T’

{[x : num] [y : num]} =< {[x : num]}

31-32



{[ly :

Subtypes

If T is a subtype of 1,
T<T

then an expression of type T can be used in place of an

expression of type T’

num] [x : num]} < {[x : num] [y : num]}

33



Subtypes

If T is a subtype of 1,
T<T

then an expression of type T can be used in place of an

expression of type T’

{[x : num]} < {[x : num]}

34



Subtypes

If T is a subtype of 1,
T<T

then an expression of type T can be used in place of an

expression of type T’

{[x : num]} £ {[x : num] [y : num]}
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Subtypes

If T is a subtype of 1,
TST

then an expression of type T can be used in place of an
expression of type T’

{[x : num] [y : num]} =< {[x : num]}

Intution: T <1’ means that fewer values fit T than t’

36



Subtype Rules

{x;, .. X} 2 {Xi, .. Xn,

{[x; : T] ... [X0 @ W]} = {[Xi : T1] ... [X;m : Tm]}

IN

num num bool < bool

(‘C| —> ‘Ez) < (‘C| — ‘Ez)

FI—E|Z(‘C|%‘C3) I' - e : T T, S T

I + {E| 62} . T3

37-39



Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}

{y 2}}}

num] } ]}

40



Records and Fields

{{lambda {[r :

{get r x}

num] } — num) |

\/
{[x : num]}]}

}

{record {x 1}

{y 2}}}

41



Records and Fields

({[x : num]} — num)

\/
{{lambda {[r : {[x : num]}]}
{get r x}}

{record {x 1}

{y 2}}}
/\

| {[x : num] [y : num]}

42



Records and Fields

({[x : num]} — num)

\
{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}

{y 2}}}
/\

{[x : num] [y : num]}

{[x : num] [y : num]} =< {[x : num]}

43



Records and Fields

{{lambda {[r : {[y :

{get r x}}
{record {x 1}

{y 2}}}

num |

[x :

num] } ]}

44



Records and Fields

({[y : num]

{{lambda {[r :
{get r x}}
{record {x 1}

[x :

\

{[y :

{y 2}}}

num] } — num) |

num] [x : num]}]}

45



Records and Fields

Iy -

{{lambda {[r :

{get r x}

num] [x :

}

{record {x 1}

{y 2}}}

A
{[x : num] [y

\

{[y :

: num]}i

num] } — num) |

num] [x : num]}]}

46



Records and Fields

({[y : num] [x : num]} — num)

\/
{{lambda {[r : {[y : num] [x : num]}]}
{get r x}}
{record {x 1}
{y 2}1}}
/\

~{[x : num] [y : num]}

{[x : num] [y : num]} < {[y : num] [x : num]}



Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {y 5}}}

num |

[y

num] } ]}

48



Records and Fields

 ({[x :

{{lambda {[r :

{get r x}

num |

}

{record {y 5}}}

[y :

\

{[x :

num] } — num) |

num] [y : num]}]}

49



Records and Fields

({[x : num] [y

{{lambda {[r :

{get r x}}

\/
{[x :

{record {y 5}}}

/\

{ly : num]}

: num] } — num) ;

num] [y : num]}]}
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Records and Fields

({[x : num] [y :

{{lambda {[r :

{get r x}}

\/
{[x :

{record {y 5}}}

/\

iy ¢ )

{[y : num]} £ {[x :

num] } — num) :

num] [y : num]}]}

num] [y : num]}

51



Part 3

52



Subtypes in Fields

{let {[£f : ?
{lambda {[r : {[p : {[x :

{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}}1}1}}

num] }]}]}

53



Subtypes in Fields

{let {[£f : ?
{lambda {[r : {[p : {[x :

{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}1}1}}}

{[p : {[x : num]}]}

num] }]}]}
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Subtypes in Fields

{let {[£f : ?
{lambda {[r : {[p : {[x :

{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}}}}}

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

num] }]}]}

55



Subtypes in Fields

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{x|, .. X,} 2 {Xi, ... X}

xi=Xj’3Ti=Tj,

{ [x

1] . X o T])Y < {[xi : Tl ... [Xn

!/

I Tml] }
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Subtypes in Fields

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{x|, .. X,} 2 {Xi, ... X}

xi=Xj’3TiSTj,

{ [x

1] . X o T])Y < {[xi : Tl ... [Xn

!/

I Tml] }
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Field Update and Subtypes

{lambda {[r : {[p : {[x :

{set r p {record {x 5}

num] }]}]}

{y 6}}}}
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Field Update and Subtypes

Original rule:

I' - e : {[X| ZT|] [XnITn]} I' - e : 7
X € {X|, .. X}

' - {set e X e} : {[x : ©] .. [X : T}

Revised rule:

e : {[>xX :7©v] ... [X :7Tl]} TI're : T
X, € {X;, .. Xo} T ST

I' - {set e xi e} : {[xi : ©] .. [Xa ¢ Tnl}

60-61



Part 4

62



Subtypes and Functions

63



Subtypes and Functions

(I would like a ﬁsh.]

{[sz

: num] }
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{[sz :

num |

Subtypes and Functions

ﬁHere is a blue ﬁsh.)

{[sz

[col : num]}

: num] }
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{[sz :

{[sz

num |

Subtypes and Functions

{[sz

[col : num]}

: num] [col : num]} =< {[sz

: num] }

: num] }
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Subtypes and Functions

67



Subtypes and Functions
~

Can you recommend a
fish store!?

N

(num — { [sz

: num] })
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(hum — {[sz

Subtypes and Functions

You should go to
Blue Fish R Us!

/

(num — { [sz

: num] [col : num]})

: num] })
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(hum — {[sz

(num — {[sz

Subtypes and Functions

: num] [col

: num] [col

(num — {[sz : num]})

: num] })

: num] }) £ (num— {[sz

: num] })
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Subtypes from Functions

{let {[f : ?

{lambda {[g (num -> {[x :

{get {g 10} x}}]}
{f {lambda {[v : num]}

{record {x v}

{y vi}}}}

num] }) ]}
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Subtypes from Functions

{let {[f : ?

{lambda {[g (num -> {[x :

{get {g 10} x}}]}
{f {lambda {[v : num]}

{record {x v}

{y vi}}}}

(num -> {[x : num]})

num] }) ]}
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Subtypes from Functions

{let {[f : ?

{lambda {[g (num -> {[x :

{get {g 10} x}}]}
{f {lambda {[v : num]}

{record {x v}

{y v}i}}i}}

num] }) ]}

(num -> {[x : num] [y : num]})

VS.

(num -> {[x : num]})

73



Subtypes from Functions

(num -> {[x : num] [y : num]})

VS.

(num -> {[x : num]})

(’C| — Tz) < (’C| — 172)
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Subtypes from Functions

(num -> {[x : num] [y : num]})

VS.

(num -> {[x : num]})

(’C| — Tz) < (’C| — Té)

76



Subtype and Function Arguments

77



Subtype and Function Arguments

CI need a fish bowl.]

({[sz : num]} — num)

78



({[sz

: num]

Subtype and Function Arguments

Here is a bowl made
specially for colorful fish.

/

({[sz : num]} — num)

[col : num]} — num)
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({[sz

({[sz

Subtype and Function Arguments

: num] [col

: num] [col

({[sz : num]} — num)

: num] } — num)

: num] } - num) £ ({[sz

: num] } — num)
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Subtypes and Function Arguments

{let {[f : °
{lambda {[g ({[x : num]} -> num)]}
{g {record {x 1}}}}]}
{f {lambda {[r : {[x : num] [y : num]}]}
{get r y}}}}
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Subtypes and Function Arguments

{let {[f : °
{lambda {[g ({[x : num]} -> num)]}
{g {record {x 1}}}}]}
{f {lambda {[r : {[x : num] [y : num]}]}
{get r y}}}}

({[x : num]} -> num)
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Subtypes and Function Arguments

{let {[f : °
{lambda {[g ({[x : num]} -> num)]}

{g {record {x 1}}}}]}
{f {lambda {[r : {[x : num] [y : num]}]}

{get r y}}}}

({[x : num] [y : num]} -> num)

VS.

({[x : num]} -> num)
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Subtypes and Function Arguments

({[x : num] [y : num]} -> num)

VS.

({[x : num]} -> num)

IN

T Ty

(’C| — 132) < (’C| — Té)

Correctly rejected!

84-85



Subtype and Function Arguments

86



Subtype and Function Arguments
[I need a fish bowl for my\

red fish.

N

({[sz : num] [col : num]} — num)
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Subtype and Function Arguments

fHere is a bowl that
works for any fish.

/

({[sz : num] [col : num]} — num)

({[sz : num]} — num)
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Subtype and Function Arguments

({[sz : num] [col : num]} — num)

({[sz : num]} — num)

({[sz : num]} - num) £ ({[sz : num] [col : num]} — num)

89



{let {[£f : ?
{ lambda

Subtypes to Functions

{[g ({[x : num] [y :

{g {record {x 1}

{f {lambda {[r :

{get r x}

{y 2}}11}1}
{[x : num]}]}
}h}

num]} -> num) ]}

90



{let {[£f : ?
{ lambda

Subtypes to Functions

{[g ({[x : num] [y : num]} -> num)]}

{g {record {x 1}

{f {lambda {[r :

{get r x}

({[x :

{y 2}}11}1}
{[x : num]}]}
}h}

num] [y : num]} -> num)

91



Subtypes to Functions

{let {[£f : ?
{lambda {[g ({[x : num] [y : num]} -> num)]}
{g {record {x 1}

{y 2}}1}1}1}
{£ {lambda {[r : {[x : num]}]}

{get r x}}}}

({[x : num]} -> num)

VS.

({[x : num] [y : num]} -> num)

92



Subtypes to Functions

({[x : num]} -> num)

VS.

({[x : num] [y :

num] } -> num)

(T| —> 132) <

(11 = 1)
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({[x :

Subtypes to Functions

({[x : num]} -> num)

VS.

num] [y : num]} -> num)

T < T T < 1T

(ti— 1) < (T — 1)

95



Covariance and Contravariance

T < T T, < T

(11— 1) < (T = 1)

Function-result types are covariant with function types

Function-argument types are contravariant with function types

96



Covariance and Contravariance

{ [x

] . [X @ T]) S {[xi @ T] .. [Xm @ Tm]l}

Field types are covariant with record types

...as long as set is a functional update

97-98



Part 5
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Subtypes and Update

{let {[f : °?
{lambda {[r : {[x : num]}]}
{set r x 5}}]}
{f {record {x 1} {y 2}}1}}
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Subtypes and Update

{let {[f : °?
{lambda {[r : {[x : num]}]}
{set r x 5}}]}
{f {record {x 1} {y 2}}1}}

{[x : num]}

101



Subtypes and Update

{let {[f : °?
{lambda {[r : {[x : num]}]}
{set r x 5}}]}
{f {record {x 1} {y 2}}}}

{[x : num] [y : num]}

VS.

{[x : num]}
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Subtypes and Update

{[x : num] [y : num]}

VS.

{[x : num]}

{x|, .. X,} 2 {Xi, ... X}

Xi = X > T <7

{[x; : ] « [X : wl} = {[xXi : ©i] ... [Xm : Tml}

Seems ok for both functional and imperative update...
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Subtypes and Update

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}

{get

{get

{f {record {p {record {x 5}

{y 6}}}}}

p}

y}}
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Subtypes and Update

{let {[f : °?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}

{get
{get
{f {record {p {record {x 5}
{y 6}}1}}
p}
y}}

{[p : {[x : num]}]}
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Subtypes and Update

{let {[f : °?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}

{get
{get
{f {record {p {record {x 5}
{y 6}}1}}
p}
y}}

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

107



Subtypes and Update

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}
{let {[xr : °
{record {p {record {x 5}
{y 6}}}}1}
{begin
{f r}
{get {get r p} y}}}}

108



Subtypes and Update

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}
{let {[xr : °
{record {p {record {x 5}
{y 6}}}}1}
{begin
{f r}
{get {get r p} y}}}}

{[p : {[x : num]}]}

109



Subtypes and Update

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1}
{let {[xr : °
{record {p {record {x 5}

{y 6}}}}1}
{begin
{f r}
{get {get r p} y}}}}

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}
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Subtypes and Update
{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{x|, .. Xo} 2 {Xi, ... X}

I/

xi=Xj’:>TiSTj

{ [x

] .. [ X ]} S {[X : ot] .. [X,

!/

Wrong for imperative update!

! Tml] }
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Subtypes and Update
{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{x|, .. Xo} 2 {Xi, ... X}

I/

xi=Xj’:>'Ci=Tj

{ [x

] .. [ X ]} S {[X : ot] .. [X,

! Tml] }
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Invariance

With imperative update:

{x|, .. X,} 2 {Xi, ... X}

!

Xi=Xj’3’Ci=Tj

{[x; : ] « [X : wl} = {[xXi : ©i] ... [Xm : Tml}

Field types must be invariant with record types
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