First-order Proofs

Specifications section, Logic topic, Lecture 4

Pavel Panchekha

CS 6110, U of Utah
160 January 2020




Integer Logic Syntax

p.q:="p | PAq| pVq
| x=y|x<y

Boolean Expressions

Xy =vin|=xXlxhylx Xy

Integer Expressions

Equality, comparison?



Quantifier Semantics

p,q = ... | | .

For some integer v, p is true

[vllp=value of vinI" [x+ yllp = sum of [[x]ly and [y]lp

For all integers v, p is true

[Vv,pllr = lIply for all I, where
['[x] = 1'|x] for all x except v

Semantics of V



Theory of Arrays

Theory: a set of sorts, constants, functions, and relations
Theories are like programs, the logic like an OS

Sorts Functions Relations
Int —Int : Int IaiE=CliAls
Array lat ot e it Int < Int

Al el Int € Array
Constants  Array|Int]: Int
e len(Array) : Int

Array| Int .= Int | : Int

Separate the logic from the data and operations



Class Progress
Logical Program Static
reasoning logics analysis
Soolean Syntax Proof Theo
logic y "y




First-order Proof

What kind of evidence supports truth”

Universal elements and witnesses

Axioms to Internalize semantic facts

Proving an axiom; using an axiom in a proof

Does proof work”? Completeness and incompleteness

On the gap between map and territory






Quicksort

Post: sorted(output) sorted(l) := I[i] = I[i+1]
def quicksort(l):

pivot =1[len(1)//2] BT YrHEUIPILe 0

left, right = partition(l, pivot)
lefte = quicksort(left) « sorted(left2)
rightd = quicksort(right) < sorted(right2)

return left2 + righta
sorted?



Using Logic

Know sorted(left2)

sorted(right2)
Vi, Vj, left2[i] < right2];]

Want sorted(left2 + right2)



Using Logic

Know Vi, left2[i] < left2[i + 1]~
sorted(right2)
Vi, Vj, left2[i] < right2]/]

Want sorted(left2 + right2)



Using Logic

Know Vi, left2[i] < left2[i + 1]~
Vi, right2[i] < right2[i + 1]~
Vi, Vj, left2[i] < right2]/]

Want sorted(left2 + right2)



Using Logic

Know Vi, left2[i] < left2[i + 11
Vi, right2[i] < right2[i + 1] *
Vi, Vj, left2[i] < right2]/]

Want Vi, (left2 + right2)[i]
< (left2 + right2)[i + 1] *

How do we do this?






Logical Evidence

Vx,dy,x =y XYy

dx,Vy,x =y XYy

Vy,dx,x =y XYy

dy,Vx,x =y Xy

No — Consider x = 3

No — Consider y = x + 1

Yes = Considerx =y XYy

No = Considerx =y X y+1



Logical Evidence

VX, dy,x =y Xy Yes — Consider x = 3
3x,Vy,x =y Xy No — Considery = x + 1
Vy,dx,x =y Xy Yes = Consider x =y X y

dy, Vx,x =y Xy No — Considerx =y Xy + 1



Logical Evidence

dx,Vy,x £y Xy

dx,Vy,x =y Xy

Vy,dx,x =y XYy

dy,Vx,x =y XYy

Yes = Consider x = 3

No — Consider y = x + 1

Yes = Considerx =y Xy

No — Considerx =y Xy + 1



Logical Evidence

3x, Vy,x # y Xy Yes = Consider x = 3
Vx,dy,x #y XYy Yes = Considery = x + 1
Vy,dx,x =y Xy Yes = Consider x =y X y

Vy, dx,x #y Xy Yes = Considerx =y Xy + 1

Common: If da quantifier, value for a



Logical Evidence

Jx,Vy,x # y Xy Yes = Consider x = 3
Vx,dy,x #y XYy Yes = Considery = x + 1
Vy,dx,x =y XYy Yes — Considerx = y X y

Vy, dx,x #y Xy Yes = Considerx =y Xy + 1

Common: a depends on b only if Vb outside =



Logical Evidence

Two notions: values and dependency
lv] p Prove p using variable v
plv :=e] Prove p with v replaced by e

Formally state rules of evidence

I, x] p [I'] plx := e]

xe&l e from |

'] Vx, p '] 3x,p



Logical Evidence

L, x]p . L] plx :==e€]
[T] Vx, p 1] dx, p

xe&l

What about evidence for other connectives”

Statementp  Convert p into prefix form; p’ has no quantifiers

|

Statement Ox,, ..., Ox,,p’ Convert p’into conjunctive form

|

Statement Ox,...,Ox ., (a;Va, V.. )ANbD{V ...)) A ...



Logical Evidence

Statement Ox,...,0x,,(a;Va, V.. )A bV ...)A ...

A = €k Proof by resolution

Proof transforms p into a; A 7a, A ...

Each a/ = a,|x;, = e;], is a relation from the domain



Example

Vx,(dy,x=yXyAy#0)—>0<x
| Definition of ()

Vx,7(dy,x=yXyAy#0) V0O <x
| Prefix form

%@Wwﬂﬁ=yXyAy#O)vO<x

l Conjunctive form

Vx,Vy,x #yXyvy=0Vv0 <x



Summary

Quantifiers — Values for dx values
Boolean logic — Proof by resolution
+ Relations — 777

Statement — Evidence






Domain Facts

Talked about evidence of first-order logic statements

Reduced to simple problem: evidence of relations

Vi, x<0Vvx=0Vv0<x

Which terms are true depends on x
Asked to prove a basic fact about the < relation

How many basic facts are there”



Domain Facts

Basic facts imply other facts!

xxX0=0
x<0vx=0vO0<ux
x<0Aa<b-xXb<xXa
O<xAa<b-oxXa<xXb

a=bANc=d—-aXc=bXd

xXx=0V0<xXx



Domain Facts

Basic facts imply other facts!

xxX0=0
x<0vx=0vO0<x
X<O0Ax<0-oxX0<xXx
O<xAa<b-oxXa<xXb

a=bANc=d—-aXc=bXd

xXx=0V0<xXx



Domain Facts

Basic facts imply other facts!

xxX0=0
x<0vx=0vO0<x
X<O0Ax<0-oxX0<xXx
O0<xAD<x—->xX0<xXx

a=bANc=d—-aXc=bXd

xXx=0V0<xXx



Domain Facts

Basic facts imply other facts!  Abstract block to boolean

xX0=0 X=X
x<0vx=0vO0<x
Xx<O0AX<0-oxX0<xXux l[a :=x,b := 0]
O<xAD<x—-oxX0<xXx [a := 0,

b
x=0Ax=x—->xXx=0x0 [affx’lzizi%]

xXx=0VvV0O0<xXx



Domain Facts

Basic facts imply other facts!

_
N
-
LA
S A

SV

Pure boolean

expression!




AxXioms

Set of basic facts you use to prove other facts

I'la,a,),... = p

Axioms

Axioms can be quantified, with rules:

I alx :=¢e] Fp - I,x]labFp

e X &
I'l|Vx,abkp I']dx,abp



Example

Resolution
aVd

[x] 7 P(x) V P(x)
[x] P(x) — P(x)

Abstract out P(x)

Definition of —

Definition of -

[x] P(x) = P(x)

yi=X

[x] Vy, P(y) = P(x)
x &[]

[ 1Vy, P(y) = Vx, P(x)



Summary

Quantifiers — Values for dx values
Boolean logic — Proof by resolution
+ Relations — 777

Statement — Evidence



Summary

Quantifiers — Values for dx values
Boolean logic — Proof by resolution
Axioms — 777

+ Relations — Implied by axioms

Statement — Evidence






Survey Comments

I am a little lost about the connection between
lecture and software verification.

Pace was a little slow. It's a little difficult to keep up.
The examples were helptul.

Great 1f there could be some short exercises.
Would be helpful to have a few practice problems.



Exercises

Experiment with exercises for some lectures

http://logitext.mit.edu

Introduces sequent calculus for first-order logic

Similar to what was introduced in class

Interactive proof tool right in the browser

Textbook, exercises don’t exactly match lecture
Such variations improve learning (make you think)




Choosing Axioms

Completeness, incompleteness, and the possible



Example

Reasoning about nodes of this graph

Constants: a, b, c,d Relations: edge(x, y)

o edge(a,b) edge(b,c)
e<1 o edge(a,c) —edge(b,d)
o ~edge(a,d) —edge(c,d)

Vx,~edge(x,x) Vx,Vy, edge(x,y) —» edge(y,x)

Are they correct? Are they useful?




Whose Axioms?

Axioms come with the theory, not-

he problem

Responsibility of logic designer, not t

Prover questions

ne prover

What’re the axioms? Are they correct?

Which to use? Are they useful?

No easy answers!



Wrong Axioms

What happens if you have a false axiom®?

dx,x # X Vy,y =1y

Now you can prove false things!

Resolution
alN-a— L

IXx]x#x,x=xF 1
[x] x #x,(Vy,y=y) L
[1(dx,x#x),(Vy,y=y)F L

Abstract x = x

yi=X

x &[]




Missing AXioms

What happens if you have a missing axiom®?

edge(a,b) edge(b,c)

edge(a,c) -edge(b, d)
-edge(a,d) -edge(c,d)
Vx,~edge(x,x) Vx,Vy,edge(r,y) — edge(y,x)

<4
~.

Now you can’t prove dx, dy, —edge(x, y)



Impossibility

Some things cannot be axiomatized well
Could you axiomatize reachability from graphs?

Relation: path(x, y) path defined via path

Axiom: Vx, Vy, path(x, y) <
x =y V Iz, edge(x, z) A path(z, y)

“infinite path” from a to d

o Prove: —path(a, d)



Whence AXioms

Axiomatizing things seems hard and risky

Hence, standard theories known to work well

Equality Strings
Reals Integers
Arrays SelS  pegEx

Next time: describe theories & what can be proven



Next class:

First-order Theories

To do:

Course feedback
Read / do LogiText
Assignment 1 due




First-order Proof

What kind of evidence supports truth”

Universal elements and witnesses

Axioms to Internalize semantic facts

Proving an axiom; using an axiom in a proof

How do you pick axioms”?

On the gap between map and territory
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Next class:

First-order Theories

To do:

Course feedback
Read / do LogiText
Assignment 1 due




