Recursion

{with {nk-rec {fun {body}
{{fun {fX} {fX fX}}
{fun {fX}
{{fun {f} {body f}}
{fun {x} {{fX X} X}}}}}}}
{wth {fib {nk-rec

{fun {fiDb}
{fun {n}
{ifO n
1
{ifo {- n 1}

1
{+ {fib {- n 1}}
{fib {- n 2}}}}}}}}}
(fib 4}})



Typed Recursion

{with {nk-rec : (((num-> num -> (num-> num) -> (num-> num)
{fun {body : ((num-> num -> (num-> num)}
{{fun {fX: ... ->(num-> num} {fX fX}}
{fun {fX : ... -> (num-> num }
{{fun {f : (num-> num} {body f}}
{fun {x : num {{fX X} X}}}}}}}
{with {fib : (num-> num

{nk-rec
{fun {fib : (num-> num}
{fun {n : num
{ifO n
1
{ifOo {- n 1}
1
{+ {fib {- n 1}}
{tib{- n 2}}}}}} 1))
{fib 4}}}

Nothing works in place of ...
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Extending the Type System

When the type system rejects your prefectly good
program, it may be time to extend the type system

In this case, we can add r ec as a core form, again

{rec {fib : (num-> num

{fun {n : num
{ifO n

1

{ifo {- n 1}
1
{+ {fib {- n 1}}

ib {tib {- n 2}}}}}}}
|

We'lladd | f O, too, while we're at it



TRCFAE Grammar

<TRCFAE> := <nunv

| {+ <TRCFAE> <TRCFAE>}

| {- <TRCFAE> <TRCFAE>}

| <id>

| {fun {<id>: <TE>} <TRCFAE>}

| {<TRCFAE> <TRCFAE>}
| {1f0 <TRCFAE> <TRCFAE> <TRCFAE>} e
| {rec {<id> : <TE> <TRCFAE>} <TRCFAE>} "
<TE> = num

| (<TE> -> <TE>)



TRCFAE Datatypes

(defi ne-type FAE

[1fO0 (test-expr : FAE)
(t hen-expr : FAE)
(el se-expr : FAE)]
[rec (nane : synbol)
(ty : TE)
(rhs-expr : FAE)
(body-expr : FAE)])



TRCFAE Interpreter

(define (interp a-fae ds)
(type-case FAE a-fae

[1fO (test-expr then-expr el se-expr)
(if (nunezero? (interp test-expr ds))
(interp then-expr ds)
(interp el se-expr ds))]
[rec (bound-id type naned-expr body-expr)
(local [(define val ue-holder (box (nunv 42)))
(define newds (aRecSub bound-id
val ue- hol der

ds))]
(begin
(set-box! val ue-holder (interp naned-expr newds))
(interp body-expr newds)))]))



TRCFAE Interpreter Lookup

(define (| ookup nane ds)
(type-case DefrdSub ds
[mSub () (error '| ookup "free variable")]
| aSub (sub-nane val rest-ds)
(1f (synbol =? sub- nane nane)
val
(1 ookup nane rest-ds))|
| aRecSub (sub-nane val - box rest-ds)
(1f (synbol =? sub- nane nane)
(unbox val - box)
(| ookup nane rest-ds))]))



TRCFAE Type Checker

(define typecheck : (FAE TypeEnv -> Type)
(l anbda (fae env)
(type-case FAE fae

[1fO (test-expr then-expr el se-expr)
(type-case Type (typecheck test-expr env)
[nunml () (local [(define test-ty
(typecheck then-expr env))]
(if (equal? test-ty
(typecheck el se-expr env))
test-ty
(type-error el se-expr
(to-string test-ty))))]
[el se (type-error test-expr "nuni')])])))

[ - e : num [ e, : To [ - e3 : To

r|—{|f0 e, e- 93} . To



TRCFAE Type Checker

(define typecheck : (FAE TypeEnv -> Type)
(l anbda (fae env)

(type-case FAE fae

[rec (nanme ty rhs-expr body-expr)
(local [(define rhs-ty (parse-type ty))
(define newds (aBi nd nane
rhs-ty
env)) |

(if (equal? rhs-ty (typecheck rhs-expr newds))
(typecheck body-expr new- ds)

(type-error rhs-expr (to-string rhs-ty))))])))

[M[<id><To] F € : To [M<id>To] F e : T

- {rec {<id>: 10 e} €1} : T1



Variants

{with {left : (num-> (num* num)
{fun {x : nunt
{pair O Xx}}}
{with {right : (num-> (num?* num)
{fun {x : nun
{pair 1 x}}}
{wth {displacenment : ((num?* num -> num
{fun {p : (num* num}
{ifO {fst p}
{- 0 {snd p}}
{snd p}}}}
{di splacenent {left 5}}}}}

11



Variants

{with {grade : (num-> (num* (num* bool)))
{fun {x : num
{pair O {pair x false}}}}
{with {pf : (num-> (num?* (num* bool)))
{fun {y : Dbool}
{pair 1 {pair O y}}}}
{wth {pass? : ((num* (num?* bool)) -> bool)
{fun {p : (num* (num* bool))}
{ifO {fst p}
{> {fst {snd p}} 70}
{snd {snd p}}}}}
{pass? {grade 96}}}}}

Have to make up a value for the other type, but this
can be made to work always using thunks

12



Recursive Datatypes

{with {enmpty : (num?* ..)

{pair 0 ...}}
{with {cons : (num-> ((num?* ...) -> (num?* ..)))
{fun {x : nunm

{fun {r : (num* ..)}
{pair 1 {pair x r}}}}}
{{cons 1} {{cons 2} {{cons 3} enpty}}}}}

Stuck again with ...
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Recursive Datatypes

Add wi t ht ype and cases:

{withtype {numist {enpty nuni
{cons (num* numist)}}
{rec {len : (numist -> num
{fun {I : numist}
{cases nunlist |
{empty {n} O}
{cons {fxr} {+ 1 {len {snd fxr

1383838
{len {cons {pair 1 {cons {pair 2 {enpty O}}}}}}}}



<TVRCFAE>

<TE>

TVRCFAE Grammar

<nunp

{+ <TVRCFAE> <TVRCFAE>}

{- <TVRCFAE> <TVRCFAE>}

<| d>

{fun {<id>} <TVRCFAE>}

{ <TVRCFAE> <TVRCFAE>}

{if0 <TVRCFAE> <TVRCFAE> <TVRCFAE>}

{rec {<id> : <TE> <TVRCFAE>} <TVRCFAE>}

{wthtype {<tyid> {<id> <TE>} e

{<id> <TBE>}}

<TVRCFAE>}

{cases <tyid> <TVRCFAE> o
{<id> {<id>} <TVRCFAE>}
{<id> {<id>} <TVRCFAE>}}

num
(<TE> -> <TE>)
<t yl d> N
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Well-Formed Type Expressions

« Might be ok:

{wthtype {fruit {apple nuni
{banana (num -> num }}
{fun {x : fruit} ...} ...}

« Not ok:
{fun {x : fruit} ...}

r|—T1 |_|—T2

[ F num
[ - (T -> T

[... <tyld>=<id>@T1:+<I d>@T, ...] F <tyid>
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TVRCFAE Type Checker

M=l <tyi d>=<i d>@T1:+<i d>,@T2, <i d>; (11 > <tyi d>),<id> (12 > <tyi d>)]
M -1 R = " rFe : T

' {withtype {<tyid> {<id> 1} {<id> T1}} €} : To

M= <tyi d>=<i d>@T1:+<i d>,@1: ]
'+ e : <ty| d> I"[<i d>3<—T1] F e . To F'[<i d>4<—T2] F e : To

[ - {cases <tyid> e {<id> {<id>3} e} {<id> {<id>} e}} : 1o

Warning: later, we’ll discuss why the
wi t ht ype rule is not quite right
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TVRCFAE Expression Datatypes

(define-type FAE
[wWwth-type (na
(va

(va

(va

(va

(bo

[ cases (nane :
(di spat ch-
(var 1- nane

(bi nd1l- nane :

(rhsl-expr :
(var 2- nane

(bi nd2- nanme

(rhs2-expr
(define-type TE

[1dTE (nane :

nme : synbol)
rl-nane : synbol)
rl-ty : TE)
r2-nane : synbol)
r2-ty . TE)

dy- expr : FAE)]
synbol )

expr : FAE)
synbol )

synbol )

FAE)

synbol )

synbol )

FAE) | )

synbol )])
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TVRCFAE Value and Environment Datatypes

(defi ne-type FAE-Val ue

[variantV (right? : bool ean)
(val : FAE-Val ue) ]
[constructorV (right? : bool ean)])

(defi ne-type TypeEnv

[tBind (nane : synbol)
(var 1- nane : synbol)
(varl-type : Type)
(var 2- nane : synbol)
(var2-type : Type)
(rest : TypeEnv)])

22



TVRCFAE Interpreter

(define (interp a-fae ds)
(type-case FAE a-fae

[Wth-type (type-nane varl-nane varl-te
var 2- name var2-te
body- expr)
(i nterp body-expr
(aSub var 1- nane
(constructorV fal se)
(aSub var 2- nane
(constructorV true)

ds)))]
)
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TVRCFAE Interpreter

(define (interp a-fae ds)
(type-case FAE a-fae

[app (fun-expr arg-expr)
(local [(define fun-val
(interp fun-expr ds))
(define arg-val
(Interp arg-expr ds))]
(type-case FAE-Val ue fun-val
[ cl osureV (param body ds)
(i nterp body
(aSub param
ar g- val

ds)) ]
[ constructorV (right?)
(variantV right? arg-val)]

[else (error '"interp "not applicable")]))]

)
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TVRCFAE Interpreter

(define (interp a-fae ds)
(type-case FAE a-fae

[ cases (ty di spatch-expr
var 1l-nane varl-id varl-rhs
var 2- nane var2-id var2-rhs)
(type-case FAE-Val ue (interp dispatch-expr ds)
[variantV (right? val)
(if (not right?)
(interp varl-rhs (aSub varl-id
val
ds) )
(interp var2-rhs (aSub var2-id
val

ds)))]

[else (error "interp "not a variant result")])]

)
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TVRCFAE Type Lookup

(define (get-type nane-to-find env)
(type-case TypeEnv env
[mEnv () (error 'get-type "free variable, so no type")]
[aBind (nane ty rest)
(if (synbol =? nane-to-find nane)
ty
(get-type nane-to-find rest))]
[tBind (nane varl-nane varl-ty var2-nane var2-ty rest)
(get-type nane-to-find rest)]))
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TVRCFAE Type Lookup

(define (find-type-id nane-to-find env)
(type-case TypeEnv env
[mEnv () (error 'get-type "free type nane, so no type")]
[aBind (nane ty rest)
(find-type-id nanme-to-find rest)]
[tBind (nane varl-nane varl-ty var2-nane var2-ty rest)
(i1 f (synbol =? nane-to-find nane)
env
(find-type-id nane-to-find rest))]))
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TVRCFAE Type-Expression Checking

(define (validtype ty env)
(type-case Type ty

numl () (ntEnv)]

bool T () (ntEnv)]

‘arrowl (a b) (begin
(val i dtype a env)
(vali dtype b env))]

[1dT (id) (find-type-id id env)]))
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TVRCFAE Type Checking

(define typecheck : (FAE TypeEnv -> Type)
(l anbda (fae env)
(type-case FAE fae

[fun (nanme te body)
(local [(define arg-type (parse-type te))]
(begin
(val i dtype arg-type env)
(arrowl arg-type
(typecheck body (aBi nd nane
arg-type
env)))))]
.)))
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TVRCFAE Type Checking

(define typecheck : (FAE TypeEnv -> Type)
(l anbda (fae env)
(type-case FAE fae

[wWth-type (type-nane varl-nane varl-te var2-nane var2-te
body- expr)
(local [(define varl-ty (parse-type varl-te))
(define var2-ty (parse-type var2-te))
(define newenv (tBind type-nane
var 1- nane varl-ty
var 2- nane var 2-ty
env))]
(begin
(validtype varl-ty new env)
(validtype var2-ty new env)
(typecheck body-expr
(aBi nd var 1- nane
(arrowl varl-ty
(1dT type-nane))
(aBi nd var 2- nane
(arrowl var2-ty
(1dT type-nane))
newenv)))))]

)))
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TVRCFAE Type Checking

(define typecheck : (FAE TypeEnv -> Type)
(lanbda (fae env)
(type-case FAE fae

[ cases (type-nane di spatch-expr
var 1-nanme varl-id varl-rhs
var 2- name var2-id var 2-rhs)
(local [(define bind (find-type-id type-nanme env))]
(if (and (equal ? varl-nane (tBind-varl-nane bind))
(equal ? var2-name (tBind-var2-nane bind)))
(type-case Type (typecheck di spatch-expr env)
[1dT (name)
(if (equal ? nane type-nane)
(local [(define rhsl-ty
(typecheck var1-rhs
(aBind varl-id
(tBi nd-var1-type bind)
env)))
(define rhs2-ty
(typecheck var2-rhs
(aBind var2-id
(tBi nd-var 2-type bind)
env))) |
(if (equal? rhsl-ty rhs2-ty)
rhsi-ty
(type-error var2-rhs (to-string rhsil-ty))))
(type-error dispatch-expr (to-string type-nane)))]
[el se (type-error dispatch-expr (to-string type-nane))])
(type-error fae "matching variant nanmes")))]

)))
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