Part |



Subtyping

PosInt <:

Int

2-3



<Exp> :=
|
|
|
|
|
|
|
|

<Type>

Typed Records

<Int>
<Exp> + <Exp>
<Exp> * <Exp>

<Symbol>

fun (<Symbol> :: <Type>) : <Exp>
<Exp> (<Exp>)

{ <Symbol>: <Exp>, ... } et
<Exp>.<Symbol> et
<Exp> with (<Symbol> = <Exp>) e
= Int

| Boolean

| <Type> -> <Type>
| { <Symbol> :: <Type>, ... } «



Records

{ x: 1 + 2
y: 3 * 4
Has type { x ::
y

Int,
Int }

5-6



Hastype { p ::

{

Records

x: 1 + 2,
y: 3 * 4

{ x ::

b}

Int,
Int } }

7-8



Records

{ x: 1 + 2,
y: 3 ¥ 4 }.y
The subexpression type
{ x :: Int,
y :: Int }

means that . will succeed for y

9-10



Records

{ p: { x: 1
y: 3

The subexpression type

{p :: { x :: Int,

means that . will succeed for p then x

11-12



Records

{ x: 1 + 2,
y: 3 * 4 } with (y = 0)

Same type and valueas { x: 3,
y: 0}

13-14



let r { x

r.x + r.y

Records

Int,
Int }

{

<X

* +
=N

15



Records

fun (r :: { x :: Int }):
r.x
Hastype { x :: Int } -> Int

16-17



Records

fun (r ::

{ x :: Int }):
r with (x =

1)

Hastype { x :: Int } -> { x :: Int }

18-19



let £ ::

£f({ x:

{ x :: Int } > { x ::

1 +11})

Records

Int } =

(fun (r ::

r with

{
(x

X 2

1)):

Int }):

20



Typechecking

F |_E| . 1:| coe r [ en . rn
T={ X :: T, .., Xn °: Tn }

I'e : { X5 :: 7T, ... Xo 22 T } T F e : 7

I'me with (Xi=e) : { X3 :: T, ..., Xo :: Tn }

21-23



Part 2

24



(fun (r ::

Records and Fields

{ x ::

Int }):

r.x) ({ x:

1

})

25



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x :: Int }):

r.x) ({ x:

1

})

26



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x :: Int }):

r.x) ({ x:

{ x ::

11

Int }

27



Records and Fields

{ x :: Int } -> Int
(fun (r :: { x :: Int }): r.x) ({ x:
{ x ::
Has type Int
I'-e : ©m -> 1 I'+-e : .
I'-e (e ) : 1

11

Int }

28



(fun (r ::

{ x ::

Records and Fields

Int, vy :: Int }):

r.x) ({ y: 1,
x: 2 })

29



{ x ::

(fun (r ::

Records and Fields

Int, y ::

Int } -> Int

{ x :: Int, y :: Int }):

r.x)({ y: 1,
x: 2 })

30



{ x ::

(fun (r ::

Records and Fields

Int, y ::

Int } -> Int

{ x :: Int, y :: Int }):

{y :: Int, x ::

r.x)({ y: 1,
x: 2 })

Int }

31



{ x

(fun (r

Records and Fields

Int, y :: Int } -> Int

{ x :: Int, vy :: Int }): r.x)({ y: 1,
x: 2 })

{yv :: Int, x

no type — field order doesn’t match

FI—E|I172—>’IZ3 I'-e : 1o

I'e (e ) : 73

Int }

32



(fun (r ::

Records and Fields

{ x ::

Int }):

r.x)({ x: 1,
y: 2 1})

33



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x ::

Int }):

r.x) ({ x: 1,
y: 2 1})

34



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x ::

Int }): r.x) ({ x: 1,
y: 2 1)
{ x :: Int, y ::

Int }

35



{ x

(fun (r

Records and Fields

{ x

Int } -> Int

Int }): r.x) ({ x: 1,
y: 2 1)
{ x :: Int, y ::

no type — extra fields in argument

rl—e|2’l72

-> T3

FI—EzITz

I' e (e )

. T3

Int }

36



Subtypes

If T is a subtype of T,

14

TST

then an expression of type T can be used in place of an expression of type T’

{ x :: Int, v :: Int } < { x :: Int }

37-38



Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{y ::Int, x :: Int } < { x :: Int, y :: Int }

39



Subtypes

If T is a subtype of T,

TST

then an expression of type T can be used in place of an expression of type T’

{ x :: Int }) = { x :: Int }

40



Subtypes

If T is a subtype of T,

TST

then an expression of type T can be used in place of an expression of type T’

{ x :: Int } £ { x :: Int, y :: Int }

41



Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{ x :: Int, v :: Int } < { x :: Int }

Intution: T < 1T’ means that fewer values fit T than t’

4?2



Subtype Rules

{x;, .., X} 2 {Xi, .., Xm}
X = XJ, => T = Tj,
{ X TI/ 4 X, Tn } < { x’I T,I/ cee g xr,n T:n }
Int < Int Boolean < Boolean
T => T < T => T
I' - e T —> T3 I' - e T> T, £ T
I'+e (e ) T3

43-45



(fun (r ::

Records and Fields

{ x ::

Int }):

r.x)({ x: 1,
y: 2 1)

46



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x ::

Int }):

r.x) ({ x: 1,
y: 2 1)

47



{ x ::

(fun (r ::

Records and Fields

Int } -> Int

{ x ::

Int }):

{

r.x)({ x: 1,
y: 2 1)

X :: Int, y ::

Int }

48



{ x ::

(fun (r ::

{ x ::

Records and Fields

Int, y ::

{ x ::

Int } -> Int

Int }):

{

Int } <

r.x)({ x: 1,

y: 2 1)
X :: Int, y ::
{ x :: Int }

Int }

49



(fun (r ::

{

y ::

Records and Fields

Int, x ::

Int }):

r.x)({ x: 1,
y: 2 1)

50



{

(fun (r ::

y ::

{

Int, x ::

y ::

Records and Fields

Int, x ::

Int } -> Int

Int }):

r.x) ({ x: 1,
y: 2 1)

51



{

(fun (r ::

y ::

{

Int, x ::

y ::

Records and Fields

Int, x ::

Int } -> Int

Int }):

{

r.x)({ x: 1,
y: 2 1})

X :: Int, y ::

Int }

52



Records and Fields

{y :: Int, x :: Int } -> Int
(fun (r :: { y :: Int, x :: Int }): r.x) ({ x: 1,
y: 2 1})
{ x :: Int, yv :: Int }

{ x :: Int, v :: Int } < {y :: Int, x :: Int }



(fun (r ::

{

X -

Records and Fields

Int, v :: Int }):

r.x)({ y: 5 1})

54



{

(fun (r ::

X o

{

Records and Fields

Int, y ::

X :: Int, y ::

Int } -> Int

Int }):

r.x)({ y: 5 1)

55



{

(fun (r ::

X o

{

Records and Fields

Int, y ::

X :: Int, y ::

Int } -> Int

Int }):

r.x)({ y: 51)

{ y :: Int }

56



{ x ::

(fun (r ::

{y::

{

Records and Fields

Int, y :: Int } -> Int

X :: Int, y ::

Int } £ { x ::

Int }):

Int, y ::

r.x)({ y: 51)

{ y :: Int }

Int }
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Part 3

58



Subtypes in Fields

= {

X o

Int } }):

59



let £ ::

£({ p:

{ x:
: 6}

S,

{ p ::

Subtypes in Fields

(fun (r ::

r.p.x):

})

{ x ::

{p:: { x ::

Int } }

Int } }):

60



let £ ::

£({ p:

{ x:
: 6}

S,

{ p ::

{ p ::

Subtypes in Fields

(fun (r ::

r.p.x):

})

VS.

{ x ::
:: Int } }

{ x ::

{p:: { x ::

Int,

Int } }

Int } }):

61



Subtypes in Fields

4

1 Tm }

62-63



Subtypes in Fields

4

':tm}
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Field Update and Subtypes

:: Int } }):

65



Field Update and Subtypes

Original rule:

'+e : { X :: 1T, ..., Xo 2> 1T} I + e : 7
Xi € {X|, .., X}
I' - e with (Xi = ez) . { X 1 T, ., Xn 10 Th

Revised rule:

FI—E|I{X|:I’T]|, vl g ani’Cn} I' v e T
X € {X, ., Xo} T =7
I''He with (Xi =€) : { X3 :: T, .., Xo :: Ta

66-67



Part 4

68



Subtypes and Functions

69



Subtypes and Functions

CI would like a ﬁsh.]

{ sz ::

Int }

70



Subtypes and Functions

ﬁHere is a blue ﬁsh.)

sz :: Int }

{ sz :: Int, col :: Int }



Subtypes and Functions

sz :: Int }
{ sz :: Int, col :: Int }

{ sz :: Int, col :: Int } < { sz :: Int }

72



Subtypes and Functions

73



Subtypes and Functions
[Can you recommend a

fish store!?

Int -> { sz

Int }

0--
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Pets

Int -> { sz

Subtypes and Functions

You should go to
Blue Fish R Us!

Int -> { sz
Int, col :: Int }

Int }

0--
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Subtypes and Functions

Pets

Pets

III - -

Int -> { sz :: Int }
Int -> { sz :: Int, col :: Int }

Int -> { sz :: Int, col :: Int } < Int -> { sz :: Int }



Subtypes from Functions

let £ :: .... = (fun (g :: Int -> { x ::

g(l1l0) .x):
f(fun (v :: Int):
{ x: v,
y: v 1)

Int }):

77



Subtypes from Functions

let £ :: .... = (fun (g :: Int -> { x ::
g(l1l0) .x):
f(fun (v :: Int):
{ x: v,
y: v })

Int -> { x :: Int }

Int }):

78



Subtypes from Functions

let £ :: .... = (fun (g :: Int -> { x ::
g(l1l0) .x):
f(fun (v :: Int):
{ x: v,
y: v })
Int -> { x :: Int, y :: Int }
Vvs.

Int -> { x :: Int }

Int }):

79



Subtypes from Functions

Int -> { x :: Int, y :: Int }
Vvs.
Int -> { x :: Int }

T, =2 T < T =2 T

80-81



Subtypes from Functions

Int -> { x :: Int, y :: Int }
VS.
Int -> { x :: Int }
T> < ’Cé

4

T => Tr) S 1T =-> T



Part 5

83



Subtype and Function Arguments

84



Subtype and Function Arguments

(I need a fish bowl.]

{ sz :: Int } -> Int
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Sz

Subtype and Function Arguments

Here is a bowl made
specially for colorful fish.

{ sz :: Int } -> Int
Int, col :: Int } -> Int

86



Sz

Sz

Subtype and Function Arguments

{ sz :: Int }
Int, col :: Int } -> Int

Int, col :: Int } -> Int £ { sz

-> Int

Int } -> Int

87



Subtypes and Function Arguments

let £ :: ? = (fun (g :: { x :: Int } -> Int):
g({ x: 1 })):
f(fun (r :: { x :: Int, y :: Int }):

r.y)

88



Subtypes and Function Arguments

let £ :: ? = (fun (g :: { x :: Int } -> Int):
g({ x: 1 })):
f(fun (r :: { x :: Int, y :: Int }):
r.y)

{ x :: Int } -> Int

89



Subtypes and Function Arguments

let £ :: ? = (fun (g :: { x :: Int } -> Int):
g({ x: 1 })):
f(fun (r :: { x :: Int, y :: Int }):
r.y)
{ x :: Int, y :: Int } -> Int
VS.

{ x :: Int } -> Int

90



Subtypes and Function Arguments

{ x :: Int, vy :: Int } -> Int
VS.
{ x :: Int } -> Int
TzS’CE

T > 1T < T > 10

Correctly rejected!

91-92



Subtype and Function Arguments

93



Subtype and Function Arguments
[I need a fish bowl for my

blue fish.

{ sz :: Int, col

Int } -> Int

94



Sz

Subtype and Function Arguments

Here is a bowl that
works for any fish.

{ sz :: Int, col
Int } -> Int

Int } -> Int

95



Sz

{

Subtype and Function Arguments

{ sz :: Int, col
sz :: Int } -> Int

Int } -> Int £ { sz :: Int, col ::

Int } -> Int

Int } -> Int

96



let £ ::

f(fun (r ::

r.x)

Subtypes to Functions

. = (fun (g ::
g ({
{ x :: In

{ x
x: 1,
y: 2 1)):
t }):

:: Int, y ::

Int } -> Int):

97



Subtypes to Functions

let £ :: .... = (fun (g :: { x :: Int, y :: Int } -> Int):
g({ x: 1,
y: 2 })):
f(fun (r { x Int }):
r.x)

{ x :: Int, y :: Int } -> Int



Subtypes to Functions

let £ :: .... = (fun (g :: { x :: Int, y :: Int } -> Int):
g({ x: 1,
y: 2 })):
f(fun (r { x Int }):
r.x)
{ x :: Int } -> Int
VS.

{ x :: Int, y :: Int } -> Int



Subtypes to Functions

{ x :: Int } -> Int
VS.
{ x :: Int, yv :: Int } -> Int
TzS’Clz

I/

T => Tro ST =-> T

100-101



Subtypes to Functions

{ x :: Int } -> Int
VS.
Int, v :: Int } -> Int
TN < T T, £ T)

T —> T < ’C’| -> Té
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Part 6

103



Covariance and Contravariance

14

'II’|S‘C| ‘IZzS'IIz

T -> 1T <1 -> T

Function-result types are covariant with function types

Function-argument types are contravariant with function types

104



Covariance and Contravariance

{xi, .., X} 2 {Xi, .., Xn
X =X >T 7T
X, T, oy Xn 20 To } S { X :: T, o) Xm 2° Thm !}

Field types are covariant with record types

...as long as set is a functional update

105-106



Part 7

107



Subtypes and Functions

108



Subtypes and Functions

Can you take care of my
fish in a bowl while I'm
on vacation?.

/

{ £ish :: { sz :: Int,
col :: Int } }

109



Subtypes and Functions

~

Give me a bowl with a
fish, and I'll return a
bowl with a fish when
kyou get back.

N

{ £ish :: { sz :: Int,
col :: Int } }

{ £fish :: { sz :: Int } }
-> { £ish :: { sz :: Int } }

110



Subtypes and Functions

~

Give me a bowl with a
fish, and I'll return a
bowl with a fish when

kyou get back.

N

{ £ish :: { sz :: Int,
col :: Int } }

{ £fish :: { sz :: Int } }
-> { £ish :: { sz :: Int } }

111



Subtypes and Functions
Give me a bowl with a
fish, and I'll return a
bowl with a fish when
you get back.

° )
-
N~—
{ £fish :: { sz :: Int,
col :: Int } }
{ £ish :: { sz :: Int } }

-> { £fish :: { sz :: Int } }

112



Subtypes and Functions

Let’s move the fish to
this other bowl.

{ £ish :: { sz :: Int,
col :: Int } }

{ £fish :: { sz :: Int } }
-> { £ish :: { sz :: Int } }

113



Subtypes and Functions

{ £ish :: { sz :: Int,
col :: Int } }

{ £fish :: { sz :: Int } }
-> { £ish :: { sz :: Int } }

114



Subtypes and Functions

{ £ish :: { sz :: Int,
col :: Int } }

{ £fish :: { sz :: Int } }
-> { £ish :: { sz :: Int } }
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Subtypes and Functions

116



Subtypes and Functions

Can you take care of the
fish in my bowl! while I'm
on vacation?.

/

{ £ish :: { sz :: Int,
col :: Int } }

117



Subtypes and Functions

N

Give me a bowl with a
fish, and I'll take care of
it.

N

{ £ish :: { sz :: Int,
col :: Int } }

{ £ish :: { sz :: Int } }
-> bool

118



Subtypes and Functions

Give me a bowl with a
fish, and I'll take care of
it.

N

{ £ish :: { sz :: Int,
col :: Int } }

{ £ish :: { sz :: Int } }
-> bool

119



Subtypes and Functions

| like this gray fish
better!

{ £ish :: { sz :: Int,
col :: Int } }

{ £ish :: { sz :: Int } }
-> bool

120



Subtypes and Functions

{ £ish :: { sz :: Int,
col :: Int } }

{ £ish :: { sz :: Int } }
-> bool

121



Subtypes and Update

let £ :: .... = (fun (r :: {
r with (x
£({ x: 1, y: 2 })

-

:: Int }):
5)):

122



Subtypes and Update

let £ :: .... = (fun (r :: {
r with (x
£({ x: 1, y: 2 })

[

:: Int }):
5)):

{ x :: Int }

123



Subtypes and Update

let £ :: .... = (fun (r :: {
r with (x
£({ x: 1, y: 2 })

[

:: Int }):
5)):

{ x :: Int, y :: Int }
VS.

{ x :: Int }

124



Subtypes and Update

{ x :: Int, y :: Int }
VS.

{ x :: Int }

{x;, .., Xi} 2 {Xi, .., Xm}

X = )({ = T < Tﬁ

{ Xi :: T, o) Xo 2 T } S { X :: T, .., Xn

Seems ok for both functional and imperative update...

Tm }

125-126



Subtypes and Update

. { x :: Int } }):
{ x:

10 })):

127



Subtypes and Update

let £ :: .... = (fun (r ::

{ { x :: Int } }):
r with (p

{ x: 10 })):

Il 'O

£f({ p: { x: 5,
y: 6} }).p.y

{p:: { x :: Int } }

128



Subtypes and Update

let £ :: .... = (fun (r :: { p :: { x :: Int } }):
r with (p = { x: 10 })):
£f({ p: { x: 5,
y: 6 } }).p.y
{p :: { x :: Int,

y :: Int } }
VS.

{p:: { x :: Int } }

129



Subtypes and Update

let £ :: .... = (fun (r :: { p :: { x :: Int } }):
r.p := { x: 10 }):
let r :: .... = {p: { x: 5,
y: 6 } }:
begin:
f(r)
r.p.y

130



Subtypes and Update

let £ :: .... = (fun (r :: { p :: { x :: Int } }):
r.p := { x: 10 }):
let r :: .... = {p: { x: 5,
y: 6 } }:
begin:
f(r)
r.p.y

{p:: { x :: Int } }

131



Subtypes and Update

let £ :: .... = (fun (r :: { p :: { x :: Int } }):
r.p := { x: 10 }):
let r :: .... = { p: { x: 5,
y: 6 } }:

begin:
f(r)
r.p.y

{p :: { x :: Int,

y :: Int } }
VS.

{p:: { x :: Int } }

132



Subtypes and Update

{p :: { x :: Int,
y :: Int } }
VvS.

{ p : { x Int } }

Wrong for imperative update!

4

2 Tm }

133-134



Subtypes and Update
{p :: { x :: Int,
y :: Int } }
VS.

{p :: { x :: Int } }

4 ! ! 4

X, 2 T } S { X :: T, ., Xm *: Tm }

135



Invariance

With imperative update:

{xi .. X} 2 {Xi, .., xp

Xi = X > T =T

4

{ X : Ty, vy Xo 23 T } S {X) 22 T, o) X S T

Field types must be invariant with record types
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