RF antennas tx/rx

Impedance matching and the Smith
chart — The fundamentals.

Tried and true, the Smith chart is still the basic tool for determining
fransmission line impedances.

By K-C Chan & A. Harter

When dealing with the practical
implementation of RF applica-
tions there are always some tasks that
appear nightmarish, One of these is
the need to match the different imped-
ances of the interconnected block.
Typically these include the antenna to
low-nuise amplifier (LNA), RF ouput
{(RFOUT) to anten-

designer has to be familiar with the
multiple data inputs that need to be
entered and the correct formats. They
also need the experlise to find the use-
ful data among the tons of results
coming out. In addition, circuit simu-
Iation software is not pre-installed on
computers unless they are dedicated
to such an application.

¢+ Manual computations-Tedious
due to the length ("kilometric") of the
equations and the complex nature of

cal illustrations of parameters such as
finding matching network componentS
valites. Of course, matching for maxi-
mum power transfer is not the only
thing one can do with Smith charts.
They can also help the designer opti-
mize for the best noise figures, insure
quality factor impact, asses stability
analysis, etc.

A quick primer
Before introducing the Smith chart
utilities, il would

na, LNA output to
mixer input, ete. |
The matching task k
is required for a
proper transfer of
signal and energy N

from a "source" to N

a "load".

At high radio
frequencies, the
spurious (wires
inductances, inter-
layers capaci-
tances, conductors
resistances, ete)
elements have a
significant, yet
unpredictahle

impact upon the . /"

matching network
Ahove a few tenth
of MHz, theoretical .
calculations and /
simulations are
often Insufticient,.
In-situ  RF  lab
measurements, aleng with tuning
work, have o be considered for deter-
mining the “roner final values. The
computationul values are required ta
set up the Wype of structure and target
component values.

There are many possible ways to do
impedance matching, Some are

+ Computer simulations-Complex
to use since such simulators are dedi-
cated for diff'ering design functions
and rot to impedance matching. The

v A I'i

be prudent to pre-
sent a short re-
fresher an wave
propagation phe-
nomenon for IC
wiring under RF
conditions (above
100 MHez). This
can be true for con-
fingenries such as
RS485 lines, be-
It tween a PA and an

» antenna, between
a LNA and down-
converter/mixer,
etc.

It is well known
that to get the
maximum power
transfer from a
source to a load,
the source imped-
ance must cqual
the complex conju-

Fundamentals of impedance and the Smith chart.

the numbers to be manipulated.

* Instinet-This can be acquired only
after one has devoted many years to
the RF industry. In short, this is for
the super-specialist!

* Smith Chart-Upon which this
article concentrates.

The primary ohjective of this article
is to refresh the Smith chart’s con-
struction and background, and to sum-
marize practical ways to use it.

Topics addressed will include practi-
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zate of load imped-
ANCe, or

R, +jX. =R, - jX, ()

For this condition, the energy Lruns-
ferred from the source to the load is
maximized. In addition, for efficient
power transfer, this condition is
required Lo avoid the reflection of ener-
gy from the load back to the source.
This is particularly true for high fre-
quency environments like video lines
and RF and microwave networks.
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What it is

A Smith chart is a circular plot with
a lot of interlaced circles on it. When
correctly used, matching impedances,

Sinece the impedances are complex
numbers, the reflection coefficient will
be a complex number as well.

In order to reduce the number of
unknown parameters, it is

-

Zs

Rs Xs

ZL

useful to freeze the ones
that appear often and are
common in the applica-
XL | tion. Here Z_ (the clurac-
terislic impedance) is
often a constant and a
RL| real industry normalized
value ie. 50 @, 75 2, 100

2, 600 Q, etc. We can then

Figure 1. Diagram of R, + jX, = R,_— X,

with apparent complicate structures,
can be made without any computation.
The only effort required is the reading
and following of values along the circles.

The Smith chart is a polar plot of
the complex reflection coefficient (also
called gamma and symbolized by I').
Or, mathematically defined as the 1-
port scattering parameter s or s,

A Smith chart is developed by
examining the load where the imped-
ance must be matched. Instead of con-
sidering its impedance directly, one
expresses its reflection coefficient I,
which is used to characterize a load
{(such as admittances, gain, transcon-
ductances, ete). The T is more useful
when dealing with RF frequencies.

We know the reflection coefficient is
defined as the ratio between the
reflected voltage wave and the inci-
dent voltage wave :

r_ En‘ﬂ
VUH
— 7 ——
[
Vine
Vrefl 7L 1
‘ |

Fiyure 2. Impedance at the load.

The amount of reflected signal from
the load is dependent on the degree of
mismatch between the source imped-
ance and the load impedance. Tis
expression has been defined as follows:

Vg L 7 .
P
Ve Zi+Zo

2.1

define a normalized load
impedance by:
z=2/7,= R+X)/Z,=r+jx (2.2)
With this simplification, we can
rewrite the reflection coefficient far-
mula as:

Zi ~Zo
e Fr=Zo Tz,
rL_Ir+JrI_Z+Zo‘Z{;+Z?
2o

_Z-1 r+x-1

z+1 r+jx+1
(2.3)

Here one can see the direct rela-
tionship between ihe load imped-
ance and its reflection coefficient.
Unfortunately the complex nature of
the relation is not practically useful,
s0 we can use the Smith chart is a
type of graphical representation of
the above equation.

To build the chart, the equation
must he re-written to exiract standard
geometrical figures (likes circles or
stray lines).

First, equation 2.3 is reversed to
give:

R R R S ey
ZErA s — = —
=T 1-T.—JI,
(2.4)
and,
DN DL ot
" e
+I P+ 10 (2.5

By setting the real parts and the
imaginary parts of (equation 2.5)
equal, we obtain two independent new
relationships:
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1-1.° 1"
"I T
r ¥ i (2_6}
_ 2r ~
117 -2+ TP
(2.7)

Equation (2.6) is then manipulated, by
developing equations (2.8) through
(2.13), into to the final equation (2.14),
This equation iz a relationsghip in the
form of a parametric equation (x-a)® +
(y-b)* = R%,in the complex plane (T,
T1), of a circle centered at the coordi-
nates (r/r+1, 0), and having a radius of
1/1+r.

FrD =2+ T2 =1-T2 T2

(2.8)
b -~ 2 2 2 _q_
T+l 2T T2+ T =1 - 1 (2.9)
“2 2 _ 5
B+rF =2+ (r+ 1M =1 — (9.10
[N A RO
r+1 14 r (21])
. 2r 2
| DT A —
r+1 (r+1y
. ler
(r+1y  Ll4r
(2.12)
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Figure 3. The points situated on a circle are all
the impedances characterized by a same real
impedance part value. For example, the circle, R
= 1.is centered at the coordinates (0.5, 0) and has
a radius of 0.5. It includes the point (0, 8) which is
the reflection zero point (the load is matched with
the characteristic impedance). A short-circuit, as
a load, presents a circle centered at the coordi-
nate (0, 8) and has a radiug of 1. For an open-Gir-
cuit load, the circle degenerates to a single point
(centered at 1, 0 and has a radius of 0). This cor-
responds to a maximum reflection coefficient of
1, at which all of the incident wave is totaliy
reflected.
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(See Figure 3 for further details)

2.13)

2.14)

When developing the Smith chart,
there are certain precautions that
should be noted. Among the more
important arc:

* All the circles have one same,
unique intersecting point at the coor-
dinate (1, 0,

* The zero Q circle where there is
no resistance (r = 0) is the largest one,

* The infinite resistor circle is
reduced to one point at (1, 0),

* There should be no negative resis-
tance. If one (or more) should ocear,

we will be faced with the possiblily of

oscillatory conditions.

= Anuther resistance value can be
chosen by simply selceting another cir-
cle, corresponding to the new value.

Back to the drawing board

Moving on, we use equations (2.15)
through (2.18) to further develop equa-
tion (2.7) into another parametrie
equation. This results in cquation
(2.19).

x+xlE - 2x, + 22 =91,

12.15)
. . 26
T+177 2r 41 =2
.
(2.16)
Y=o+ 1410 ‘l ]l,:o
v 217
2
o9 +1+!;| [
\x/l
11
b =0
voox 12.18)
R S I
(1r=1) +‘r,7TJ e
k ; ) 12.149)

{See Figure 3a for further details)

Again, 2.19 is a parametric equation of
the type (x-a) + (y-bi2= R% in the
complex plane (I'v, I" i3, of a circle con-

tered at the coordinates (1, 1/x)
and having a radius of /%,

Get the picture?

To complete vur Smith chart,
we superimpose the two cirele’s
families. I can then be scen
that all of the circles of one fam-
ily will jinlerseet all of the circles
of the ather family. Knowing the
impedance, in the form of: r + i%,
the corresponding reflection
coelficient can be determined. It
is only necessary to find the
intersection point of the two cir-
cles, corresponding to the values
rand x.

Figure 4. Tho points situated on a vircle are all the mped-
ances characterized by an identical imaginary impedance

pait value x. The circle x = 1 is centered at coordinate {1, 1)

's reciprocating too
The reverse operation is also
possible. Knowing the reflection
coefficient, find the two circles
intersecling at that point and
rcad the corresponding values 1
and x on the circles. The proce-
dute for this is as follows:

* Dotermine the imped-
ance as a spol on the
Smith Chart.

* Find the reflection
coefficient (') for the
impedance.

* Having the character-
Istic impedance and I,
find the impedance. —

* Convert the impaed-
ance to admittance.

¢ Find the equivalent
impedance.

* Find the companents
values for the wanted
reflection coefficient (in L
particular the clements of
A matehing network soo
Figure 6,

and has a radius of 1. Furthermore, x can be positive or
negative, which explains the duplicate mirror circles at the
bottom side of the complux plane. Note that the zero-reac-
tance circle (a pure resistive load) is just the horizontal
axis of the complex plane. The intinite reactance has
degenerated to one point situated at (1, 0). All constant
reactance circles have the same unique inlersecting point
at 1, 0. Posilive reactances ({inductors} are on the circles
on the upper half, while negative reactances (capacitors)
are on the bottom half,

. —

|

Figure 3a. The points situated on a circle are all the impedances
charasterized by a same imaginary impedance part value x. For
example, the circle x = 1 is centred at coordinate (1, 1) and having a

radius of 1. All circles (constant x) include the point (1, 0). In

To extrapolate

Since the Smith char
resolution technique is
hasically a  graphical
method, the precision of the solutions
deponds direetly on the graph defipi-
tions. Here are some  examples that
cin be represented by the Smith chart
for RF applications:

* Example 1: Cansider the charae
teristic impedance of 4 50 Q termina-
tion and the following impedances:

2, =100 1 60 Q 4, = 75 j100 s, Z, =

J200 0 70 = 15042, 7., = e (an npen-cir-

cuit) Z; = 0 a short circuit), 7. =504,
Z = 184 900 Q.

www.rfdesign.com

Differing with the real part circles, x can be positive or negative.
This explain the duplicate mirrored circles at the bottom side of the
complex plane. All the circles centers are placed on the vertical
axis, intersecting the point 1,

Then, normalize and plol (see
Figure 5.) The points are plotted as
follows:

=24+ 7,= 1.5 9, 2, = 4.z, = 3,
; Bo7g =00 =1, 7, = 3.68 7188,

"5

¢ It is now possible to directly
extract the reflection coefficient T on
the Smith chart of Figure 5. Once the
impedance point is plotted (the
intersection point of a constant resis-
tance circle and of & constant reac-
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tance circle), simply read the reetan-
gular coordinates projection on the
horizontal and vertical axis. This will
give I'r, the real part of the reflection
roefficient) and TI'i, the imaginary
part of the reflection coefficient {sece
Figure 6).

* [t is alse possible to take the eight
cases presented in Example 1 and
extract their corresponding 1° directly
from the Smith chart of Figure 5. The
numbers are:

=041 08,1, =
0.875 + 0.48] T, = 0.5,
=0, T = 0.96 - 0.1j.

0.51 - 0.4, Ty —
Fo=1,T,=-1,T,

Working with admittance

The Smith chart is built by consid-
ering impedance (resistor and reac-
tance), Once the Smith chart is built,
it can be used to analyze these para-
meters in both the series and parallel
worlds. Adding elements in a series is
straightforward. New clements can he

added and their effects determined by
simply moving along the circle to their
respective values. However, summing
elements in parallel is another matter.
It requires considering additional
parameters. Often, it is easier to work
with parallel elements in the admit-
tance world.

We know that, by definition, Y = 1/Z
and Z = /Y. The admittance is
expressed in mhos or Q! (in earlier
times it was expressed as Siemens or

N

Tmm;(aluAm M
T = - 4
boo4s LI R
IR} » e -

Lt d ottty o <3
s L)

MADALL Y BCALST) PARAMRTIRE
M - 3 11 " M » 3y 3
-l + 14 K
.3 x . ¥ P Y SR P A ULAL -y 1. +
- » - . LI I I I A i [E] 12 13 14 18 a2
[ 1 1 14 s RN »  mem L L | o
PR R s T LT U UPN VR NP S & —+ Pt e bk R T w N S 3
T & AT es ex me a1 n O ) L T R R Y R VR Y Y A ] 5 ne
1 as “ w “ “ o QoW Y am ) u 87 8 a3 w3 omow 4
o
" .l o s . ) “ ar . Ud 1 13 %) i3 L4 1" 14 1y " "
ri L B s Y P
Oui
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Constant
reactar)ce X

Constant
resistorr

—‘ 1/X. This, however, is
not the case. If this
assumption is used, the
results will be incor-
rect.

When working with
admittance, the first
thing that one must do
is normalize y = Y/Y,.
This results iny = g +
Jb. 8o, what happens to

Figure 6. Direct extraction of the reflected coefficient I', real and

imaginary along the X-Y axis.

1 the reflection cocffi-
cient? By working
through the following :

: 1 1
-Zo v, 7y7(-,_
T Zi+Zo 1 +] -
Y. Yo
Yo-Yr 1-y
_Yn+YL_r
(2.21)

—

.,
=

180°

Constant
conductor

It turns out that the
expression for G is the
opposite, in sign, of z,
and I'(y) = -T(z).

If we know z, we can
invert the signs of T and
find a point situated at
the same distance from
(0, 0}, but in the opposite

Constance
susceptance
b circle ——-

Bt
/

direction. This same
result can be obtained by
rotating an angle 180°
around the center point
(see Figure 7).

Of course, while 7 and
1/72 do represent the
same component, the

Figure 7. Results of the 180° rotation.

S} And, since Z is complex, Y must
also be complex.

Therefore, ¥ = G + jB, (2.20} where
G 1z called “conductance” and B the
“bu%ceptanu‘” of the element. One
must exercise caution, though. By fol-
lowing the logical assumption, one
may conclude that (i = [/R and B =

new point appears as a

different impedance

(the new value has a different point in

the Smith chart and a different reflec-

tien value, ete.). This occurs because

the plot is an impedance plot. But the

new point s, in fact. an admittance

Therefore, the value read on the chart
has to be read us mhos.

While this method is sulficient for

—

X =0.9 X = X = 1
— ﬁ%@@@
=" :_*11 b— 03

Figure 8. A multizelement circuit.
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making conversions, it does not work
for determining circuit resolution when
dealing with elements in parallel.

The admittance Smith chart

In the previous discussion we saw
that every point on the impedance
Smith chart can be converted into its
admittance counterpart by taking a 180°
rotation around the origin of the T com-
plex plane. Thus, an admittance Smith
chart can be obtalned by rotating the
whole impedance Smith chart by 180~
This is extremely convenient since it
climinates the necessity to build another
chart, The intersecting point of all the
circles (constant conductances and con-
stant susceptances) is at the point (-1, 0)
automatically. With that plot, addmg
elements in parallel also becomes easier.
Mathematically, the construction of the
admittance Smith chart is created by:

Pl - oy 1-gjb
1+y 14+pg+jb
(3.1)
then, reversing the equation:
L 1-Tn 1-T -]
V:g+_]b:, — —
T+1% 14T +,00
13.2)
[-T:—, 0y 1+Tr—
(1+I, 6 )=+,
1* 1 —711 *J’ZI
I+| Z+Zl +T, (3.3

Next, by setting the real and the
imaginary parts of Equation 3.3 equal,
wer obtsin twe new, indepondent rela
lionships:

e - T

L4 T4 20 T (341
b -2

1+07 +er+]. (3.5}

By developing Equation 3.4 we get:
gr=gll+ 2l 4 gl 1 -1 -T2 .6)
Dk gl 4 2l gl + 102 -1 g a7

A+ 2gl +(g+ 1 =1-g (3.8)

b 10K

g+l Tig (3.9
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z

x=09 b=11 X=-14 b=-03 x>
A?
B—»
C >
D >
>

r—1

Figure 9. The network of Figure 8 with its elements broken out for analysis.

Figure 10. The network elements plotted on the Smith chart.

62
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l“r2~+2—gl“,-+ g —+ T
g+1  (g+1y
g 1
(g+1) l-g
{3.10)
¥ Z 1
I+ +rt =%
g+l 1+g
2
+ £ z:_l Z
d+gy d+g)
(3.11)
2
[rrf B J + ¥ = —1‘7
£+l (1+g) (3.12)

Which again is a parametric equa-
tion of the type (x-a)? + (y-b)* = R?
(Equation 3.12), in the complex plane
(Cr, I''i), of a circle with its coordi-
nates centered at (-g/g+1 . 0) and hav-
ing a radius of 1/(1+g). Furthermore,
By developing (Equation 3.5), we show
that :

b+ b0 + 200+ 5177 = 203

(3.13)
Lirs an 1 = 220
b (3.14
) - 2 2
24200 +1+ 07+ 5T =0
b (3.15)
IF+20+1+417 |-£1]+l,,—~1‘,:U
bbb (3.18)
, 17 1
Fe+ly +| Lt | = —
( ) [ l’)} bi
; (317

which is again a parametlric cquation
of the type (x-a)? + {(y-b}* = RZ
{Equation 3.17).

Equivalent impedance resolution

When solving problems where ele-
ments in series and in parallel are
mixed together, one can use the same
Smith chart and rotale it around any
point where conversions frem 2 to y or
v to 2 exist.

Let’s consider the network of Figure
8 (Lthe clements are normulized wilth 2,
= 5 ). The series reaclance (x) is
pogitive for inductance and negative
for capacitors. The susceptance (b)
is positive for capacitance and nega-
tive for inductance.

The cireuit needs to to be simplified
(see Figure 9). Starting at the righ
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Zg=25-j150Q

717, =100-j25Q

Figure 11. The representative circuit with know impedances and unknown components.

side, where there is a resislur ¢
inductor with a value of 1, we plog
series point where the r circle = 1 and
the | circle = 1. This becomes point A.
Siuce the nexi element is an element
in shunt (parallel), we switch to the
admittance Smith chart (by rotating
the whole plane 180°). To do this, how-
ever, we necd to convert the previous
point into admittance. This becomes
A’ We then rotate the plane by 180°.
We are now in the admittance mode.
The shunt element can be added by
going along the conductance eirele by a
distance corresponding to 0.3. This

o
ny o *
Lid
: ﬁg*‘
p i ¥ 1
v he 4 e R QTP i . P P RS " 1
N DI n I M ] 3 112 33 14 th a3 34 * m .
[ 1 1 5 4 3 & 7T 0 v w nou » L L LT 133 P4 3 s » b n
o A I TR L T R R Rt o . Lhan s
* i os es w7 es 035 a4 LYY ]

Figure 12. The network of Figure 11 with its points plotted on the Smith chart.
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must be done in a counter-clockwise
direction (negative value) and gives
point B. Next, we have another serics
element. We again switch back to the
impedance Smith chart. Before doing
this, it i3 again necessary to reconvert
the previous point into impedance (it
was an admittance). After the conver-
ston, we can determine I3, Using the
previously established routine, the
charl is again rotated 1807 {6 get back
to the impedance mode. The series
element is added by following along
the resistance circle by a distance cor-
responding to 1.4 and marking point
C. This has to be done counter-clock-
wise (negative value). For Lthe next ele-
ment, the same operation is per-
formed(conversion into admittance
and plane rotation). Then move the
prescribed distance (1.1), in a clock-
wise direction (since the value is posi-
tive}, along the constant conductance
circle. We mark this as D. Finally, we
reconvert back to 1mpedance mode
and add the last element (the series
inductor). We then determine the
required value, z, located at the inter-
section of resistor circle 0.2 and reac-
tance circle 0.5, Thus 7 is determined
ta be 0.2 +j0.5. If the system charac-
teristic impedance is 50 Q, then 7 = 10
+]25 @ (gee Figure 101

Matching impedances by steps

Another function of the Smith chart
15 the ability to determine unpedance
matching. This is the reverse opera-
tion of finding the equivalent imped-
ance of a given network. Here, the
impedances are fixed at the two access
ends (often the source and the load) as
shown in Figure 11, The objective is to
design a network to insert hetween
them so that proper impedance mateh-
ing oceurs,

At first glance, it appears that is is
no more difficult than finding cquiva-
tent impedance. But the problem is
that an infinite number of matching
nelwork component comhinations can
And,
other inputs may need to be consid-
ared as well (filter type structure, qual-
ity factor, himited chaice of compenents,
ote ).

The approach chosen Lo accomplish
this calls for adding series and shunt
clements on the Smith chart until the
decired impedance s
Graphicaily, it appears as finding a
way Lo link the points on the Smith
chart.

axist. that eredle similsr reaula

achicvad.

[115)

Again, the best method to illustrate
the approach is to address the require-
ment as an example.

The objective is to match a source
impedance (Zy) to o load (Z)) at the
working frequency of 60 MHz (sce
Figure 11). The network siructure has
been fixed as a lowpass, L type (an
alternative approach is to view the
problem as how to force the load to
appear like an impedance of value = Zg
(a complex conjugate of Zg). Here is
how the solution is found.

The first thing to do is Lo normalize
the different impedance values. If this
ig not given, choose a value that is in
the same range as the load/source val-
ues. Assume 7, Lo be 50 Q. Thus z4 =
0.5 0.3, z*;, = 05 +j03and 7, = 2
-10.5.

Nexl, position the two points on the
chart. Mark A for z; and D for Z%..

Then identify the {irst element con-
nected to the load (a capacitor in
shunt} and convert to admittance.
This gives us point A’

Delermine the arc portion where
the next point will appear after the
connection of the capacitor C. S1ince we
don’t know the value of C, we don't
know where to stop. We do, however,
know the direction. A C in shunt
means move in the clock-wise direc-
tion on the admittance Smith chart
until the value is found. This will be
point B (an admittance). Since the
next element is a series element, point
B has to be converted to the imped-
ance plane, Point B’ can then be
obtained. Point B has to be located on
the same resistor circle as D,
Graphically, there is only one selution
from A’ to I3, bul the intermediate
point B (and hence 137 will need to be
verified by a “test-and-try” setup.
After having found points I3 and B, we
can measure the lengths of are A - 13
and are B - 1) The first gives the nor-
malized susceplance value ol C. The
second gives the normalized reactance
value of L. The e A" = B measures b
=078 and thus B =078+ ¥, = 001456
mhos. Since ol = B, then C = B/ =
BAY iy = 0.015642 r 607 = 41.4 pl.
The ave B - 1Y measures x = 1.2, thus
X=12x7, = 600 Sinee ol. = X,
then I, = X/ = XA2nf) = 60/2n
GO = 159 nH.

Conclusion

Given today's wealth of software
and accessibility of high-speed, high-
power computers, one may guestion
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the need for such a basic and funda-
mental method for determining circuit
fundamentals.

In reality, what makes an engineer
a real engineer ie not only academic
knowledge, but the ability to use
resources of all types to solve a prob-
lem. It is easy to plug a few numbers
into a program and have it spit out the
solutions. And, when the solutions are
complex and multifaceted, having a
computer handy to do the grunt work
is “back-savingly” handy.

However, knowing underlying theo-
ry and principles that have been port-
cd to computer platforms, and where
they came [rom, makes the engineer ut
designer a more well rounded and con-
tident professional-and makes the
resulis more reliable, RF
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