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Typed Records

<Exp> := <Number>
| {+ <Exp> <Exp>}
| {* <Exp> <Exp>}
| <Symbol>
| {lambda {[<Symbol> : <Type>]} <Exp>}
| {<Exp> <Exp>}
|
|
|

{record {<Symbol> <Exp>} ...} e

{get <Exp> <Symbol>} e

{set <Exp> <Symbol> <Exp>} e
<Type> := num
| bool

| (<Type> -> <Type>)
| {[<Symbol> : <Type>] ...}



Records

{record {x {+ 1 2}}
{y {* 3 4}}}

Has type { [x : num]
[y : num]}

3-4



Records

{record {p {record {x {+ 1 2}}
{y {* 3 4}}1}}}

Has type { [p : {[x : num]
[y : num]}]}

5-6



Records

{get {record {x {+ 1 2}}
{y {* 3 4}}}
y}

The subexpression type

Has type { [x : num]
[y : num]}

means that get will succeed for y

7-8



Records

{get

{get {record {p {record {x {+ 1 2}}

P}
x}

The subexpression type

Has type { [p : {[x :
[y :

means that get will succeed for p then x

{y {* 3 4}}}}}

num]
num] } ]}
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Records

{set {record {x {+ 1 2}}
{y {* 3 4}}}

y
0}

Same type and value as {record {x 3}
{y O}}
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Records

{let {[r : {[x : num]
[y : num]}
{record {x {+ 1 2}}
{y {* 3 4}}}]}
{+ {get r x}
{get r y}}}
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Records

{lambda {[r : {[x : num]}]}
{get r x}}

Has type ({[x : num]} -> num)

14-15



Records

{lambda {[r : {[x : num]}]}
{set r x 1}}

Has type ({[x : num]} -> {[x : num]})

16-17



Records

{let {[£f : ({[x : num]} -> {[x :

num] })

{lambda {[r : {[x : num]}]}

{set r x 1}}]}
{f {record {x {+ 1 1}}}}}
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Typechecking

r~e : 7w .. T+ e : T,
T = {[x| . "E|] [xn . Tn]}
I' v {record {{xX, : e} .. {X, : e }}} : =7
'+e : {[x : 7] .. [X, : T.]}

X, € {X|, .. X}

I' - {get e x;} : T

I' - e : {[X|1‘C|] [XnI’En]} I' e : 7
X, € {X}, .. X}

I' - {set e X e} : {[x : ©] .. [X, : T.]1}

19-21



Part 2

22



Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}}}

num] } ]}
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Records and Fields

({[x :

{{lambda {[r :

{get r x}

num] } — num)

{[x : num]}]}
}

{record {x 1}}}
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Records and Fields

( ({[x : num]} — num)
\/
{{lambda {[r : {[x : num]}]}
{get r x}}

{record {x 1}}}
/\

{[x : num]}
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Records and Fields

({[x : num]} — num)
{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}}}

{[x : num]}

Has type num

I' - e : (12%13) I'e : o

I - {e| ez} . T3
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Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {y 1}

{x 2}}}

num]

[y :

num] } ] }
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Records and Fields

({[x :

{{lambda {[r :

{get r x}

num ]

}

{record {y 1}
{x 2}}}

[y :

\V4

{[x :

num] } — num)

num] [y : num]}]}
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Records and Fields

/({[x :

{{lambda {[r :

{get r x}

num ]

}

{record {y 1}
{x 2}1}}

/\

{[y : num] [x :

[y :

\V4

{[x :

num] }

num] } — num)

num] [y : num]}]}
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Records and Fields

({[x : num] [y : num]} — num)

{{lambda {[r : {[x : num] [y : num]}]}

{get r x}}
{record {y 1}
{x 2}1}}

{[y : num] [x : num]}

no type — field order doesn’t match

I' - e : (‘52%‘53) I'-e : 1o

I'' v {e e} : T3
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Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}

{y 2}}}

num] } ]}
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Records and Fields

[ ({Ix :

{{lambda {[r :

{get r x}

num] } — num)
\/

{[x : num]}]}
}

{record {x 1}

{y 2}}}
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Records and Fields

( ({[x : num]} — num)
\/
{{lambda {[r : {[x : num]}]}
{get r x}}
{record {x 1}

{y 2}}}
/\

{[x : num] [y : num]}
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Records and Fields

({[x : num]} — num)

{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}
{y 2}}}

{[x : num] [y : num]}

no type — extra fields in argument

I' - e : (‘52%‘53) I'-e : 1o

I'' v {e e} : T3
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Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{[x : num] [y : num]} < {[x : num]}
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Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{[y : num] [x : num]} < {[x : num] [y : num]}
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Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{[x : num]} < {[x : num]}
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Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{[x : num]} £ {[x : num] [y : num]}
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Subtypes

If T is a subtype of T,
TST

then an expression of type T can be used in place of an expression of type T’

{[x : num] [y : num]} < {[x : num]}

Intution: T < 1T’ means that fewer values fit T than t’

40



Subtype Rules

{x;, ... Xo} 2 {Xi, ... Xm}

xi=Xj,:>Ti=Tj,

{[xi : wl oo [X0 @ @]} = {[xi ¢ Tl ... [Xn @ Tml}

num < num bool =< bool

(’C| 9‘52) < (’Ul %Tz)

IA

I'e : (11— 1) '+-e : o T, S T

I' v {e e} : T3
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Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {x 1}

{y 2}1}}

num] } ]}
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Records and Fields

([ {Ix

{{lambda {[r :

{get r x}

num] } — num)

\/
{[x : num]}]}

}

{record {x 1}

{y 2}1}}
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Records and Fields

(’ ({[x : num]} — num)
\/
{{lambda {[r : {[x : num]}]}
{get r x}}
{record {x 1}

{y 2}1}}
/\

{[x : num] [y : num]}
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Records and Fields

( ({[x : num]} — num)

\/
{{lambda {[r : {[x : num]}]}

{get r x}}
{record {x 1}

{y 2}1}}
/\

\ {[x : num] [y : num]}

{[x : num] [y : num]} < {[x : num]}
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Records and Fields

{{lambda {[r : {[y :

{get r x}}
{record {x 1}

{y 2}1}}

num |

[x

: num] }]}
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Records and Fields

({[y :

{{lambda {[r :

{get r x}

num]

}

{record {x 1}

{y 2}1}}

[x :

\/

{ly :

num] } — num)

num] [x : num]}]}
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Records and Fields

({ly :

{{lambda {[r :

{get r x}

num]

}

{record {x 1}

{y 2}1}}

/\

| {[x : num] [y :

[x

\/

{ly :

num] }

: num]}—anum)x

num] [x : num]}]}
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Records and Fields

;,({[y : num] [x : num]}-%»num)f

\ v/ /

{{lambda {[r : {[y : num] [x : num]}]}
{get r x}}
{record {x 1}

{y 2}1}}
/\

| {[x : num] [y : num]}

{[x : num] [y : num]} < {[y : num] [x : num]}



Records and Fields

{{lambda {[r : {[x :

{get r x}}
{record {y 5}}}

num]

[y :

num] } ] }

52



Records and Fields

({[x :

{{lambda {[r :

{get r x}

num] [y :

\/
{[x :

}

{record {y 5}}}

num] } — num)

num] [y : num]}]}
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Records and Fields

\k({[x : num] [y :

{{lambda {[r :

{get r x}}

\/
{[x :

{record {y 5}}}
/\

{[y : num]}

num] } — num)

num] [y : num]}]}
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Records and Fields

:/({[x : num] [y : num]}-+>num)/

\/
{{lambda {[r : {[x : num] [y : num]}]}

{get r x}}
{record {y 5}}}
/\

{ly : num]}

{[y : num]} £ {[x : num] [y : num]}
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Part 3

56



Subtypes in Fields

{let {[£f : °
{lambda {[r : {[p : {[x :
{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}}1}}}

num] }]}]}
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Subtypes in Fields

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}

{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}}1}}}

{[p : {[x : num]}]}
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Subtypes in Fields

{let {[£f : ?
{lambda {[r : {[p : {[x : num]}]}]}

{get {get r p} x}}]}
{f {record {p {record {x 5}

{y 6}}}}}})

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

59



Subtypes in Fields

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{xi, .. xX;} 2 {xi, .. Xp}

X =X 57T =1

!

{[xi : 5l . [X : twl} = {[xXi : 1] ... [Xn

I Tml] }
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Subtypes in Fields

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

{xi, .. xX;} 2 {xi, .. Xp}

xi=Xj’3’CiSTj,

!

{[xi : 5l . [X : twl} = {[xXi : 1] ... [Xn

I Tml] }
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Field Update and Subtypes

{lambda {[r : {[p : {[x :

{set r p {record {x 5}

num] }]}1}

{y 6}}}}
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Field Update and Subtypes

Original rule:

I'+e : {[x : 7©v] .. [X, : T]} I' - e : 7
Xi € {X|, .. X}

I' - {set e x; e} : {[x : ©] .. [X, : T.]}

Revised rule:

I'+e : {[x : 7] .. [X, : T]} ' e : <t
X, € {X, .. Xo} T ST

I' v {set e X e} : {[X5 : ©] .. [X, : T.l}
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Part 4
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Subtypes and Functions
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Subtypes and Functions

(I would like a ﬁsh.]

{[sz

: num]}
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{[sz

: num]

Subtypes and Functions

Here is a blue ﬁsh.)

{[sz

[col : num]}

: num]}
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Subtypes and Functions

{[sz : num]}

{[sz : num] [col : num]}

{[sz : num] [col : num]} =< {[sz : num]}
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Subtypes and Functions

71



Subtypes and Functions

Can you recommend a
fish store!?

(num — {[sz

: num] })

0
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Pets

-}.l

(num — {[sz

Subtypes and Functions

You should go to
Blue Fish R Us!

(num — {[sz

: num] [col : num]})

: num] })

0
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Subtypes and Functions

Pets

= .
0=

(hum — {[sz : num]})

(num — {[sz : num] [col : num]})

(num — {[sz : num] [col : num]}) £ (num— {[sz : num]})

74



Subtypes from Functions

{let {[f : ?

{lambda {[g (num -> {[x :

{get {g 10} =x}}]}
{f {lambda {[v : num]}
{record {x v}

{y vi}t}}}

num] }) ]}
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Subtypes from Functions

{let {[f : ?

{lambda {[g (num -> {[x :

{get {g 10} =x}}]}
{f {lambda {[v : num]}
{record {x v}

{y vi}t}}}

(num -> {[x : num]})

num] }) ]}
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Subtypes from Functions

{let {[f : ?
{lambda {[g (num -> {[x : num]})]}

{get {g 10} x}}]}
{f {lambda {[v : num]}
{record {x v}

{y vi}}i}}

(num -> {[x : num] [y : num]})
Vvs.

(num -> {[x : num]})
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Subtypes from Functions

(num -> {[x : num] [y : num]})
VS.

(num -> {[x : num]})

(’II| —> ‘52) < (’E| - ‘Ez)
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Subtypes from Functions

(num -> {[x : num] [y : num]})
Vvs.

(num -> {[x : num]})

IA
A
N\

T2

(tih—= 1) < (11— 1)
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Part 5

81



Subtype and Function Arguments
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Subtype and Function Arguments

(I need a fish bowl.]

({[sz : num]} — num)
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({[sz

: num]

Subtype and Function Arguments

Here is a bowl made
specially for colorful fish.

({ [sz : num]} —>num)

[col : num]} — num)
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({[sz

({[sz

Subtype and Function Arguments

: num] [col

: num] [col

({[sz : num]} — num)

: num] } — num)

: num] } — num) £ ({[sz

: num] } — num)
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Subtypes and Function Arguments

{let {[f : ?
{lambda {[g ({[x : num]} -> num)]}
{g {record {x 1}}}}1]}
{f {lambda {[r : {[x : num] [y : num]}]}
{get r y}}}}
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Subtypes and Function Arguments

{let {[f : ?
{lambda {[g ({[x : num]} -> num)]}

{g {record {x 1}}}}]}
{f {lambda {[r : {[x : num] [y : num]}]}

{get r yl}}}}

({[x : num]} -> num)

87



Subtypes and Function Arguments

{let {[f : ?
{lambda {[g ({[x : num]} -> num)]}

{g {record {x 1}}}}]}
{f {lambda {[r : {[x : num] [y : num]}]}

{get r y}}}}

({[x : num] [y : num]} -> num)
VS.

({[x : num]} -> num)

88



Subtypes and Function Arguments

({[x : num] [y : num]} -> num)
Vvs.

({[x : num]} -> num)

4

T2

IA

T2

(T1i— 1) £ (T = 1)

Correctly rejected!
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Subtype and Function Arguments

91



Subtype and Function Arguments

| need a fish bowl for my
blue fish.

({[sz : num] [col

: num] } — num)
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({[sz

Subtype and Function Arguments

Here is a bowl that
works for any fish.

({[sz : num] [col

: num] } — num)

: num] } — num)
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({[sz : num]} — num)

({[sz

Subtype and Function Arguments

({[sz

: num] } - num) < ({[sz

: num] [col

: num] [col

: num] } — num)

: num] } — num)
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Subtypes to Functions

{let {[£f : °
{lambda {[g ({[x : num] [y :
{g {record {x 1}
{y 2}}}1}1}
{f {lambda {[r : {[x : num]}]}

{get r x}}}}

num]} -> num)]}
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Subtypes to Functions

{let {[f : ?
{lambda {[g ({[x : num] [y :
{g {record {x 1}
{y 2}}1}1}1}
{f {lambda {[r : {[x : num]}]}

{get r x}}}}

num]} -> num)]}

({[x : num] [y : num]} -> num)
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Subtypes to Functions

{let {[f : ?
{lambda {[g ({[x : num] [y :
{g {record {x 1}

{y 2}}11}1}
{f {lambda {[r : {[x : num]}]}

{get r x}}}}

({[x : num]} -> num)

VS.

num]} -> num)]}

({[x : num] [y : num]} -> num)
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Subtypes to Functions

({[x : num]} -> num)

VS.

({[x : num] [y :

IA

T2

num] } -> num)

(T| — T,'z) <

(11 = 1)
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Subtypes to Functions

({[x : num]} -> num)

VS.

({[x : num] [y : num]} -> num)

!

T < T T < 1

(th— 1) < (11 1)
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Part 6

101



Covariance and Contravariance

T’|S'IZ| 1325135

(Tl —= 1) £ (11 > 1)

Function-result types are covariant with function types

Function-argument types are contravariant with function types
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Covariance and Contravariance

{x;, ... Xo} 2 {Xi, ... Xm}

Xi = X > T <7

{[xi : wl oo [X0 @ wWl} = {[xi : Tl ... [Xn @ Tml}

Field types are covariant with record types

...as long as set is a functional update

103-104



Part 7
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Subtypes and Functions

106



Subtypes and Functions

-

Can you take care of my
fish in a bowl while I'm
on vacation?.

/

{[£fish : {[sz : num]
[col : num]}]}
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Subtypes and Functions

Give me a bowl with a

fish, and I'll return a

bowl with a fish when
\_You get back.

N

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})
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Subtypes and Functions

Give me a bowl with a

fish, and I'll return a

bowl with a fish when
\_You get back.

N

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})
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~ Subtypes and Functions

Give me a bowl with a
fish, and I'll return a
bowl with a fish when

\_You get back.

N

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})

110



Subtypes and Functions

Let’s move the fish to
this other bowl.

{[£fish : {[sz : num]
[col : num]}]}

({[fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})
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Subtypes and Functions

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})
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Subtypes and Functions

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> {[£fish : {[sz : num]}]})

113



Subtypes and Functions

114



Subtypes and Functions

-

Can you take care of the
fish in my bowl! while I'm
on vacation?.

/

{[£fish : {[sz : num]
[col : num]}]}
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Subtypes and Functions

Give me a bowl with a
fish, and I'll take care of
it.

N

{[£fish : {[sz : num]
[col : num]}]}

({[fish : {[sz : num]}]}
-> bool)
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Subtypes and Functions

N

fish, and I'll take care of
it.

Give me a bowl with a

N

{[£fish : {[sz : num]
[col : num]}]}

({[£fish : {[sz : num]}]}
-> bool)
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Subtypes and Functions

| like this gray fish
better!

{[£fish : {[sz : num]
[col : num]}]}

({[fish : {[sz : num]}]}
-> bool)

118



Subtypes and Functions

{[£fish : {[sz : num]
[col : num]}]}

({[fish : {[sz : num]}]}
-> bool)

119



Subtypes and Update

{let {[£f : °
{lambda {[r : {[x : num]}]}
{set r x 5}}1}
{f {record {x 1} {y 2}}}}
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Subtypes and Update

{let {[£ : ?
{lambda {[r : {[x : num]}]}
{set r x 5}}1}
{f {record {x 1} {y 2}}}}

{[x : num]}
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Subtypes and Update

{let {[£ : ?
{lambda {[r : {[x : num]}]}
{set r x 5}}1}
{f {record {x 1} {y 2}}}}

{[x : num] [y : num]}
VS.

{[x : num]}
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Subtypes and Update

{[x : num] [y : num]}

VS.

{[x : num]}

{x;, ... Xo} 2 {Xi, ... Xm}

X = )({ = T < Tﬁ

{Dxi @1l o [X @ wWl} = {Da :nl . [Xq

Seems ok for both functional and imperative update...

I Tml] }
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Subtypes and Update

{let {[£ : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1]1}

{get

{get

{f {record {p {record {x 5}

{y 6}}}}}

p}

y}}
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Subtypes and Update

{let {[£f : °
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1]1}

{get
{get
{f {record {p {record {x 5}
{y 6}}}}}
p}
y}}

{[p : {[x : num]}]}
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Subtypes and Update

{let {[£f : °
{lambda {[r : {[p : {[x : num]}]}]}
{set r p {record {x 10}}}}1]1}

{get
{get
{f {record {p {record {x 5}
{y 6}}}}}
p}
y}}

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}

127



Subtypes and Update

{let {[f : ?
{lambda {[r : {[p : {[x : num]}]}]1}
{set! r p {record {x 10}}}}1}
{let {[r : ?
{record {p {record {x 5}
{y 6}}}}1}
{begin
{f r}
{get {get r p} y}}}}
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Subtypes and Update

{let {[f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set! r p {record {x 10}}}}1}
{let {[r : ?
{record {p {record {x 5}
{y 6}}}}1}
{begin
{f r}
{get {get r p} y}}}}

{[p : {[x : num]}]}
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Subtypes and Update

{let {[f : ?
{lambda {[r : {[p : {[x : num]}]}]}
{set! r p {record {x 10}}}}1}
{let {[r : ?
{record {p {record {x 5}

{y 6}}}1}1}
{begin
{f r}
{get {get r p} yl}l}}}

{[p : {[x : num]
[y : num]}]}

VS.

{[p : {[x : num]}]}
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Subtypes and Update

{[p : {[x : num]
[y : num]}]}

VS.

{[Pp : {[x : num]}]}

{x;, ... Xo} 2 {Xi, ... Xm}

X = )({ = T < 't{

!

{Dxi @1l o [X @ W]} = (DG 2wl . [Xq

Wrong for imperative update!

I Tml] }
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Subtypes and Update

{[p : {[x : num]
[y : num]}]}

VS.

{[Pp : {[x : num]}]}

{x;, ... Xo} 2 {Xi, ... Xm}

xi=Xj,:>Ti=Tj,

!

{Dxi @1l o [X @ W]} = (DG 2wl . [Xq

I Tml] }
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Invariance

With imperative update:

{x;, .. x;} 2 {xi, .. Xp}

Xi =X > T =T

{[xi : wl oo [X0 @ wWl} = {[xi ¢ Tl ... [Xn @ Tml}

Field types must be invariant with record types
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